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ABSTRACT

The seismic ray method has found broad applications in the numerical calculation
of seismic wavefields in complex 3-D, isotropic and anisotropic, laterally varying
layered structures and in the solution of forward and inverse problems of seismol-
ogy and seismic exploration for oil. This chapter outlines the basic features of the
seismic ray method, and reviews its possibilities and recent extensions. Considerable
attention is devoted to ray tracing and dynamic ray tracing of S waves in heteroge-
neous anisotropic media, to the coupling ray theory for S waves in such media, to the
summation of Gaussian beams and packets, and to the selection of models suitable
for ray tracing.

1. INTRODUCTION

The seismic ray method is based on the approximate high-frequency solution
of the elastodynamic equation. It leads to the decomposition of the wavefield into
independent contributions called elementary waves, which propagate along rays.
These elementary waves may represent various seismic body waves propagating
in heterogeneous, isotropic or anisotropic, layered and block structures, such as
direct, reflected, converted or multiply reflected/transmitted waves. The great ad-
vantage of the ray method is that the individual elementary waves can be treated
separately.

In the ray-theory approximation considered in this chapter, elementary waves
are specified by their travel times τ(xi) and complex-valued vectorial amplitudes
U(xi), as functions of Cartesian coordinates xi .

Travel time τ(xi) satisfies a nonlinear partial differential equation of the first
order, called the eikonal equation. The explicit form of the eikonal equation is ob-
tained from the elastodynamic equation. The eikonal equation is solved for τ(xi),
usually by the method of characteristics. The characteristics of the eikonal equa-
tion define the rays. Mathematically, the characteristics of the eikonal equation
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are represented by a system of nonlinear ordinary differential equations of the
first order, called the ray tracing system, see Section 2.1. Conventional numerical
methods can be used to solve this system with the required accuracy, so that the
computation of rays (as an initial-value problem) is straightforward. In addition to
the ray trajectory, we also obtain the travel times τ(xi) and the Cartesian compo-
nents pi = ∂τ/∂xi of slowness vector p at each point of the ray. The procedure of
solving the ray tracing system is called ray tracing, and the relevant travel times
are called ray-theory travel times. At interfaces, the ray tracing system must be
supplemented by Snell’s law.

In applications, the whole system of rays is usually needed, not just one single
ray. Mostly, a two-parametric system of rays, corresponding to a system of wave-
fronts of a selected elementary wave, is considered. The ray-parameter domain
can be decomposed into regions of equal ray histories, see Section 2.2. These re-
gions can then be sampled, e.g., by triangulation. The introduction of ray histories
and the division of the ray-parameter domain into regions of equal ray histories
enables a highly accurate and reliable 3-D two-point ray tracing algorithm and
very successful wavefront tracing methods to be designed. The concept of ray his-
tories is of principal importance in the asymptotic summation of Gaussian beams
or Gaussian packets, and has facilitated the introduction of calculating travel times
and other quantities on dense rectangular grids of points by interpolation within
ray cells, which is of crucial importance in prestack seismic migrations and non-
linear determination of seismic hypocentres.

In Section 2.3, dynamic ray tracing and paraxial ray methods are discussed. Dy-
namic ray tracing is a very powerful procedure, which is based on the solution of a
system of linear ordinary differential equations of the first order along the ray. As
the system is linear, its solution is simple. Mostly, the system is expressed either
in global Cartesian coordinates, see Section 2.3.1, or in ray-centred coordinates,
see Section 2.3.2. Using dynamic ray tracing, it is also possible to determine the
DRT (dynamic ray tracing) propagator matrix along the ray, see Section 2.3.3.
The DRT propagator matrix can be used to calculate geometrical spreading along
the ray, needed in the computation of amplitudes. The DRT propagator matrix can
also be used to determine approximately ray-theory travel times and other relevant
quantities not only along a ray, but also in its “quadratic” vicinity. We then speak
of the paraxial approximation of the ray method (shortly paraxial ray method),
paraxial rays, paraxial travel times, etc., see Sections 2.3.4–2.3.6.

Sections 2.4–2.6 are devoted to the computation of the complex-valued vec-
torial amplitude U(xi). The scalar complex-valued amplitude A(xi) satisfies the
transport equation. The transport equation can be simply solved along rays. The
transport equation then reduces to an ordinary differential equation of the first
order, which can be solved analytically in terms of geometrical spreading. Geo-
metrical spreading is calculated along the ray using dynamic ray tracing. To obtain
the final expressions for vectorial complex amplitudes, or for the Green function,
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we must also determine the amplitude contributions at the initial point of the ray
(for example, the radiation pattern of the source), at the end point of the ray (for
example, the conversion coefficients at the receiver), and at the points of reflec-
tion/transmission (R/T) coefficients.

Once travel time τ(xi) and the vectorial complex-valued amplitude U(xi) at
a given spatial point xi are known, the particle ground motion for an arbitrary
high-frequency signal can be easily computed using the Fourier transform, see
Section 2.7. Finally, considering selected elementary waves arriving at receiver
points distributed along a profile, we obtain the whole ray-theory seismogram
section.

Simple procedures of solving approximately both forward and inverse kine-
matic problems of heterogeneous, isotropic or anisotropic media are based on the
perturbation theory. See Section 3 for a description of the basic principles of the
perturbation theory for travel times.

For finite frequencies, the ray method is only approximate. Its accuracy, how-
ever, is sufficient to solve many important 3-D wave propagation problems, which
can hardly be treated by any other means. Various generalizations and extensions
of the ray method, which increase its accuracy and can be applied in situations
where the standard zero-order approximation of the ray method is not applicable,
have been proposed. Many of them use ray fields as a framework. Several gener-
alizations are described or reviewed to a greater or smaller extent in Sections 4–5
and 7. Section 4 is devoted to the coupling ray theory for S waves. This theory
plays a fundamental role in the propagation of S waves in weakly anisotropic me-
dia, and in anisotropic media close to S-wave singularities. A detailed treatment
of Gaussian beams and Gaussian packets can be found in Section 5. The summa-
tion of Gaussian beams and Gaussian packets overcomes the difficulties of the ray
theory with caustics.

The ray method can be applied to isotropic, anisotropic and weakly anisotropic
3-D structures, with 3-D variations of elastic moduli and density, with curved in-
terfaces, for arbitrary source-receiver configurations, and for very general types
of seismic body waves. It is, however, limited to smooth models (smooth distribu-
tion of elastic moduli and density inside layers and blocks, smooth interfaces). For
more details on the construction and smoothing of 3-D models for the application
of ray methods, see Section 6.

Unless otherwise stated, we consider only perfectly elastic media. Moreover,
we do not consider inhomogeneous waves, with complex-valued travel times and
complex-valued rays. The waves in viscoelastic models are still the subject of
research.

The seismic ray method has been described in great detail in several text-
books and papers. See, for example, Babich and Buldyrev (1972), Červený et
al. (1977), Hanyga et al. (1984), Bleistein (1984), Virieux (1996), Dahlen and
Tromp (1998), Bleistein et al. (2001), Červený (2001), Chapman (2002, 2004).
Therefore, the well-known properties of the ray method are presented here with-
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out detailed derivation, just for the sake of completeness. This concerns mostly
Section 2, for which the book by Červený (2001) can be considered a general ref-
erence. More space is, however, devoted to several recently intensively studied,
important concepts such as the coupling ray theory, seismic wave modelling with
the use of Gaussian beams or ray chaos, see Sections 4–6.

The chapter does not contain a systematic and complete bibliography. This
would exceed considerably the admissible extent of the chapter. Exceptions are
Sections 4–6, which contain more extensive lists of recent references. More ref-
erences on the ray theory itself can be found in the books and papers mentioned
in the above paragraph.

The ray method has also been used in other branches of physics, particularly
in the electromagnetic theory. Although we consider the elastic waves described
by the elastodynamic equation, most results are applicable to any non-dissipative
hyperbolic second-order partial differential equations (wave equations), includ-
ing the system of Maxwell equations. Most wave propagation problems discussed
here can thus be applied with minor modifications in the electromagnetic theory.
The basic principles of the summation of Gaussian beams and packets are in-
dependent of a particular selection of the wave equation. References relating to
the electromagnetic ray theory, however, are given here only exceptionally. For
general references, see the books by Babich and Buldyrev (1972), Felsen and
Markuvitz (1973), Kravtsov and Orlov (1980).

To express the equations in this chapter in a concise form, we mostly use the
component notation for vectors and matrices, and exceptionally the matrix no-
tation. In the component notation, the upper-case indices (A,B,C, . . .) take the
values of 1 and 2, the lower-case indices (a, b, c, . . .) the values 1, 2 and 3. In
Section 3, the Greek lower-case subscripts (α, β, γ, . . .) index the perturbation
parameters, and the number of their values is given by the number of perturbation
parameters. In Section 5, the Greek lower-case subscripts (α, β, γ, . . .) index the
space–time coordinates, and take the values 1, 2, 3 and 4. The Einstein summation
convention is used throughout the chapter.

There are several ray tracing software packages around the world, available as
commercial products as well as free software. In this chapter, we briefly men-
tion only the software packages used to calculate the numerical examples pre-
sented hereinafter. These software packages are available from the WWW pages
“http://sw3d.mff.cuni.cz” of the consortium project “Seismic Waves in Complex
3-D Structures” (SW3D), where more information on the seismic ray method and
additional references may also be found.

2. SEISMIC RAY THEORIES FOR ISOTROPIC AND ANISOTROPIC MEDIA

Various approaches have been proposed to derive basic equations of the ray
method. In the classical ray method, the displacement vector u(xi, t) of an arbi-

http://sw3d.mff.cuni.cz
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trary time-harmonic elementary wave propagating in a heterogeneous isotropic
elastic medium is represented by an asymptotic ray series in inverse powers of
frequency ω > 0:

u(xi, t) = exp
[−iω(t − τ)

]
(1)× [

U(0) + U(1)/(−iω) + U(2)/(−iω)2 + · · ·].
Here τ = τ(xi) is the real-valued travel time, U(n) = U(n)(xi), n = 0, 1, 2, . . .

are complex-valued vectorial amplitude coefficients of the ray series, t is time
and xi are Cartesian coordinates. Surfaces τ(xi) = const. are called wavefronts.
Quantities τ and U(n) are assumed to be frequency independent. Alternatively, the
ray series can be expressed for high-frequency transient waves or for waves dis-
continuous along the wavefronts. The ray series method for isotropic media was
proposed by Babich (1956) and independently by Karal and Keller (1959). For
anisotropic media, it was generalized in the pioneering work of Babich (1961).

Inserting (1) into the elastodynamic equation yields a basic recurrence sys-
tem of equations of the ray method, which can be used to determine successively
explicit equations for τ and U(0), U(1), . . . . Formally, the derivation of these equa-
tions is simple, see Červený (2001, Section 5.7). The successive computation of
higher-order amplitude coefficients U(n), n = 1, 2, . . . , is, however, complicated
as it requires the knowledge of higher-order spatial derivatives of functions de-
scribing the model, up to the (2n + 2)nd order. The higher n, the higher-order
spatial derivatives are needed. Consequently, the computation of higher-order am-
plitude coefficients of the ray series in realistic structures is very unstable since it
is sensitive to the fine details of the model. These are the main reasons why only
the zero-order approximation of the ray method

(2)u(xi, t) = U(xi) exp
{−iω

[
t − τ(xi)

]}
has been used in most seismological applications. Fortunately, the zero-order ap-
proximation (2) is often sufficient. In (2), we have dropped the superscript (0) of
U(xi), and have called U(xi) the complex-valued vectorial amplitude. It is again
assumed that τ(xi) and U(xi) in (2) are frequency independent.

In this section, we use the zero-order approximation (2) of the ray method sys-
tematically, and explain how travel time τ(xi) and vectorial amplitude U(xi) can
be determined from the elastodynamic equation.

For heterogeneous anisotropic perfectly elastic media, the source-free elasto-
dynamic equation reads

(3)(cijkluk,l),j = �üi,

where cijkl(xn) are the real-valued elastic moduli, and �(xn) is the density. In this
chapter, we consider only stationary non-dissipative elastic media, in which cijkl

and � are time-independent.
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Inserting (2) into (3) yields

(4)−Ni(U) + iω−1Mi(U) + ω−2Li(U) = 0,

where

Ni(U) = cijklpjplUk − �Ui,

Mi(U) = cijklpjUk,l + (cijklplUk),j ,

(5)Li(U) = (cijklUk,l),j .

Here pi are Cartesian components of slowness vector p, given by the relation

(6)pi = ∂τ

∂xi

= ni

C .

ni denote the Cartesian components of unit vector n, perpendicular to the wave-
front, and C = C(xi, nj ) is the phase velocity. Obviously, the phase velocity
depends both on position and direction of propagation n.

Equations (3)–(5) remain valid for heterogeneous isotropic media; we only take
into account that cijkl = λδij δkl + μ(δikδjl + δilδjk), where λ and μ are Lamé’s
elastic moduli.

As travel time τ(xi) and vectorial amplitude U(xi) are assumed to be
frequency-independent, Ni , Mi and Li are also frequency-independent. Since
Eq. (4) should be satisfied for any frequency ω, Ni , Mi and Li should equal zero:

(7)aijklpjplUk − Ui = 0,

(8)aijklpjUk,l + �−1(�aijklplUk),j = 0,

(9)(�aijklUk,l),j = 0,

where

(10)aijkl = cijkl

�

are density-normalized elastic moduli. The first two equations, (7) and (8), are
sufficient to find explicit equations for τ(xi) and U(xi). Their solutions coincide
with the zero-order term of the ray series. Note that (8) is satisfied only partially,
and (9) is not satisfied at all.

Equation (7) can be expressed in the form

(11)(�ik − δik)Uk = 0, i = 1, 2, 3,

where

(12)�ik(xm, pn) = aijklpjpl.

In the seismic ray method, the 3 × 3 matrix �ik(xm, pn) is usually called the
Christoffel matrix, although it does not strictly correspond to the common defin-
ition of the Christoffel matrix, in which the slowness vector p in (12) is replaced
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by a real-valued unit vector n, oriented in the direction of p. In this chapter,
arguments pi of the Christoffel matrix always represent the components of the
slowness vector. Note that �(xm, pn) is a symmetric positive definite matrix in
non-dissipative elastic media, and its elements are homogeneous functions of the
second degree in pi .

The Christoffel matrix (12) has three eigenvalues Gm(xk, pn) and three relevant
eigenvectors g(m)(xk, pn), m = 1, 2, 3. They correspond to the three elemen-
tary waves propagating in heterogeneous anisotropic media, namely S1, S2 and P.
Since matrix � is symmetric and positive definite, all the three eigenvalues G1,
G2, G3 are real-valued and positive. Moreover, they are homogeneous functions
of the second degree in pi . The eigenvalues of the Christoffel matrix generally
differ, and can be calculated by solving the appropriate algebraic equation of the
third degree. If two of them coincide, we speak of a degenerate case. Eigenvectors
g(m) are considered to be normalized (unit) vectors. For n given, g(m) represent
three mutually perpendicular unit vectors. Note that eigenvalue Gm and eigenvec-
tor g(m) satisfy the relation Gm = �ikg

(m)
i g

(m)
k (no summation over m).

Let us consider the mth elementary wave. It follows from (11) that eigenvalue
Gm should satisfy the equation

(13)Gm(xi, pj ) = 1,

and that vectorial amplitude U is expressed in terms of the unit real-valued eigen-
vector g(m) of the Christoffel matrix (12) as follows:

(14)U = Ag(m).

Here A = A(xi) is a complex-valued frequency-independent scalar amplitude.
Equation (13) is a nonlinear partial differential equation of the first order for travel
time τ(xi), called the eikonal equation for heterogeneous anisotropic media.

As Gm is a homogeneous function of the second degree in pi , and pi = ni/C,
we obtain Gm(xi, pj ) = C−2Gm(xi, nj ). Using (13) we then obtain

(15)C(xi, nj ) = [
Gm(xi, nj )

]1/2
.

Here C(xi, nj ) is the phase velocity of the mth elementary wave, at position x
and direction n. Note that Gm(xi, nj ) in (15) actually represents an eigenvalue of
matrix aijklnjnl .

Let us now discuss Eq. (8). Multiplying Eq. (8) by g
(m)
i , we obtain the partial

differential equation of the first order for the complex-valued scalar amplitude
A(xi):

(16)2 U · ∇(√
�A

) + (√
�A

)∇ · U = 0,

where

(17)Ui = aijklplg
(m)
k g

(m)
j
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(no summation over m). Vector U , with Cartesian components Ui given by (17),
is the ray-velocity vector corresponding to eikonal equation (13). Its orientation
is generally different from p and g(m). Equation (16) represents one possible form
of the transport equation.

The three derived equations, namely eikonal equation (13), Eq. (14) for the
vectorial amplitude U and the transport equation (16) play a basic role in the
seismic ray method, and will be discussed in detail in the following sections.

In heterogeneous isotropic media, the eigenvalues of the Christoffel matrix (12)
can be expressed analytically:

G1(xi, pj ) = G2(xi, pj ) = β2(xi)pnpn,

(18)G3(xi, pj ) = α2(xi)pnpn.

Here G1 and G2 correspond to S waves, with velocity β = √
μ/�, and G3 to

P waves, with velocity α = √
(λ + 2μ)/�. The two S-wave eigenvalues coincide,

G1 = G2, so that the case of S waves in heterogeneous isotropic media is de-
generate. The phase velocities of P and S waves do not depend on the direction of
propagation, C(xm) = V (xm), where V = α for P waves, and V = β for S waves.
Slowness vector p and ray-velocity vector U are parallel, with U = V 2p. The
eigenvector g(3) of the P wave equals n. The eigenvectors g(1) and g(2) of S waves
are mutually perpendicular and perpendicular to p. As g(1) and g(2) correspond
to the degenerate case, they are not specified uniquely. The condition how g(I )

vary along the ray should be supplemented. Using Eq. (8), we thus arrive at the
“decoupling” condition,

(19)pig
(I)
j,i = apj ,

where a is a scalar real-valued quantity that should be chosen to guarantee that
g(I ) are unit vectors.

2.1. Seismic Rays and Travel Times. Initial-Value Ray Tracing

The eikonal equation is a nonlinear partial differential equation of the first order
for travel time τ(xi) and can be derived from the elastodynamic equation. It can
be expressed in Hamiltonian form

(20)H(xi, pj ) = 0,

where H is the Hamiltonian or Hamilton function, xi are Cartesian coordinates
and pi = ∂τ/∂xi are Cartesian components of slowness vector p. We consider
Hamiltonians which are homogeneous functions of the second degree in pi (with
a possible additional constant). For example, for elementary waves propagating
in a heterogeneous isotropic medium, we use the Hamiltonian

(21)H(xi, pj ) = 1

2

[
V 2(xi)pkpk − 1

]
,



SEISMIC RAY METHOD: RECENT DEVELOPMENTS 9

following from (13) and (18). Here V (xi) is the spatially variable velocity of P or
S waves. In heterogeneous anisotropic media, we use the Hamiltonian given by
the relation

(22)H(xi, pj ) = 1

2

[
Gm(xi, pj ) − 1

]
,

following from (13). Here Gm(xi, pj ) is a selected eigenvalue of the 3 × 3
Christoffel matrix (12). For S waves in heterogeneous anisotropic media, we also
use the averaged Hamiltonian (Bakker, 2002)

(23)H(xi, pj ) = 1

4

[
G1(xi, pj ) + G2(xi, pj ) − 2

]
of both S waves, which enables the common S-wave rays to be traced. These rays
are used in the coupling ray theory, see Section 4.

If eigenvalue Gm coincides with one of the two remaining eigenvalues, eigen-
vector g(m) cannot be uniquely determined. We then speak of the degenerate case
and degenerate Christoffel matrix. The two elementary waves are coupled, and
the polarization of the resulting wave is generally nonlinear, see Section 2.4.3.

In realistic cases, the P-wave eigenvalue G3 is well separated from the S-wave
eigenvalues G1 and G2. This means that the degenerate case does not exist for
P waves. Consequently, the algorithms proposed for P waves in anisotropic media
can be used quite universally also in isotropic and weakly anisotropic media.

For S waves, the situation is considerably more complex. There are two dif-
ferent degenerate cases for S waves: (a) Eigenvalues G1 and G2 coincide locally
along certain lines or at certain points in anisotropic media. We then speak of
S-wave singularities. (b) Eigenvalues G1 and G2 coincide globally in isotropic
media, see (18). In both these degenerate cases, the S1 and S2 waves are cou-
pled, locally or globally, and propagate as a single wave. The algorithms for
S waves propagating in heterogeneous anisotropic media cannot be used for
S waves propagating in heterogeneous isotropic media. Consequently, there are
two main ray theories for S waves: the first for the computation of S waves in
heterogeneous anisotropic media, based on Eq. (22), and called the anisotropic
ray theory for S waves, and the second for the computation of S waves in hetero-
geneous isotropic media, based on Eq. (21), and called the isotropic ray theory
for S waves. None of these ray theories is valid for S waves in heterogeneous
weakly anisotropic media, and a different approach, based on the coupling ray
theory for S waves, must be used. For the coupling ray theory for S waves, see
Section 4.

The eikonal equation can be solved by the method of characteristics, which
represent rays. The parameter, specifying the points along the characteristics, de-
pends on the selected Hamiltonian. For Hamiltonians which are homogeneous
functions in pi (with a possible additional constant), the parameter has the
physical meaning of travel time τ . Consequently, we consider consistently with
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Eqs. (21), (22) and (23) travel time τ to be the parameter along the ray. The char-
acteristic of the eikonal equation is then described by six ordinary differential
equations in xi and pi ,

(24)
dxi

dτ
= ∂H

∂pi

,
dpi

dτ
= −∂H

∂xi

.

Thus, travel time τ is a parameter along the characteristic curve, and need not be
computed additionally by quadratures. Equations (24) also introduce two vectors
which play an important role in the seismic ray method: ray-velocity vector

(25)U(τ ) = dx
dτ

,

and vector

(26)η(τ ) = dp
dτ

.

The determination of the derivatives of the Hamiltonian in ray tracing system (24)
may require the calculation of the eigenvectors of the Christoffel matrix. Whereas
there are no problems with Hamiltonians (21) or (23), and with Hamiltonian (22)
for a P wave, the determination of the phase-space derivatives of Hamiltonian (22)
for an S wave may be difficult.

The system of six ordinary differential equations (24) represents the ray tracing
system (also sometimes called the kinematic ray tracing system, to distinguish
it from the dynamic ray tracing system). If the initial conditions xi = xi0 and
pi = pi0 are specified for τ = τ0 in such a way that H(xi0, pj0) = 0, see
(20), ray tracing system (24) can be solved by conventional numerical methods
(predictor-corrector, for example). We then speak of initial-value ray tracing and
of initial-value rays. Relation (20) must be satisfied along the whole ray and can
be used to check and control the accuracy of ray tracing.

For heterogeneous isotropic media, the ray tracing system reads, see (21) and
(24),

(27)
dxi

dτ
= V 2pi,

dpi

dτ
= −1

2
pkpk

∂V 2

∂xi

.

As pkpk = 1/V 2 along the ray, see (21), the r.h.s. of the second equation of (27)
can also be replaced by −∂ ln V/∂xi . Isotropic ray tracing system (27) can be
used quite safely for both P and S waves, even if two rays with different initial
conditions intersect (multipathing) or are tangent (caustics) at some points of the
rays.

Ray tracing system (27) for heterogeneous isotropic media has been used to
compute rays in many computer packages. Let us mention here, for example, the
2-D ray tracing package SEIS, see Červený and Pšenčík (1984), and the 3-D ray
tracing package CRT (complete ray tracing), see Červený et al. (1988).
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For heterogeneous anisotropic media, the ray tracing system can be expressed
as follows:

(28)
dxi

dτ
= aijklplg

(m)
j g

(m)
k ,

dpi

dτ
= −1

2

∂ajkln

∂xi

pkpng
(m)
j g

(m)
l .

Here g
(m)
i is the eigenvector of the Christoffel matrix corresponding to the consid-

ered wave. No summation over (m) is applied. Ray tracing system (28) has found
useful applications in heterogeneous anisotropic media. Anisotropic ray tracing
system (28) is used, for example, in the computer package CRT (Červený et al.,
1988).

Ray tracing system (28) can also be expressed in an alternative form. We define
subdeterminants

(29)Dij = 1

2
εiklεjrs(�kr − δkr )(�ls − δls)

of the Christoffel matrix. Here εijk is the Levi-Civita symbol (ε123 = ε312 =
ε231 = 1, ε321 = ε213 = ε132 = −1, εijk = 0 otherwise). It is not difficult to
prove that, for a selected elementary wave for which Gm = 1 and Dss �= 0, the
factor Dij /Dss can be expressed in terms of the eigenvector of the Christoffel
matrix corresponding to the considered wave as follows:

(30)
Dij

Dss

= g
(m)
i g

(m)
j .

No summation over (m) is applied. Using this relation, the anisotropic ray tracing
system (28) yields, for Dss sufficiently different from zero, ray tracing system

(31)
dxi

dτ
= aijklpl

Djk

Dss

,
dpi

dτ
= −1

2

∂ajkln

∂xi

pkpn

Djl

Dss

.

The mode of the wave we wish to compute is specified by the initial conditions
xi0, pj0, which must satisfy Eq. (20) at the initial point, corresponding to the
relevant wave. Anisotropic ray tracing system (31) is used, for example, in the
computer package ANRAY (Gajewski and Pšenčík, 1987, 1990).

Anisotropic ray tracing system (28) or (31) can be used quite universally for
P waves, even for P waves in heterogeneous isotropic and weakly anisotropic
media. For S1 and S2 waves, however, the situation is more complicated. The
anisotropic ray tracing systems do not work universally for these waves, but may
fail in degenerate cases.

Let us first consider an elementary wave, corresponding to eigenvalue Gm of
the Christoffel matrix (12), well separated from the other two eigenvalues. In this
non-degenerate case, we may identify eigenvalue Gm by its unit value, or we
may identify the corresponding eigenvector g(m) by its continuity along the ray.
Eigenvector g(m) can then be inserted into ray tracing equations (28). In this case,
ray tracing equations (28) may be replaced by ray tracing equations (31).

In the vicinity of S-wave singularities, eigenvalue Gm of the Christoffel matrix
(12) cannot be safely identified by its unit value. We must thus identify eigenvec-
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tor g(M) by means of its continuity along the ray (Vavryčuk, 2001, Section 5.1.1),
if we are performing ray tracing in an anisotropic medium. In this case, we should
use Eq. (28) for ray tracing and avoid Eq. (31).

If the segment of the ray in the vicinity of the S-wave singularity is sufficiently
short, we may simply compare the eigenvectors in front of and beyond the vicinity
of the S-wave singularity (Vavryčuk, 2001, Section 5.1.2; Bulant and Klimeš,
2002, Eqs. (18) and (37)), and possibly interpolate the eigenvectors.

If the segment of the ray in the vicinity of the S-wave singularity (singular
region) is too long, we must continue vectors g(M) along the ray so that they do
not rotate about vector g(3),

(32)
dg

(1)
i

dτ
g

(2)
i = 0.

This condition follows from Eq. (8), exactly for S waves in isotropic media, see
(19), and approximately for S waves in very weakly anisotropic media. For the
continuation, we may use, e.g., equation

(33)
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dτ
= g
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GM − G3
g
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j

(
∂�jk

∂xl
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)
g

(M)
k ,

where no summation over M = 1, 2 is applied. Equation (33) follows from con-
dition (32) and from the derivative of equation �ikg

(M)
k = GMg

(M)
i along the ray.

We then compare the eigenvectors determined in front of the singular region and
continued through the singular region with the eigenvectors determined beyond
the singular region. If the difference between the eigenvectors is not negligible,
we should terminate tracing the ray.

Solving the ray tracing system (24) for given initial conditions xi0 and pi0, we
obtain not only the ray trajectory (specified by xi(τ )), but also slowness vector
p(τ ) (perpendicular to the wavefront) at any point of the ray, and the relevant
phase velocity C = (pipi)

−1/2 (i.e., the velocity of propagation of the wavefront
in the direction of its normal). We also obtain two other important vectors U and η
at any point of the ray, see (25) and (26). Physically, U is the ray-velocity vector,
tangent to the ray, whose magnitude is equal to velocity U of propagation of the
wavefront along the ray. This vector has the direction of the time-averaged en-
ergy flux. In the seismological literature, U is also often called the group velocity
vector. In isotropic media, U and p are parallel, but not in anisotropic media. In
other words, the time-averaged energy flux is not perpendicular to the wavefronts
in anisotropic media. Both U and p play an important role in the seismic ray
method, particularly in dynamic ray tracing, and satisfy the well-known relation
U · p = 1.

Similarly as isotropic ray tracing system (27), anisotropic ray tracing systems
(28) and (31) can be used safely outside S-wave singularities for any wave mode
if the rays with different initial values intersect (multipathing) or pass through
caustic points.
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In media composed of layers or blocks, ray tracing must be supplemented
by the prescription specifying which of the generated waves should be consid-
ered after reflection/transmission. We refer to this prescription as the code of the
elementary wave. Every elementary wave is thus specified by its code. This dis-
tinguishes it from other elementary waves.

At boundaries of layers or blocks, formulae for the transformation of quanti-
ties, calculated along the ray, during reflection/transmission must be applied, see
Section 2.5.

As mentioned above, the ray method requires sufficiently smooth models. Once
heterogeneities in the model exceed a certain limit, the rays may have a chaotic
character, particularly for large travel times (long rays). For more details on
chaotic rays, see Section 6.

2.2. Ray Histories, Two-Point Ray Tracing, Wavefront Tracing

In applications, the whole system of rays is usually needed, not just one single
ray. Mostly, a two-parametric system of rays, corresponding to a system of wave-
fronts of a selected elementary wave (orthonomic system of rays), is considered.
We also call this system the ray field. We denote the two parameters γ1 and γ2,
and refer to them as the ray parameters. For example, for an elementary wave
generated by a point source, the two ray parameters may be chosen as the take-off
angles of initial slowness vectors at the source. Similarly, for a wave generated
at an initial surface, the ray parameters can be chosen as curvilinear coordinates
of initial points of rays along the initial surface. The properties of ray fields, ex-
pressed in terms of ray parameters, play a very important role in the seismic ray
method and its applications. The two ray parameters γ1, γ2 may be supplemented
by a third parameter γ3 = τ , which specifies uniquely the position of any point
on the ray. We then speak of ray coordinates γ1, γ2, γ3. See Červený (2001, Sec-
tion 3.10).

The introduction of ray histories (Bulant, 1996; Vinje et al., 1996a, p. 824)
and the division of the ray-parameter domain into regions of equal ray histories
brought about a considerable simplification and generalization of the 2-D two-
point ray tracing algorithm originally proposed by Červený and Pšenčík (1984)
and enabled a highly accurate and reliable 3-D two-point ray tracing algorithm
(Bulant, 1996) to be designed. The concept of ray histories has facilitated the in-
troduction of calculating travel times and other quantities on dense rectangular
grids of points by interpolation within ray cells (Vinje et al., 1993a; Vinje et al.,
1996a, Section 2.4; Bulant and Klimeš, 1999), which is of crucial importance
in prestack seismic migrations and nonlinear determination of seismic hypocen-
tres. The relevant algorithms are simultaneously used in very successful wavefront
tracing methods, and allow diffracted edge waves to be calculated. Note that dur-
ing recent years, ray histories have also become very important in 3-D computer
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graphics and animation, where, however, the rays are straight, which consider-
ably simplifies the determination of possible boundaries between ray histories
compared to seismology.

The definition of ray histories allows the ray-parameter domain to be decom-
posed into regions of equal ray histories. These regions can then be sampled, e.g.,
by triangulation. This procedure is, in general, called here controlled initial-value
ray tracing. Controlled initial-value ray tracing has many applications. It is the
basis of boundary-value (two-point) ray tracing, it is applied in wavefront tracing,
it serves as the preprocessor for interpolation within ray cells, and it is of principal
importance in the asymptotic summation of Gaussian beams or Gaussian packets.

2.2.1. Model and Ray Histories

The travel time of an elementary wave is multivalued with respect to spatial
coordinates. It thus cannot globally be defined as the function of spatial coordi-
nates xi . It has to be parametrized by ray coordinates γa , composed of two ray
parameters γ1, γ2 and of parameter γ3 along the rays. The spatial distribution
of travel time can be described by the projection of ray coordinates onto spatial
coordinates and travel time,

(34)γa → xi(γa), τ (γa).

We may then say that travel time τ is a “continuous function” if both coordinates
xi and travel time τ are continuous functions of the ray coordinates, and that the
nth derivative of travel time τ is a “continuous function” if both the nth deriva-
tives of coordinates xi and the nth derivative of travel time τ with respect to ray
coordinates are continuous functions of the ray coordinates. We may define the
continuity of other quantities calculated along the rays analogously.

If the nth derivatives of the travel time are to be continuous, the nth deriva-
tives of the density-normalized elastic moduli (i.e. of the propagation velocity in
isotropic media) must also be continuous. If the amplitudes are to be continu-
ous, the second derivatives of the density-normalized elastic moduli must also be
continuous.

For the calculation of the nth derivatives of travel time, a smooth model (smooth
velocity model, smooth macromodel) thus means the model with the continuous
nth derivatives of the density-normalized elastic moduli. The minimum require-
ment on a smooth model for the zero-order ray theory are the continuous second
derivatives of the density-normalized elastic moduli.

The density-normalized elastic moduli may be discontinuous only along “in-
terfaces”. An interface of the (n + 1)th order means that the nth derivatives of
the density-normalized elastic moduli are discontinuous. Interfaces thus divide
the model into blocks (e.g., a layer or a salt dome). The variation of the density-
normalized elastic moduli within each block should be smooth in the same sense
as in the smooth model (Gjøystdal et al., 1985; Červený et al., 1988). A model
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composed of these blocks, which are separated by interfaces, may be called the
block model (block velocity model, block macromodel).

The interfaces may be specified in many ways. Here we assume that they are
composed of one or several smooth surfaces or of parts thereof. The surfaces
forming the interfaces may be defined implicitly, as the zero isosurfaces of given
functions. If we wish the nth derivatives of travel time to be continuous within the
block beyond the interface, we require the (n − m)th derivatives of the function
describing the interface of the (m + 1)th order to be continuous.

In models with interfaces, not all rays pass through an equal sequence of blocks
and interfaces. The continuity or smoothness of the travel time or of other quanti-
ties calculated along the rays is then violated. We thus have to introduce, for each
elementary wave (specified by the code of the elementary wave), the ray histo-
ries. Rays of the same ray history pass through an equal sequence of blocks and
interfaces. Each sequence of blocks and interfaces encountered during ray tracing
thus defines the corresponding ray history. The ray histories may be indexed by
integers, and may thus be understood to be the integer-valued functions of ray
coordinates (similarly as, e.g., the KMAH index defined in Section 2.6.3). This
integer-valued function of ray coordinates is called the history function.

If we perform ray tracing from a given source to a given reference surface
(e.g., two-point ray tracing), we are usually interested in the complete ray history
from the source to the reference surface. In this case, the ray history depends on
two ray parameters γA. If the spatial distribution of the results of ray tracing is
required (e.g., interpolation within ray cells, or wavefront tracing), the ray history
depends on three ray coordinates γa , and is determined along the ray gradually,
starting from the source. The history function dependent on three ray coordinates
γa is discontinuous for ray parameters, whose images xi(γa) are the points of
intersection of rays with interfaces.

Travel time is a smooth function for a single ray history. At the boundary
between ray histories, travel time or its derivatives may be discontinuous. Anal-
ogously for the spatial coordinates xi(γa) of rays and for many other quantities
calculated along the rays. Geometrical spreading may even approach infinity at
the boundary between ray histories. Whereas travel time is continuous at the
caustics, some other quantities are not (e.g., the KMAH index, amplitude, sec-
ond derivatives of travel time). If we are interested in the quantities discontinuous
at the caustics, we may optionally wish to include also the KMAH index into the
definition of ray histories. In this case, the ray history including the KMAH in-
dex is determined both by the ray history without the KMAH index and by the
KMAH index. The KMAH index is defined in Section 2.6.3, and dynamic ray
tracing (Section 2.3) has to be applied to determine it. The history function thus
may or may not include the KMAH index.

Since the continuity and smoothness is violated at the boundaries between ray
histories, neither interpolation, nor paraxial ray approximation, nor perturbation
expansion can be applied across these boundaries. That is why the boundaries
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between ray histories should be carefully determined, and why methods such as
interpolation, paraxial ray approximation or perturbation expansion can be ap-
plied just within a single ray history. The determination of the boundaries between
ray histories is thus the basic and most involved step in applying such methods.
Interpolation, paraxial ray approximation or perturbation expansion on their own
are usually just relatively easy and routine subsequent steps of the application.

2.2.2. Controlled Initial-Value Ray Tracing

Rays taking off from the source are parametrized by ray parameters γA. The
given 2-D set of all ray parameters (γ1, γ2) is the ray-parameter domain. To sim-
plify the description of the ray-parameter domain, it is often assumed that the
ray-parameter domain is the image of the rectangular normalized ray-parameter
domain in the given mapping γA = γA(ηB), which projects normalized ray pa-
rameters ηB onto ray parameters γA. The normalized ray-parameter domain is
usually selected as a unit square. For this reason, no description of axes is used in
the figures of the normalized ray-parameter domain.

The history function is an integer-valued function of two ray parameters, and
describes the complete ray history from the source to the reference surface, or to
the endpoint of the ray if no reference surface is specified.

Controlled initial-value ray tracing consists in dividing the ray-parameter do-
main into regions of the same value of the history function, and in sampling these
regions. We briefly describe here the algorithm of controlled initial-value ray trac-
ing based on the triangulation of the ray-parameter domain of a given elementary
wave according to Bulant (1996, 1999). The algorithm is designed for general
3-D models composed of heterogeneous blocks separated by curved interfaces.
The algorithm is independent of the type and shape of the source (point source,
curved linear source, curved surface source) and of its parametrization.

Initial-value ray tracing assigns the integer value of the history function to
every ray. Initial-value ray tracing also assigns unique coordinates ξK of inci-
dence to the rays incident at the reference surface. These rays are referred to as
successful rays.

The ray-parameter domain should be divided into regions of the same value
of the history function. If defining the ray-parameter domain as the image of the
normalized ray-parameter domain, this division is performed in the normalized
ray-parameter domain.

The division of the ray-parameter domain into regions of the same value of the
history function may be carried out by triangulating these regions. We refer to
the narrow belts between the individual triangulated regions as demarcation belts.
The demarcation belts between the different ray histories correspond to the nu-
merical uncertainty of the boundaries between the ray histories. The demarcation
belts must thus be kept reasonably narrow.
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The ray-parameter domain is divided into regions of equal value of the history
function by means of triangulating the ray-parameter domain. The triangulation
is performed iteratively.

First, the ray-parameter domain is covered by basic triangles. The size of the
basic triangles is measured with respect to the ray-parameter metric tensor. The
ray-parameter metric tensor may specify the metric in the ray-parameter domain
(e.g., the metric on the unit sphere for a point source). This ray-parameter metric
tensor must be defined for all ray parameters, including rays, which do not leave
the source. This ray-parameter metric tensor should also be reasonably smooth
over all ray histories. The basic triangles are roughly equilateral with respect to
the ray-parameter metric.

A homogeneous triangle is a triangle whose apexes are formed by rays with
equal value of the history function. All “inhomogeneous” triangles have to be
divided into homogeneous triangles and into narrow demarcation belts along the
boundaries between different ray histories.

In the first step of the division, all boundary rays have to be found on the sides
of the inhomogeneous triangle. The boundary rays are pairs of rays with very
slightly different ray parameters, but with different ray histories. Their maximum
distance in the ray-parameter domain is given a priori. The pairs of boundary rays
serve to separate the regions of equal value of the history function. The boundary
rays are sought using the method of halving intervals, which requires the auxiliary
rays, which are not further used in the triangulation, to be traced, see Fig. 1.
During this step, narrow strips of new ray histories can often be found along the

FIG. 1. Searching for boundary rays on the sides of the inhomogeneous triangle by halving inter-
vals. Rays are symbol-coded according to their history. The three vertices of the triangle are the basic
rays. Note that the distance between the two rays in each pair of boundary rays is very small.
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sides of the basic triangles. In this way, several pairs of boundary rays may be
found along one side of the triangle.

In the second step, the boundary between one ray history and the other ray
histories is traced, see Fig. 2. For the description of tracing the boundary, refer to
Bulant (1996, Section 3.3). In this way, we obtain homogeneous polygons, which
should then be divided into homogeneous triangles.

In the third step, the homogeneous polygons should be divided into homoge-
neous triangles. The division of homogeneous polygons into triangles, not too
different from equilateral, requires tracing several new rays, situated both on the
long sides of the homogeneous polygons and inside the homogeneous polygons,
see Fig. 3.

If a ray of a different ray history is identified in a homogeneous triangle, the
ray together with the vertices of the triangle is used to create three new inhomoge-
neous triangles. The algorithm then reverts to the division of these three triangles
into homogeneous triangles.

If tracing anisotropic-ray-theory S-wave rays, it is necessary to check also the
continuity of the eigenvectors of the Christoffel matrix with respect to ray para-
meters, both at the initial points of rays and at the endpoints of rays. The discon-
tinuities of the eigenvectors should be demarcated analogously to the boundaries
between ray histories.

We would appreciate if the ray-parameter metric tensor could also take into
account geometrical spreading or another quantification of the complexity of the
system of rays. Unfortunately, this might create considerable discontinuities of the

FIG. 2. The boundary between the two ray histories is demarcated by pairs of boundary rays. All
the boundary and basic rays of the same ray history create a homogeneous polygon. Here are two
homogeneous polygons, which will be divided into homogeneous triangles in the next step.
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FIG. 3. Both homogeneous polygons are covered by homogeneous triangles. Each homogeneous
triangle is formed by three rays of equal ray history. Several new rays are traced in order to create
homogeneous triangles “not too different” from equilateral.

FIG. 4. Again the same basic triangle as in Fig. 3. Now all the homogeneous triangles correspond-
ing to successful rays, which are too large on the reference surface, are divided into smaller ones. This
means that the secondary ray-parameter metric tensor was defined so that it measures the distances
between the points of intersection of rays with the reference surface.
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ray-parameter metric tensor at the boundaries between ray histories. That is why
we also define the secondary ray-parameter metric tensor, which is smooth only
within the individual regions of equal value of the history function. The secondary
ray-parameter metric tensor is used to measure the size of homogeneous triangles.
If a homogeneous triangle is large with respect to the secondary ray-parameter
metric tensor, it is divided into smaller triangles, see Fig. 4.

2.2.3. Two-Point Ray Tracing

The algorithm for determining all two-point rays of a given elementary wave
by means of the shooting method, proposed by Bulant (1996), is based on the
controlled initial-value ray tracing. The algorithm is designed for general 3-D
models composed of heterogeneous blocks separated by curved interfaces. The
algorithm is independent of the type and shape of the source (point source, curved
linear source, curved surface source) and of its parametrization.

Solving the two-point ray tracing problem means finding all rays of a given ele-
mentary wave, which take off from the source and pass through the receiver. Note
that we have used the term two-point ray in place of the term boundary-value
ray, which would be more appropriate because the source is general and is not
limited to a point. The receiver is a given point, situated at the reference surface.
This receiver need not exactly coincide with the actual receiver, it may represent
the projection of the actual receiver onto the reference surface. The actual re-
ceivers should be situated in the vicinity of the reference surface. The receivers at
the reference surface are parametrized by two reference coordinates ξK along the
reference surface. The reference coordinates may be general functions of model
coordinates xi , ξK = ξK(xi).

The history function for two-point ray tracing is an integer-valued function
of two ray parameters, and describes the complete ray history from the source
to the reference surface. The history function for two-point ray tracing should
include the KMAH index in order to catch all two-point rays on a triplication of
travel time. The demarcation belts between different ray histories must be kept
reasonably narrow, because all two-point rays are sought within the individual
triangulated regions only, and the two-point rays situated inside the demarcation
belts are not found.

Once the ray-parameter domain is decomposed, with the given accuracy, into
regions of the same value of the history function, the two-point rays may be found
iteratively within the individual regions corresponding to successful rays.

In two-point ray tracing, the secondary ray-parameter metric tensor may take
into account, e.g., geometrical spreading at the reference surface.

For the coverage of the normalized ray-parameter domain by rays of various
ray histories, traced in the model depicted in Fig. 5, refer to Fig. 6. The arrange-
ment of the individual homogeneous subdomains is quite complicated. Some
regions of equal ray histories are disconnected, because the rays reflect from the
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FIG. 5. The three-layer model used for two-point ray tracing (Bulant, 1999), with two-point rays
reflected from the lower interface. The asterisk represents the point source, the small triangles are the
receivers. The time curve above the model represents the corresponding two-point travel times. Only
each fourth receiver and each fourth two-point ray indicated in Fig. 6 has been plotted.

disconnected parts of the lower interface. The small separation of neighbouring
two-point rays indicates large geometrical spreading.

The two-point rays of the wave diffracted at the edge of a lenticular inclusion,
traced using the described algorithm, are displayed in Fig. 7.

2.2.4. Other Applications of Controlled Initial-Value Ray Tracing

In addition to two-point ray tracing, controlled initial-value ray tracing may
also be applied to generate discrete systems of rays, e.g., for the interpolation
within ray cells, for the asymptotic summation of Gaussian beams, or for the
asymptotic summation of Gaussian packets.

Controlled initial-value ray tracing for the asymptotic summation of Gaussian
beams differs from two-point ray tracing by no receivers specified along the ref-
erence surface.

In controlled initial-value ray tracing for the asymptotic summation of Gaussian
packets or for the interpolation within ray cells, no reference surface is usually
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FIG. 6. The coverage of the normalized ray-parameter domain by rays shot during the computation
of the two-point rays in the model shown in Fig. 5. The rays are symbol-coded according to the ray
history. Two-point rays are plotted as larger symbols. The basic triangles are roughly equilateral with
respect to the ray-parameter metric rather than with respect to the Euclidean metric on this sheet of
paper.

FIG. 7. Two-point rays diffracted at the edge of the lenticular inclusion.
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specified. If no reference surface is specified, the history function describes the
complete ray history from the source to the endpoint of the ray.

The history function for controlled initial-value ray tracing usually does not
include the KMAH index, because the asymptotic summation of Gaussian beams,
the asymptotic summation of Gaussian packets, and usually also the interpolation
within ray cells do not require sorting rays according to the KMAH index.

In controlled initial-value ray tracing for the interpolation within ray cells, the
secondary ray-parameter metric tensor may take into account geometrical spread-
ing along the whole ray.

In controlled initial-value ray tracing for the asymptotic summation of Gaussian
beams, the secondary ray-parameter metric tensor should control the discretiza-
tion error, see Eq. (171). The secondary ray-parameter metric tensor then corre-
sponds to the shape of Gaussian beams optimized for the propagation from the
source to the reference surface.

In controlled initial-value ray tracing for the asymptotic summation of Gaussian
packets, the secondary ray-parameter metric tensor should also be used to control
the discretization error. In this case, the secondary ray-parameter metric ten-
sor may take into account metric tensors (171) corresponding to the shapes of
Gaussian packets optimized for the propagation from the source to various points
along the ray.

2.2.5. Wavefront Tracing

In wavefront tracing (Vinje et al., 1993a; Vinje et al., 1993b, 1996a, 1996b;
Lambaré et al., 1996; Gjøystdal et al., 2002), a system of wavefronts with a given
step in travel time is considered for each elementary wave. The rays are then
traced from the source to the first wavefront, from the first wavefront to the second
wavefront, and so on. The ray histories for tracing a ray to individual wavefronts
then differ. The ray history for tracing to a wavefront corresponds to the propaga-
tion from the source to this wavefront.

The triangulation of the ray-parameter domain for tracing to the first wavefront
may be carried out analogously as in controlled initial-value ray tracing. When
tracing from the first wavefront to the second wavefront, the homogeneous trian-
gles may be divided. There are two different reasons for this division:

(a) Rays of an equal ray history on the first wavefront are of different ray
histories on the second wavefront. A homogeneous triangle then becomes
inhomogeneous, and has to be divided.

(b) The evolution of the secondary ray-parameter metric tensor makes the ho-
mogeneous triangle too large on the second wavefront. The homogeneous
triangle then has to be divided into smaller homogeneous triangles (Vinje,
1997).



24 ČERVENÝ ET AL.

When tracing from the first wavefront to the second wavefront, new rays re-
quired for the division of the triangles on the second wavefront are not shot from
the source. They are shot from the first wavefront instead. The initial values for the
new rays are determined by the interpolation within homogeneous triangles corre-
sponding to the first wavefront. The interpolation of the initial coordinates should
be performed along the spatial boundary of the ray cell rather than along the
wavefront, if the interpolation within ray cells is to be applied, see Section 2.2.6.
Analogously for tracing to subsequent wavefronts.

Wavefront tracing is especially suitable for interpolating within ray cells. In
this application, it has a great advantage over controlled initial-value ray tracing.
In controlled initial-value ray tracing, the ray history corresponds to the whole
ray. The narrow demarcation belts between different ray histories then create de-
marcation volumes which always extend from the source, even if the ray histories
begin to differ later on. These demarcation volumes then form gaps inside the vol-
ume corresponding to equal ray history. This problem does not occur in wavefront
tracing.

Another, but less important advantage of wavefront tracing is the smaller total
length of traced rays than in controlled initial-value ray tracing. In particular, the
auxiliary rays required during the determination of boundaries between ray histo-
ries are traced only between two neighbouring wavefronts. The difference in the
total length of useful rays (vertices of homogeneous triangles) is less pronounced,
and is partly reduced by more expensive numerical integration. Because of short
ray elements between wavefronts, wavefront tracing requires the application of
Runge–Kutta methods, which are roughly twice more expensive than predictor–
corrector methods recommended for two-point ray tracing and controlled initial-
value ray tracing (Červený et al., 1988, Section 5.8). Let us emphasize that the
most important factor, influencing the efficiency of both controlled initial-value
ray tracing and wavefront tracing by an order of magnitude, is the efficiency of
determining the boundaries between ray histories. The second important factor is
a good selection of the secondary ray-parameter metric tensor. The total length of
traced rays is not too important.

Wavefront tracing is thus an excellent method for calculating travel times and
other quantities. The reliability and efficiency of wavefront tracing strongly de-
pends, especially in block models with interfaces, on detailed numerical algo-
rithms for updating the triangulation of the ray-parameter domain in proceeding
from one wavefront to the next.

2.2.6. Interpolation Within Ray Cells

Each homogeneous triangle in the ray-parameter domain, created during con-
trolled initial-value ray tracing, generates a ray tube limited by the corresponding
three rays. Each traced ray is recorded as a set of points of two types. First, there
are the points on the ray stored with a given travel-time step; we refer to them as
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time points. Second, there are the points of interaction of the ray with interfaces
and other surfaces (reflection, transmission or termination); we refer to them as
interaction points. A ray tube is thus represented as a set of the above points on
the three rays, which form the ray tube, see Fig. 8.

For interpolation, the ray tube is decomposed into ray cells. Regular ray cells
are defined by six points on the rays. Both the bottom and the top of the regular ray
cell are formed by triangles defined by three points on the rays. These are usually
the time points of the same travel-time level. Degenerate ray cells are formed by
five or four points. They occur mainly at a point source, where the bottom of a ray
cell is formed by a single point, in front of and beyond interfaces, where one or
two points of the top of a ray cell coincide with the corresponding point(s) of the
bottom, and in front of the end surface where the ray tube terminates.

We start the decomposition at the source, taking the first points on the rays as
the bottom of the first ray cell. The bottom is formed by a single point for point
sources, by a line segment for straight-line sources, or by a triangle for curved-
line sources and surface sources. We then proceed along the rays to the second
points on the rays, taking the second points simultaneously as the top of the first
ray cell and as the bottom of the second ray cell (if all the second points are time
points). We continue this procedure along the rays and create regular ray cells,
until we reach the first interaction point on anyone of the rays. Here we suspend
proceeding along this ray, and we proceed only along the remaining two rays (or
one ray), until we reach the interaction points on all the three rays. We may thus
create one or more degenerate ray cells, until the three interaction points form the

FIG. 8. Decomposition of a ray tube into ray cells. Three rays, forming a ray tube, cross an inter-
face. Bullets represent the points at three travel-time levels t1, t2 and t3 (“time points”). Circles are
the points of intersection of the rays with the interface (“interaction points”). Starting from the bottom
of the figure, we can see one regular ray cell formed by six points, then two degenerate cells formed
by five and four points, and again a regular ray cell. The bottom of the first ray cell and the top of the
fourth cell are formed by triangles which approximate wavefronts at travel-time levels t1 and t3. The
shaded triangle, which is the top of the second cell and the bottom of the third cell, approximates the
interface.
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top of the last created ray cell. If they lie at the end surface, the decomposition
of the ray tube into ray cells is completed. If they are located at an interface,
we continue the process of creating ray cells beyond this interface. We may again
have to suspend proceeding along some ray(s) and we may create some degenerate
ray cell(s), until we get time points of equal travel time at the top of the recently
created ray cell. We can then continue with creating regular ray cells with equal
travel time at their bottoms and tops. See Fig. 8.

Let us note that ray cells in wavefront tracing are analogous to ray cells cre-
ated during controlled initial-value ray tracing. The only difference is that the ray
tube can be split into several ray tubes in wavefront tracing. This splitting should
always be realized along the planar top triangle of the last cell before splitting in
order to assure perfect contact of the ray cells.

In decomposing ray tubes into ray cells, we must ensure, that the sides of all
the ray cells are equal for neighbouring ray tubes. Otherwise, some gridpoints of
a receiver grid might be considered to be located within none, or within both of
the neighbouring ray cells.

By determining a ray cell we understand the algorithm for the decision, whether
an arbitrary point lies within the ray cell, or not. Assume a ray cell defined by
six points on three rays: points Bi at the bottom, and points Ci at the top of
the ray cell, see Fig. 9. We introduce a local coordinate system parametrized by
parameters w1, w2, wB. The coordinates of arbitrary point X are then given as

(35)X = A3 + w1(A1 − A3) + w2(A2 − A3),

FIG. 9. A ray cell is defined by six points B1, B2, B3, C1, C2, C3, situated on three rays. Point
X is examined, whether it is located within the ray cell. Its position may be expressed using the
local coordinate system parametrized by parameters w1, w2, wB. If all of the quantities w1, w2, wB,
1 − w1 − w2 are in interval 〈0, 1〉, point X lies within the ray cell.
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FIG. 10. A 2-D ray cell touches a caustic. The lines approximate rays, the dashed lines represent
the bottom and the top of the cell. Each point of a small area in the middle of the cell lies on two rays.
For such points we get two (two or three in 3-D) different sets of local coordinates, and we then obtain
two (two or three in 3-D) different values of interpolated quantities.

where

(36)Ai = Ci + wB(Bi − Ci ), i = 1, 2, 3.

Parameters w1, w2 are the barycentric coordinates in triangle A1A2A3. A degen-
erate ray cell is treated as a special case of a regular ray cell with coinciding
vertices. Equation (35) is the parametric description of planar triangle A1A2A3.
Equations (36) are parametric descriptions of straight-line segments B1C1, B2C2
and B3C3, approximating the curved ray segments. Equations (35) and (36) may
also be expressed as

(37)X = wB

3∑
i=1

wiBi + wC

3∑
i=1

wiCi

with wC = 1 − wB, w3 = 1 − w1 − w2.
Point X lies within the ray cell if all values w1, w2, w3, wB are within interval

〈0, 1〉. Thus, for each receiver, which might be located within the selected ray cell,
we compute its local coordinates w1, w2, wB and quantities w3, wC. If all of them
display values from interval 〈0, 1〉, point X is within the ray cell, and the values
of all required quantities will be determined by interpolation within the ray cell.

Local coordinate wB is the root of the cubic equation (Bulant and Klimeš, 1999,
Eq. (6)). For each root wB from interval 〈0, 1〉, local coordinates w1 and w2 are
the unique solutions of the linear equation (Bulant and Klimeš, 1999, Eq. (17)).
If the ray cell touches a caustic, two or three (in 3-D) different sets of values w1,
w2, w3, wB may be found within interval 〈0, 1〉 for the same point X, see Fig. 10.
Different coordinates w1, w2, wB of the same point X correspond to different
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(a) (b)

(c) (d)

FIG. 11. (a) Travel times in a homogeneous model interpolated bilinearly within wide 3-D ray
tubes. One grey-scale cycle from white to dark grey corresponds to 0.3 s. The solid light-grey region
is not covered by ray cells. (b) Travel times in a homogeneous model calculated using the bicubic
interpolation within the same wide 3-D ray tubes as in (a). The maximum travel time is about 2.7 s.
The solid light-grey region is not covered by ray cells. (c) Differences of the bilinearly interpolated
travel times from the exact solution. The maximum difference is about 0.308 s. The grey scale is the
same as in (a). The solid light-grey region is not covered by ray cells. (d) Differences of the bicubically
interpolated travel times from the exact solution. The maximum difference is about 0.017 s. The grey
scale is the same as in (a). The solid light-grey region is not covered by ray cells.

ray parameters γ1, γ2, and the interpolation should be performed for each set of
coordinates w1, w2, wB.

In each ray cell, travel time and other quantities are interpolated as functions
of local coordinates w1, w2, wB. Since both the travel time and its gradient
are known at all vertices of a ray cell, the travel time can be approximated by
bicubic interpolation (Bulant and Klimeš, 1999, Eqs. (25)–(27) and (35)), see
Fig. 11b. The application of the second derivatives of travel time during inter-
polation should be avoided because they may be infinite. Other quantities (e.g.,
amplitudes) may be approximated by bilinear interpolation (Bulant and Klimeš,
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1999, Eqs. (18) and (19)). Refer to Figs. 11a–d for the comparison between bicu-
bic and bilinear interpolation of travel time.

The bicubic interpolation fits the values and the first spatial partial derivatives
at the six vertices of the ray cell. The functional values at each cell face depend
on the functional values and derivatives at the vertices of the face only. The in-
terpolated values are thus continuous across the cell faces. The gradient of the
interpolated function is continuous at the triangular cell faces and along the cell
edges, but may be discontinuous at the tetragonal cell faces separating ray tubes.
The bicubic interpolation fits linear and quadratic functions exactly.

The described algorithm incorporates both the decision, whether a receiver lies
in the ray cell, and the interpolation to the receiver. It is applicable to all ray
cells formed by six, five or four points. All the quantities computed along rays
may be interpolated, using the values of the quantities only at the vertices of the
corresponding ray cell.

2.3. Dynamic Ray Tracing. Paraxial Ray Methods

Ray tracing can be used to compute the ray as a spatial trajectory, and to deter-
mine travel time τ , slowness vector p, ray-velocity vector U and vector η at any
point of the ray. These quantities, however, are not known in the vicinity of the
traced ray. To find them in the vicinity of the traced ray, it would be necessary to
compute new rays. In addition, geometrical spreading and ray amplitudes cannot
be computed by single ray tracing, without considering vicinity rays.

These disadvantages can be reduced by an additional procedure, called dynamic
ray tracing (DRT), or also “paraxial ray tracing”. DRT consists in solving a sys-
tem of linear ordinary differential equations of the first order along a selected
central ray (DRT system). It yields the derivatives of coordinates of points form-
ing the ray and of the corresponding slowness vectors with respect to, e.g., ray
parameters. DRT was originally used to determine geometrical spreading, needed
to calculate the amplitudes along the ray. Recently, however, the number of appli-
cations of DRT has increased so much that DRT should be a part of any ray tracing
computer package. It can be used to determine the DRT propagator matrix, which
can be applied to compute all kinematic quantities not only along a single ray,
but also in some vicinity of the ray. We call this vicinity the paraxial vicinity of
the ray, and speak of paraxial rays, paraxial travel times, paraxial slowness vec-
tors, etc. The DRT propagator matrix can also be used to solve various paraxial
boundary-value ray tracing problems of a general four-parametric system of rays.

The DRT system can be expressed in many forms and in various coordinate
systems. The most common coordinate systems, in which the DRT system is
expressed, are general Cartesian coordinate systems and ray-centred coordinate
systems connected with the central ray. The DRT in Cartesian coordinates is
described in Section 2.3.1, and in ray-centred coordinates in Section 2.3.2. In
Section 2.3.3, the computation of DRT propagator matrices is discussed, and in
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Sections 2.3.4 and 2.3.5, the application of DRT propagator matrices in the com-
putation of higher-order partial derivatives of the travel time field is described.
Finally, Section 2.3.6 contains a list of some other applications of DRT propaga-
tor matrices.

2.3.1. Dynamic Ray Tracing in Cartesian Coordinates

In global Cartesian coordinates, DRT is designed to compute six quantities Qn

and Pn (n = 1, 2, 3) along the ray,

(38)Qn = ∂xn

∂γ
, Pn = ∂pn

∂γ
,

where γ is a chosen ray coordinate (e.g., initial take-off angle) or some initial
parameter of the ray (e.g., xi0, pj0), or some other parameter affecting the ray.
The DRT system for Qn and Pn is then simply obtained by taking the partial
derivatives of (24) with respect to γ :

dQn

dτ
= AnmQm + BnmPm,

(39)
dPn

dτ
= −CnmQm − DnmPm.

Here

Anm = ∂2H
∂pn ∂xm

, Bnm = ∂2H
∂pn ∂pm

,

(40)Cnm = ∂2H
∂xn ∂xm

, Dnm = ∂2H
∂xn ∂pm

and H denotes the Hamiltonian, which is a homogeneous function of the second
degree in pi (with a possible additional constant). The variable τ along the ray
again represents the travel time.

Thus, DRT system (39) consists of six linear ordinary differential equations. At
the initial point of the ray, the initial values of Qn and Pn, corresponding to the
eikonal equation (20), should be chosen so that they satisfy the constraint relation:

(41)UiPi − ηiQi = 0

resulting from the differentiation of (20) with respect to γ . Constraint relation
(41) then remains valid along the whole ray.

Two solutions of the DRT system (39) are known analytically. The first of them
is the so-called ray-tangent solution,

(42)Qi = Ui , Pi = ηi,

and the second the non-eikonal solution

(43)Qi = τUi , Pi = pi + τηi .
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The ray-tangent solution (42) satisfies the constraint relation (41), but the non-
eikonal solution does not. Consequently, solution (43) does not correspond to
eikonal equation (20). It may, however, be useful in the construction of the DRT
propagator matrix, see Section 2.3.3.

DRT system (39) can be used both for heterogeneous isotropic and anisotropic
media, only Hamiltonian H should be specified correspondingly. For heteroge-
neous isotropic media, the Hamiltonian is given by (21). DRT system (39) is then
simple:

dQn

dτ
= (

∂V 2/∂xi

)
pnQi + V 2Pn,

(44)
dPn

dτ
= −1

2
V −2(∂2V 2/∂xi∂xn

)
Qi − (

∂V 2/∂xn

)
piPi.

For heterogeneous anisotropic media, the Hamiltonian is given by (22). The ex-
pressions for Anm, Bnm, Cnm and Dnm are then more complicated than in isotropic
media. For this reason, we do not present them here; they can be found in the
ray theory literature. See, e.g., the detailed derivation in Červený (2001, Sec-
tion 4.14.1). Gajewski and Pšenčík (1990) have used the relevant DRT system
in computer package ANRAY.

Let us briefly discuss the physical meaning of the computed quantities Qn and
Pn, given by (38). Quantities Qn and Pn show how point xn and slowness vector
pn at the point on the ray change in the vicinity of the ray, when parameter γ is
changed. Thus, using the results of DRT, we can approximately compute various
ray-theory quantities (rays, travel times, slowness vectors, etc.) in the “paraxial”
vicinity of the ray. We then speak of paraxial rays, paraxial travel times, paraxial
slowness vectors, etc.

2.3.2. Dynamic Ray Tracing in Ray-Centred Coordinates

The DRT in ray-centred coordinates for heterogeneous isotropic media was
introduced to seismology by Popov and Pšenčík (1978a, 1978b). In this section,
we first introduce the ray-centred coordinate system in the form which can be used
both for isotropic and anisotropic media. Thereafter, we shall discuss the relevant
DRT systems.

Let us consider an arbitrarily selected ray � and call it the central ray. Along
it, let us introduce the ray-centred coordinates q1, q2, q3, in which central ray �

is the q3-coordinate axis. Coordinate q3 may be an arbitrary monotonic variable
along the ray. We introduce q3 by the relation

(45)q3 = q30 +
∫ τ

τ0

w(τ) dτ,

where the integration is taken along ray �. Consequently, q3 equals τ for w(τ) =
1, q3 equals the arclength for w(τ) = U(τ ), etc. Ray-centred coordinates q1 and
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q2 are introduced as Cartesian coordinates in a plane tangent to the wavefront,
intersecting central ray � at the point specified by q3. At points along ray �,
coordinates q1 and q2 are zero. The mutual relation between the global Cartesian
coordinates xi and the ray-centred coordinates qk may be expressed as follows:

(46)xi(qn) = x�
i (q3) + HiN(q3)qN .

Here xi = x�
i (q3) represents the equation of the central ray (along which

q1 = q2 = 0). The 3 × 3 transformation matrices from ray-centred to Carte-
sian coordinates and back are denoted by Him = ∂xi/∂qm and H̄mi = ∂qm/∂xi ,
and satisfy relations

(47)HimH̄mj = δij , H̄miHin = δmn.

Elements Hi3 and H̄3i are given by simple explicit relations:

(48)Hi3 = w−1Ui , H̄3i = wpi.

Note that Hi1 and Hi2 represent the ith Cartesian components of basis vectors
H1 and H2, situated in the plane tangent to the wavefront at �.

In heterogeneous anisotropic media, the ray-centred coordinate system is non-
orthogonal. Vectors Hi1, Hi2 and Hi3 represent contravariant basis vectors (with
Hi3 = w−1Ui tangent to the ray, and Hi1, Hi2 tangent to the wavefront), and
vectors H̄1i , H̄2i and H̄3i covariant basis vectors (with H̄3i = wpi , perpendicular
to the wavefront, and H̄1i , H̄2i perpendicular to the ray).

An efficient algorithm has been proposed to compute the contravariant basis
vectors H1 and H2 along ray �, which is the same for isotropic and anisotropic
media (Klimeš, 2006c, Section 5.4). They can be determined using a simple ordi-
nary differential equation

(49)
dHiM

dτ
= − (HlM · ηl)pi

pkpk

.

Vectors η and p are known from ray tracing, see (26) for η. The ordinary differ-
ential equation (49) does not depend on w, and may be used for any monotonic
coordinate q3. At the initial point of ray �, we choose H1, H2 as mutually perpen-
dicular unit vectors, perpendicular to slowness vector p. Then H1 and H2, given
by (49), have the same property along the whole ray. Actually, it is sufficient to
calculate only one of the basis vectors H1, H2, say H1; the second may then be
determined from the first and from the slowness vector. The determination of the
remaining elements of the transformation matrices is straightforward,

H2 = p × H1

|p × H1| , H̄1 = H2 × H3

H3 · (H1 × H2)
,

(50)H̄2 = H3 × H1

H3 · (H1 × H2)
,

see (47) and (48).
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In heterogeneous isotropic media, the contravariant and covariant basis vectors
coincide, because we have chosen vectors Hi1 and Hi2 unit and mutually perpen-
dicular.

The numerical solution of (49) is easy, fast and stable, and may be used both for
heterogeneous isotropic and anisotropic media. Once the basis vectors of the ray-
centred coordinate system are known along the ray, the Cartesian and ray-centred
coordinates of any point in the vicinity of central ray � can be simply mutually
recalculated.

There are many other possibilities of introducing the ray-centred basis vectors
and relevant ray-centred coordinates than (49). For example, we could use an
equation analogous to (49) directly for the covariant basis vectors H̄i1 and H̄i2,
perpendicular to the ray. However, Eq. (49) with (50) probably yields the simplest
algorithm to calculate the basis vectors along the ray. The advantages are that both
p and η = dp/dτ are known from ray tracing and that the same system (49) may
be used both for heterogeneous anisotropic and isotropic media.

Similarly as in (38), we introduce six quantities Q
(q)
n and P

(q)
n (n = 1, 2, 3)

along the ray,

(51)Q
(q)
n = ∂qn

∂γ
, P

(q)
n = ∂(∂τ/∂qn)

∂γ
,

where γ is a chosen ray parameter. Superscript (q) is used to remind the reader
that ray-centred coordinates qi are being used. A great advantage of the DRT
system in ray-centred coordinates is that the system consisting of six equations for
Q

(q)
n and P

(q)
n (n = 1, 2, 3) may be decomposed into two independent systems.

The first is composed of four equations for Q
(q)
N and P

(q)
N (N = 1, 2), and the

second of two equations for Q
(q)

3 and P
(q)

3 . The second system can be solved
analytically, and is of no interest here. Consequently, the DRT system in ray-
centred coordinates is reduced to four equations for Q

(q)
N and P

(q)
N :

dQ
(q)
N

dτ
= A

(q)
NMQ

(q)
M + B

(q)
NMP

(q)
M ,

(52)
dP

(q)
N

dτ
= −C

(q)
NMQ

(q)
M − D

(q)
NMP

(q)
M .

Here

(53)

A
(q)
NM = H̄NiHjMAij − dNM, B

(q)
NM = H̄NiH̄MjBij ,

C
(q)
NM = HiNHjM(Cij − ηiηj ), D

(q)
NM = HiNH̄MjDij − dMN,

and

(54)dNM = H̄Ni

dHiM

dτ
= −(H̄Nipi)(HlMηl)/(pkpk).
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The 3 × 3 matrices Aij , Bij , Cij , Dij are given by (40), ηi by (26). Basis vector
Hi1 is calculated along the ray using the ordinary differential equation (49), Hi2
with H2 = C(p×H1), and basis vectors H̄Mi are calculated from HiM using (47).
For a detailed derivation and discussion see Klimeš (1994, 2006b, 2006c).

Thus, the DRT system in ray-centred coordinates consists of four equations
only, and is not more complicated than the DRT system in Cartesian coordinates.
The only additional thing we must do is solve (49) for H1. Basis vectors H1, H2
are, however, useful even in other applications. DRT system (52) in ray-centred
coordinates is used in 3-D computer package CRT (Červený et al., 1988; Klimeš,
2006b).

In heterogeneous anisotropic media, the ray-centred coordinate system is curvi-
linear and non-orthogonal, as the ray is not perpendicular to the wavefront.

In heterogeneous isotropic media, the dynamic ray tracing system in ray-
centred coordinates is considerably simpler. and the ray-centred coordinate sys-
tem is orthogonal. The DRT system in ray-centred coordinates reads,

(55)
dQ

(q)
N

dτ
= V 2P

(q)
N ,

dP
(q)
N

dτ
= −V −1V

(q)
NKQ

(q)
K .

Here

(56)V
(q)
NK = ∂2V

∂qN∂qK

= HiNHjK

∂2V

∂xi∂xj

.

DRT system (55) in ray-centred coordinates is used in 2-D computer package
SEIS, see Červený and Pšenčík (1984), and in 3-D computer package CRT, see
Červený et al. (1988).

The DRT system (52) can be slightly modified if we use wavefront orthonormal
basis vectors instead of the ray-centred coordinate system. See (Červený, 2001,
Section 4.2.2).

2.3.3. DRT Propagator Matrix

The dynamic ray tracing system consists of linear ordinary differential equa-
tions of the first order. Consequently, it allows the fundamental matrix, consisting
of linearly independent solutions of the DRT system, to be introduced. This can
be done by specifying the fundamental matrix by the identity matrix at an arbi-
trarily selected point τ = τ0 of the ray. We call this fundamental matrix the DRT
propagator matrix, and denote it �(τ, τ0). Clearly, the DRT propagator matrix
�(τ, τ0) depends on variable τ and on the initial time τ0. Once a routine for the
solution of the DRT system is available, the computation of the DRT propagator
matrix is easy: we merely perform dynamic ray tracing along the relevant ray,
starting from τ0, with the initial conditions specified by the identity matrix.

As the DRT system in Cartesian coordinates consists of six linearly indepen-
dent equations, the DRT propagator matrix �(τ, τ0) in Cartesian coordinates is
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6 × 6. Analogously, the DRT propagator matrix �(τ, τ0) in ray-centred coordi-
nates is 4×4. The DRT propagator matrices have several interesting and important
properties, valid both for 6 × 6 and 4 × 4 matrices; only the size of the matrices
involved is different. For this reason, we will discuss only the properties of the
4 × 4 DRT propagator matrix �(τ, τ0) in ray-centred coordinates; the properties
of the 6×6 DRT propagator matrix in Cartesian coordinates are quite analogous.

(a) If the DRT propagator matrix �(τ, τ0) is known, the solution of the DRT
system can be easily found at point τ of the ray for arbitrary initial condi-
tions at τ0:

(57)

(
Q(q)(τ )

P(q)(τ )

)
= �(τ, τ0)

(
Q(q)(τ0)

P(q)(τ0)

)
.

(b) The DRT propagator matrix �(τ, τ0) is symplectic,

(58)�T(τ, τ0)J�(τ, τ0) = J, where J =
(

0 I
−I 0

)
.

Here I and 0 are 2 × 2 identity and null matrices. It follows from (58) that
det �(τ, τ0) = 1, so that �(τ, τ0) is regular along the whole ray.

(c) The DRT propagator matrix �(τ, τ0) satisfies the chain rule,

(59)�(τ, τ0) = �(τ, τ1)�(τ1, τ0),

where τ1 specifies an arbitrary point on the ray. Equation (59) also implies

(60)�−1(τ1, τ0) = �(τ0, τ1),

for points τ0 and τ1 arbitrarily situated on the ray.
(d) The DRT propagator matrix can also be defined for rays interacting with

interfaces (reflections, transmissions). We merely introduce the interface
propagator matrix �(τ r, τ inc), where τ inc corresponds to the point of inci-
dence, and τ r to the corresponding point of reflection/transmission (at the
same interface), τ r = τ inc. For the point of incidence τ inc situated between
τ0 and τ , we then modify (59) as follows:

(61)�(τ, τ0) = �
(
τ, τ r)�(

τ r, τ inc)�(
τ inc, τ0

)
.

Thus, it is only necessary to insert the interface propagator matrix
�(τ r, τ inc) into the proper place of the chain. For more details on 6 × 6
interface propagator matrices in Cartesian coordinates refer to Farra and
Le Bégat (1995) and Moser (2004). Of course, (61) may be further chained.

In practical applications, the 4 × 4 DRT propagator matrix �(τ, τ0) in ray-
centred coordinates is more useful than the 6 × 6 propagator matrix �(τ, τ0) in
Cartesian coordinates. The reason is that the general system of rays in hetero-
geneous media (without structural interfaces) is four-parametric, and the 4 × 4
DRT propagator matrix strictly corresponds to this system of rays. Contrary to
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this, the 6 × 6 DRT propagator matrix in Cartesian coordinates includes two re-
dundant solutions (ray-tangent and non-eikonal) which must be excluded if we
wish to apply it to a four-parametric system of rays. Consequently, the solution
of various boundary-value problems for a four-parametric system of rays is more
straightforward if we use the 4 × 4 DRT propagator matrices.

Let us briefly comment on determining the relative geometrical spreading from
the 4 × 4 DRT propagator matrix in ray-centred coordinates. It is common to
express the 4 × 4 DRT propagator matrix �(τ, τ0) in ray-centred coordinates in
the following form:

(62)�(τ, τ0) =
(

Q1(τ, τ0) Q2(τ, τ0)

P1(τ, τ0) P2(τ, τ0)

)
.

The 2 × 2 submatrix Q2(τ, τ0) can be used to determine the relative geometrical
spreading L(τ, τ0) of the Green function,

(63)L(τ, τ0) = ∣∣det Q2(τ, τ0)
∣∣1/2

.

It is not difficult to show that the relative geometrical spreading is reciprocal,
L(τ, τ0) = L(τ0, τ ).

2.3.4. Second-Order Spatial Derivatives of Travel Time

The first-order partial travel-time derivatives with respect to Cartesian coordi-
nates xi (components of slowness vector p) are known along the ray from ray
tracing, see (24). To compute the second-order and higher-order derivatives, DRT
is needed.

The second-order partial derivatives of the travel-time field are obtained di-
rectly as a by-product of DRT. If we denote by M the 2 × 2 matrix of the second
derivatives of the travel time field with respect to ray-centred coordinates q1, q2,
we obtain

(64)M = P(q)
(
Q(q)

)−1
.

The 2 × 2 matrices Q(q) and P(q) are defined by their components

(65)Q
(q)
NK = ∂qN

∂γK

, P
(q)
NK = ∂(∂τ/∂qN)

∂γK

,

and can be calculated using DRT system (52). Analogously to (64), we can also
introduce the 3 × 3 matrix N = PQ−1 of the second derivatives of the travel-time
field with respect to Cartesian coordinates xi and the 3 × 3 matrices P and Q
calculated by DRT system (39).

Matrix (64) satisfies the nonlinear matrix Riccati equation

(66)
dM
dτ

= −MB(q)M − MA(q) − D(q)M − C(q)
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following from DRT system (52). In isotropic media, this Riccati equation reads

(67)
dM
dτ

= −V 2MM − V −1V(q).

Here V is the velocity and V(q) the 2 × 2 matrix (56). The disadvantage of the
Riccati DRT system is that it is nonlinear, whereas the DRT system (52) is lin-
ear. The Riccati DRT system is, however, broadly used in the theory of Gaussian
beams, see Section 5.1.

2.3.5. Third-Order and Higher-Order Spatial Derivatives of Travel Time

Once DRT has been performed, the third-order and higher-order partial deriva-
tives of travel time can be computed by simple numerical quadratures along rays.
The general form of the equations for the third-order and higher-order partial
derivatives of travel time was suggested by Babich et al. (1985). The explicit
equations for the third-order and higher-order partial derivatives of travel time in
both isotropic and anisotropic smooth models without interfaces were derived by
Klimeš (2002a). The equations are derived for a general Hamiltonian. The deriv-
atives of travel time are expressed in the form of integrals along the ray, with
the appropriate initial values. The integrands are composed of partial derivatives
of travel time of orders lower than the one being computed, and of the phase-
space partial derivatives of the Hamiltonian. The derivatives of the Hamiltonian
contain partial derivatives of density-normalized elastic moduli up to the order
corresponding to that of the calculated derivatives of travel time.

Examples of possible applications of the third-order and higher-order partial
derivatives of travel time are:

(a) Estimation of the accuracy of travel-time interpolation within ray cells, and
the control of the accuracy by optimizing the size of ray cells in wavefront
tracing and in controlled initial-value ray tracing followed by travel-time
interpolation.

(b) Estimation and control of the accuracy of the paraxial ray approximation.
(c) Estimation of the accuracy of the paraxial approximation of Gaussian

beams.
(d) Estimation of the accuracy of the paraxial expansions of Fresnel edge

waves approximating the diffractions.
(e) Application to the local and uniform asymptotic approximations in hetero-

geneous media. They may be useful in deriving general high-frequency
asymptotic approximations of the Maslov and Gaussian-beam integrals
with respect to the ray parameters, such as the Airy approximations (third-
order Taylor expansion of travel time with respect to ray parameters) and
the Pearcey approximations (fourth-order Taylor expansion of travel time
with respect to ray parameters).



38 ČERVENÝ ET AL.

(f) Calculating or approximating the higher-order terms in the ray series.
(g) Determination of the dependence of the smoothness of travel time on the

smoothness of the model. For example, continuous and finite nth velocity
derivatives (n ≥ 2) imply continuous and finite nth derivatives of travel
time off caustics.

(h) The third- and higher-order spatial derivatives of travel time are required
when calculating the third- and higher-order derivatives of travel time with
respect to perturbation parameters.

Note that the expressions for the partial derivatives of the vectorial amplitude
may also be derived (e.g., Klimeš, 2006a).

2.3.6. Applications of DRT Propagator Matrix. Paraxial Ray Methods

The DRT propagator matrix has found many applications in the ray method, in
heterogeneous both isotropic and anisotropic layered media. A list of several of
them follows:

1. Paraxial ray theory. Computation of paraxial rays, paraxial travel times,
and paraxial slowness vectors in the vicinity of the ray (Červený, 2001,
Section 4.6).

2. Computation of the curvature of the wavefront along the ray (see Sec-
tion 2.3.4).

3. Computation of the ray Jacobian, geometrical spreading, relative geometri-
cal spreading, and phase shift due to caustics (see Sections 2.4 and 2.6).

4. Computation of the third-order and higher-order spatial derivatives of travel
time (see Section 2.3.5).

5. Computation of the second-order and higher-order perturbations of travel
time (see Section 3.2).

6. Computation of the perturbations or spatial derivatives of amplitude
(Klimeš, 2006a).

7. Computation of paraxial Fresnel volumes (Červený and Soares, 1992).
8. Investigation of chaotic rays and evaluation of Lyapunov coefficients (see

Section 6).
9. Construction of surface-to-surface propagator matrices (Hubral et al.,

1992a, 1992b; Schleicher et al., 1993; Sun, 2004).
10. Two-point ray tracing.
11. Various boundary-value problems for the four-parametric system of parax-

ial rays.
12. Investigation of reciprocity relations along a ray (see Sections 2.6.2

and 2.6.3).
13. Determination of geometrical spreading from travel time measurements

(Červený, 2001).
14. Factorization of geometrical spreading. Fresnel-zone matrices.
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15. Computation of Gaussian beams and Gaussian packets (see Section 5).
16. Maslov method (see Section 5.4.6).
17. Numerous applications in ray perturbation theory (Farra, 1999).
18. Isochrone perturbation (Iversen, 1996) and computation of the curvature

of an isochrone (Iversen, 2001a, Eqs. (4), (9) and (10)). “Velocity rays”
(Iversen, 2001c).

19. Point to curve ray tracing (Hanyga and Pajchel, 1995; Hanyga, 1996) and
its applications, e.g., “isochrone rays” (Iversen, 2001b, Eqs. (17) and (18),
2004, Eqs. (37)–(40)).

20. Applications in migration methods (Tygel et al., 1994; Sun, 2004).
21. Kirchhoff–Helmholtz integrals (Tygel et al., 1994; Chapman, 2004).
22. Applications in various diffraction problems of elementary waves. Edge

waves and tip waves (Klem-Musatov and Aizenberg, 1984; Klem-Musatov,
1994; Hanyga et al., 2001). For more details and many references see Čer-
vený (2001, Chapter 4).

2.4. Ray-Theory Amplitude

Once the ray tracing and dynamic ray tracing have been performed, and the
eigenvector g(m)(xi) of the Christoffel matrix and geometrical spreading have
been determined along the ray, it is not difficult to compute the vectorial complex-
valued amplitude U(xi) of an arbitrary elementary wave. It is, however, still
necessary to take into account the conditions at the initial point of the ray, at
the end point of the ray, and at points of contact of the ray with interfaces (or with
the Earth’s surface). These conditions are known theoretically for most situations
of practical interest, and many of them are included in the available ray program
packages.

For this reason, we shall be brief. (a) The initial point of the ray often represents
a point source. The most important point sources are single-force and moment-
tensor point sources, including the explosive point source. The source may be
situated in a smooth medium, at the surface of the Earth, or at an interface. Ray-
theory expressions are known even for a line source (arbitrarily curvilinear) and
for a surface source (arbitrarily curved). (b) The most common conditions for
the receiver point are expressed in terms of conversion coefficients. The conver-
sion coefficients may correspond to a receiver situated at the Earth’s surface or
at an interface. (c) The algorithms for evaluating the (complex-valued) reflec-
tion/transmission coefficients at interfaces and at the Earth’s surface are well
known for both isotropic and anisotropic media. Displacement R/T coefficients, or
normalized R/T coefficients (normalized with respect to the energy flux across the
interface) are mostly used. A useful property of the normalized R/T coefficients
is that they satisfy a reciprocity relation.
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The vectorial complex-valued amplitude U(xi) of an elementary wave propa-
gating in a heterogeneous anisotropic medium is expressed in terms of the eigen-
vector g(m)(xi) of the Christoffel matrix and scalar amplitude A(xi), see (14).

In Section 2.4.1, we shall discuss the determination of scalar amplitude A, in
Section 2.4.2 the behaviour of U in regular regions (non-degenerate case), and
in Section 2.4.3 the behaviour of U in the vicinity of S-wave singularities and in
isotropic media.

2.4.1. Determination of the Scalar Amplitude

In the zero-order approximation of the ray method, scalar amplitude A is a so-
lution of transport equation (16), in which U given by (17) coincides with the
ray-velocity vector (25) corresponding to Hamiltonian (22). For other Hamiltoni-
ans, e.g., for Hamiltonian (23), we may define reference scalar amplitude A as a
solution of transport equation (16) with U given by (25).

The transport equation can be simply solved along the ray in terms of the ray
Jacobian J . We define J by the following expression

(68)J =
(

∂x
∂γ1

× ∂x
∂γ2

)
· t,

where t = U/U is the unit vector tangent to the ray, and the derivatives are taken
along the wavefront. Alternatively, we can define ray Jacobian J as the Jacobian
J (T ) of the transformation from ray coordinates γ1, γ2, γ3 = τ to Cartesian co-
ordinates x1, x2, x3, normalized with respect to ray velocity U . It is possible to
prove that

(69)∇ · U = (JU)−1d(JU)/dτ,

where the derivative with respect to τ is taken along the ray. Transport equa-
tion (16), applied along the ray, then yields

(70)
d(

√
�JUA)

dτ
= 0.

This can be simply solved for A:

(71)A(τ) =
[
�(τ0)U(τ0)J (τ0)

�(τ )U(τ )J (τ )

]1/2

A(τ0).

Ray Jacobian J (τ) may be positive, negative or zero at different points of the
ray. Points of the ray where J (τ) = 0 are called caustic points. At these points,
the ray method fails; it yields infinite amplitudes. Since the ray Jacobian may be
negative, the square-root factor in (71) may introduce a phase shift. Consequently,
it is useful to express Eq. (71) in the following form:

(72)A(τ) =
[
�(τ0)U(τ0)|J (τ0)|
�(τ)U(τ )|J (τ)|

]1/2

A(τ0) exp
[
iT C(τ, τ0)

]
.
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Here T C(τ, τ0) is called the phase shift due to caustics. For more details, see
Section 2.6.3. The non-negative function

√|J (τ)| is often called the geometrical
spreading. However, this terminology has not been firmly established.

Thus, we express scalar amplitude A(τ) in terms of |J (τ)| and T C(τ, τ0),
which can be both determined by dynamic ray tracing.

Often, some alternative quantities instead of the ray Jacobian are used, e.g.,
Jacobian J (T ), or the scalar surface element �(T ), cut out of the wavefront by the
ray tube and normalized with respect to dγ1 dγ2. The relation between J , J (T )

and �(T ) is as follows:

(73)JU = J (T ) = C�(T ).

Equations (71) and (72) for A(τ) can then be expressed in terms of J (T ) or �(T ).
Equations (71) and (72) require a modification for a point or a line source at τ0,

for a ray crossing the structural interface, and for an initial and/or end point of the
ray, situated at a structural interface or at the Earth’s surface. For these situations,
see Červený (2001).

2.4.2. Polarization in a Non-Degenerate Case

Let us consider an elementary wave, propagating in a heterogeneous isotropic
or anisotropic medium, corresponding to eigenvalue Gm of the Christoffel matrix
(12), well separated from the other two eigenvalues. Polarization vector g then
coincides with the relevant eigenvector g(m) of the Christoffel matrix, and the
vectorial amplitude is given by (14).

At any point of the ray, at which the slowness vector is known and at which
the Christoffel matrix is not degenerate, polarization vectors can be determined
uniquely by conventional methods. The three polarization vectors g(1), g(2) and
g(3), corresponding to one wavefront normal, are mutually orthogonal.

Equation (14) for the amplitude vector U can be used only if the eigenvalue
Gm, corresponding to the elementary wave under consideration, is sufficiently
different from the others. This applies to P waves propagating in both isotropic
and anisotropic media, and to non-degenerate S waves in anisotropic media. As
we can easily see from (14), in this case the elementary wave under consideration
is linearly polarized.

2.4.3. Polarization in the Vicinity of S-Wave Singularities or in Isotropic Media

For S waves propagating in isotropic media, in weakly anisotropic media,
and for S waves propagating close to S-wave singularities in heterogeneous
anisotropic media, the complex-valued amplitude vector U must be considered
in the form

(74)U = Bg(1) + Cg(2).
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Here g(1) and g(2) are eigenvectors of the Christoffel matrix (12), corresponding
to eigenvalues G1 and G2, and B and C are two complex-valued scalar quantities.
As we can see from (74), the elementary wave under consideration is elliptically
polarized if B and C are “out of phase”. This applies globally to S waves in
heterogeneous isotropic and weakly anisotropic media, and locally to S waves
propagating in heterogeneous anisotropic media close to S-wave singularities. In
heterogeneous weakly anisotropic media or in the vicinity of an S-wave singular-
ity, B and C are frequency-dependent. They can be determined from two coupled
transport equations. More details are given in Section 4.

For S waves propagating in heterogeneous isotropic media, the two transport
equations for the complex-valued scalar amplitudes B and C in (74) are gener-
ally coupled. They can be decoupled only in special cases. Decoupling condition
(19) for isotropic media can be expressed in the form of an ordinary differential
equation of the first order, which must be satisfied along the ray:

(75)
dg(M)

dτ
= −(g(M) · η)p

p · p
.

This equation is a special case of Eq. (33). Here η is given by (26) and is known
from ray tracing. In the terminology of Riemannian geometry, we say that vector
V g(M) (where velocity V equals α or β) is transported parallely along the ray. If
g(1) and g(2) are chosen to be mutually perpendicular unit vectors perpendicular to
p at the initial point of the ray, Eq. (75) guarantees that they have the same prop-
erty along the whole ray. Consequently, g(1) and g(2) are always perpendicular to
the ray and do not rotate around the ray as the wave progresses. As g(1), g(2) and
p are always orthogonal, it is sufficient to compute just g(1) (or g(2)) from (75),
the second vector g(2) (or g(1)) can be simply determined using the orthogonality
condition.

At interfaces between isotropic media, the polarization vectors of reflected or
transmitted S waves can be chosen as two arbitrary, mutually perpendicular unit
vectors, perpendicular to the ray of a generated wave. The corresponding R/T
coefficients, however, must be adjusted to this choice.

2.5. Effects of Interfaces

Reflection or transmission of a wave at an interface of the first order (across
which parameters of the medium change abruptly) leads to abrupt changes of
most quantities calculated along a ray. Only the ray path itself and travel time
remain continuous. Other quantities like the direction of the ray, the direction of
the corresponding slowness vector, values of all the quantities calculated in dy-
namic ray tracing and, consequently, geometrical spreading and the ray amplitude
change discontinuously. Let us briefly describe the transformation of the individ-
ual quantities.
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Due to the continuity of the travel times of incident and generated waves
along the interface, specifically due to the continuity of their first-order deriv-
atives, the slowness vectors of the incident and generated waves must have the
same projection onto the plane tangent to the interface at the point of incidence.
This equality of the tangential projections of the slowness vectors is the ex-
pression of Snell’s law. It holds in isotropic as well as anisotropic media. The
determination of the slowness vector of a generated wave thus reduces to the de-
termination of the component of the slowness vector along the normal νi to the
interface. The slowness vector p

(m)
i of a generated wave can thus be expressed

as

(76)p
(m)
i = [

pi − νi(νkpk)
] + ξ (m)νi .

Here pi is the slowness vector of the incident wave, νi is the unit normal
to the interface and ξ (m) is the sought component of the slowness vector
along normal νi . The term in the square brackets is the tangential vectorial
component of the slowness vector, which is the same for incident and gen-
erated waves. The slowness vector of any generated wave propagating in an
anisotropic medium must satisfy the condition of solvability of the Christoffel
equation

(77)det
(
aijklp

(m)
j p

(m)
l − δik

) = 0.

Here aijkl again denotes the tensor of density-normalized elastic moduli of the
medium in which the generated wave propagates. By inserting (76) into (77) we
arrive at the sixth-order polynomial equation for ξ (m). Since the coefficients of
the polynomial equation are real-valued, its complex roots appear in complex
conjugate pairs. Real roots correspond to subcritical incidence, complex roots
indicate supercritical incidence of the incident wave. One equation (77), with
parameters aijkl specifying the medium in which incident and reflected waves
propagate, holds for the three reflected waves; another equation (77), with pa-
rameters aijkl specifying the medium in which transmitted waves propagate,
holds for the three transmitted waves. Since each equation has six roots, only
three of them have physical meaning and the remaining three must be elim-
inated. Of the real-valued roots only those are acceptable for which the cor-
responding ray-velocity vectors (parallel to the time-averaged energy flux vec-
tors) point into the medium, in which the generated wave propagates. Of the
complex conjugate roots only those are acceptable, which correspond to in-
homogeneous waves (waves with complex-valued slowness vector, whose real
and imaginary parts make a non-zero angle) decreasing exponentially with dis-
tance from the interface. The limiting case, in which real-valued roots become
complex-valued, is the case of critical incidence, in which the ray-velocity vector
is parallel to the interface. Note that in anisotropic media, the slowness vector
of the wave, generated by a critically incident wave, is generally not parallel to
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the interface. Since the ray-velocity vector and the slowness vector have gener-
ally different directions in anisotropic media, it may happen that the slowness
and ray-velocity vectors of a generated wave point to opposite sides of the inter-
face.

If the generated wave propagates in an isotropic medium, condition (77) sim-
plifies. The slowness vector must satisfy the corresponding eikonal equation, from
which its component along the normal to the interface can be determined. In this
case, two roots are obtained for a single wave and one of them must be elimi-
nated. The conditions of elimination are the same as in the case of an anisotropic
medium. Since in an isotropic medium the ray-velocity vector and the slowness
vector are parallel, the ray-velocity vector can be substituted by the slowness vec-
tor in the elimination process.

To determine slowness vectors of generated waves in an anisotropic medium,
a polynomial equation of the sixth order must be solved numerically. It yields the
normal components of slowness vectors of all waves generated on the relevant
side of the interface. In isotropic media, simple analytic formulae exist for the
determination of the slowness vector of a given generated wave alone.

Equation (76) clearly indicates that the slowness vectors of generated waves are
situated in the plane of incidence defined by the slowness vector of the incident
wave and the normal to the interface. In anisotropic media, the ray-velocity vec-
tors may point out of the plane of incidence. In isotropic media, the ray-velocity
vectors of all generated waves are situated in the plane of incidence.

The transformation relations at an interface for the solutions of the dynamic
ray tracing system also follow from the continuity of the travel times of generated
and incident waves. In this case, second-order travel-time derivatives are used,
which means that the transformation is affected by the first-order derivatives of
the parameters of the medium and by the curvature of the interface at the point
of incidence. Due to this dependence, the transformation relations for dynamic
ray tracing must be applied even at interfaces of the second order, i.e. interfaces,
at which gradients of elastic parameters change abruptly while the parameters
themselves are continuous.

The ray amplitudes of generated waves at the point of reflection/transmission
are obtained from the ray amplitude of the incident wave by multiplying it by
the corresponding reflection or transmission coefficients. In the zero-order ray ap-
proximation, the coefficients correspond to the plane-wave reflection/transmission
coefficients. Mostly displacement reflection/transmission coefficients are used.
Normalized coefficients, which have the convenient property of reciprocity, see
Section 2.6.2, can be used instead of them. The coefficients depend on the para-
meters of the medium, the density and the angle of incidence. In addition to the
coefficients, which are applied at the points of reflection or transmission at inter-
faces, the conversion coefficients should be used at sources and receivers when
these are situated at interfaces.
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2.6. Ray-Theory Green Function

2.6.1. Elementary Ray-Theory Green Function

A very important role in various applications in seismology and seismic explo-
ration for oil is played by the elastodynamic Green function. The elastodynamic
Green function Gin(R, t, S, t0) represents the ith Cartesian component of the
displacement vector at location R and time t due to a single-force point source
situated at location S and oriented along the nth Cartesian axis, with the time
dependence δ(t − t0). Quite analogously, we can introduce the elementary ray-
theory elastodynamic Green function. Two differences are that the elementary
ray-theory elastodynamic Green function does not correspond to the complete
wavefield, but to the wavefield of an arbitrarily selected elementary wave, and
that it is not exact, but only represents its zero-order ray approximation. The ray
method can be used to obtain a surprisingly simple expression of the elementary
ray-theory elastodynamic Green function for any selected elementary wave (e.g.,
any multiply reflected/transmitted wave), propagating in an arbitrary 3-D hetero-
geneous anisotropic or isotropic layered structure along any ray connecting the
point source S and the receiver at R. The Fourier transform of Green function
Gin(R, t, S, t0) with respect to t − t0 reads

(78)Gin(R, S, ω) = g
(m)
n (S)g

(m)
i (R) exp[iT G(R, S) + iωτ(R, S)]

4π[�(S)�(R)C(S)C(R)]1/2L(R, S)
RC

(no summation over m). Here g
(m)
i is the ith Cartesian component of the relevant

unit eigenvector g(m) of the Christoffel matrix, C is the phase velocity, and � the
density. Further, τ(R, S) is the travel time from S to R, T G(R, S) the complete
phase shift due to caustics along the ray from S to R (see Section 2.6.3), L(R, S)

the relative geometrical spreading (63) along the ray from S to R, and RC the
product of all normalized displacement R/T coefficients at all points of contact of
the ray with interfaces or with the Earth’s surface, between S and R.

The factor [C(S)C(R)]1/2 in the denominator of (78) corresponds strictly to the
definition of the relative geometrical spreading given by (63). If the definition of
the relative geometrical spreading is changed, the factor may also change, for ex-
ample, to [U(S)U(R)]1/2. See the detailed discussion in Schleicher et al. (2001).

Equation (78) is valid for points S and R, situated in the smooth parts of the
model. For points S and R situated on an interface and/or the Earth’s structure,
eigenvectors g

(m)
n (S) and g

(m)
i (R) must be replaced by more complicated expres-

sions.
The elementary ray-theory elastodynamic Green function may be used in simi-

lar applications as the exact elastodynamic Green function. Usually it is sufficient
to consider several elementary ray-theory Green functions, corresponding to the
most energetic elementary waves propagating along different rays from point S to
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point R (direct P, S1 and S2 waves, various primary reflected waves, etc.), and to
form the ray-theory Green function in this way.

2.6.2. Reciprocity of the Ray-Theory Green Function

It is possible to prove that the elementary ray-theory elastodynamic Green func-
tion is reciprocal in the following sense:

(79)Gin(R, S, ω) = Gni(S, R, ω).

Here Gni(S, R, ω) corresponds to the backward propagation along the same ray
path, from R to S. The reciprocity relation (79) is valid for any multiply reflected
(possibly converted) elementary wave propagating in a 3-D anisotropic laterally
varying layered structure with any number of reflection/transmission points. Simi-
larly, reciprocity (79) remains valid for the wavefield, composed of any number of
elementary waves propagating from S to R along different ray trajectories. Reci-
procity relation (79) follows simply from (78), if we take into account that travel
time τ(R, S), relative geometrical spreading L(R, S), the complete phase shift
due to caustics T G(R, S) and the product of normalized R/T displacement coef-
ficients RC are reciprocal. The reciprocity of travel time τ(R, S) is obvious. The
reciprocity of L follows from the symplecticity of the DRT propagator matrix,
and the reciprocity of RC was proved by Chapman (1994). It should be noted that
the product of the conventional displacement R/T coefficients is not reciprocal.
For the reciprocity of the phase shift due to caustics see Section 2.6.3. See also
Kendall et al. (1992).

Note that reciprocity relation (79) is valid only for the single force point source.
It is not valid for other types of point sources, e.g., for the explosive source (centre
of dilatation).

2.6.3. Phase Shift of the Green Function Due to Caustics. KMAH Index

In heterogeneous anisotropic media, the complete phase shift due to caustics
T G(R, S) is given by the relation,

(80)T G(R, S) = T C(R, S) + 1

2
πσ0(S) = −1

2
π

(
k(R, S) − σ0(S)

)
.

Here σ0(S) corresponds to the phase shift of the point source, and T C(R, S) is
the phase shift due to caustics outside the source, between S and R. Phase shift
σ0(S) depends on the form of the ray-velocity surface at source S and on the
direction of the ray at S. For rays corresponding to the forward branch of the ray-
velocity surface, σ0 = 0 (similarly as in isotropic media). For rays corresponding
to the reverse branch of the ray-velocity surface, σ0 = 1 or even σ0 = 2 (Pšenčík
and Teles, 1996). The quantity k(R, S), called the KMAH index, is an integer,
changing only when the ray under consideration passes through a caustic point.
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In isotropic media, the slowness surface is always convex, so that σ0(S) = 0.
Moreover, the KMAH index k(R, S) is always positive. The increment of the
KMAH index equals unity at a line caustic, and two at a point caustic. The caustic
points, and consequently k(R, S), can be found as a by-product of DRT.

We can also introduce the KMAH index for anisotropic media kG(R, S) by the
relation

(81)kG(R, S) = k(R, S) − σ0(S).

In this section, we consider the KMAH index in the form of (81). It is possible to
prove that the KMAH index (81) is reciprocal in the following sense

(82)kG(R, S) = kG−(S, R).

Here kG(R, S) corresponds to the forward ray, and kG−(S, R) to the reverse ray.
For more details refer to Klimeš (1997, 2006d), Chapman (2004, p. 176).

Unlike in isotropic media, where the increment of the KMAH index is always
positive, the increment of the KMAH index of S waves in anisotropic media may
be either positive, or negative, depending on the convexity or non-convexity of the
slowness surface. Lewis (1965) derived a general phase-shift rule for a point caus-
tic, expressed in terms of the signature of the matrix of the second derivatives of
travel time. Garmany (2000) expressed a general phase-shift rule for a line (sim-
ple) caustic in terms of the second derivatives of the eigenvalue of the Christoffel
matrix with respect to the slowness vector. Bakker (1998) derived equations for
the phase shift corresponding to a general wavefield, due to both line (simple) and
point caustics in 3-D anisotropic media. Bakker’s rules are expressed in terms of
the second derivatives of the eigenvalue of the Christoffel matrix with respect to
the slowness vector.

In the following section, a simple example is given to illustrate simultaneously
the positive and negative phase shifts in anisotropic media, and the reciprocity
(82) of the phase shift of the Green function.

2.6.4. Example of Phase Shifts

Assume a 2-D homogeneous anisotropic medium with a triplication on the S-
wave ray-velocity surface. Select a ray corresponding to the reverse branch of the
ray-velocity surface. Assume that the homogeneous anisotropic medium is sepa-
rated from the homogeneous isotropic medium by a planar interface perpendicular
to the selected ray. For the sake of simplicity, we may assume that the (phase and
ray) velocities in the direction of the selected ray are similar (or equal) in both
media.

The slowness vectors of the paraxial rays, propagating in the anisotropic
medium to one side of the selected ray, point to the other side of the selected
ray, see Fig. 12. On entering the isotropic medium, the paraxial rays are refracted
to the direction of the slowness vector and cross the selected ray at the caustic.
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FIG. 12. The selected ray and paraxial rays from points A, B, C in the discussed example.
In the anisotropic halfspace, paraxial ray-velocity vector v and slowness vector p are deflected in
opposite directions.

FIG. 13. C → A: There is no caustic along the ray from point C to point A. As the KMAH index
is defined zero at the point source in the isotropic medium, the resulting KMAH index at point A is 0.

FIG. 14. A → C: The initial KMAH index at point A on the reverse wavefront branch equals −1,
see (81) with σ0 = 1. There is a single caustic along the ray from point A to point C, located in the
isotropic medium, causing the KMAH index to increase by +1. The resulting KMAH index at point
C is then 0.

Consider three points on the selected ray: Point A in the anisotropic medium,
point B situated in the isotropic medium between the interface and the caustic cor-
responding to the point source at A, and point C situated in the isotropic medium
beyond the caustic corresponding to the point source at A. The paraxial rays from
all 3 points are depicted in Fig. 12. The paraxial rays corresponding to the same
paraxial slowness vector are parallel in each of the halfspaces.
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FIG. 15. A → B: The initial KMAH index at point A is again −1, but there is no caustic along
the ray from point A to point B. The resulting KMAH index at point B is now −1.

FIG. 16. B → A: The initial KMAH index at point B is 0, as for C → A. There is a single caustic
along the ray from point B to point A, located in the anisotropic medium on the reverse branch of the
ray-velocity surface, causing the KMAH index to decrease by 1. The resulting KMAH index at point
A is then −1.

Accumulation of the phase shift along the four rays between points A, B and
C is shown in Figs. 13–16.

2.7. Ray-Theory Seismograms

For transient elementary waves propagating in a heterogeneous, anisotropic or
isotropic, perfectly elastic, layered structure, the elementary ray seismogram is
given by the formula

(83)ui(xn, t) = Re
{
Ui(xn) F

[
t − τ(xm)

]}
.

Here F(ζ ) is the analytical signal, given by relation

(84)F(ζ ) = x(ζ ) + ig(ζ ).

The real-valued function x(ζ ) may be arbitrary, and may represent, for example,
the source-time function. For simplicity, we shall refer to it as the input signal.
The real-valued function g(ζ ) is the Hilbert transform of x(ζ ). Once the input
signal x(ζ ) is known, its Hilbert transform and the analytical signal F(ζ ) can be
determined. Two simple examples of the analytical signals are as follows: (a) For
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x(ζ ) = δ(ζ ), where δ(ζ ) is the Dirac delta function, F(ζ ) = δ(ζ )− i/πζ . (b) For
x(ζ ) = cos(ζ ), the analytical signal is F(ζ ) = exp[−iζ ].

We call x(ζ ) the causal input signal if x(ζ ) = 0 for ζ < 0. It is well known
that the Hilbert transform g(ζ ) of a causal input signal x(ζ ) is not causal. Thus,
the elementary ray-theory signal ui(xn, t) is in principle non-causal, even when
the input signal x(ζ ) is causal.

The situation is simple if Ui(xn) is real-valued. Equation (83) then yields

(85)ui(xn, t) = Ui(xn)x
(
t − τ(xi)

)
,

and the form of the elementary ray-theory signal ui(xn, t) remains preserved
along the whole ray. Moreover, ui(xn, t) is causal along the whole ray if x(ζ )

is causal.
The situation is quite different for complex-valued Ui(xn). Note that Ui(xn),

real-valued at the initial point of the ray, may become complex-valued in other
parts of the ray. This is mainly due to the caustic points along the ray, and due
to the supercritical reflections at interfaces. Thus, without considering complex-
valued Ui(xn), the ray method would be incomplete.

Let us now briefly discuss certain important properties of elementary ray-theory
signals (83), valid both for Ui(xn) real-valued and complex-valued and for non-
dissipative media.

1. Analytical signal F(ζ ) is preserved along the whole ray.
2. The normalized envelope of the elementary ray-theory signal (83) is pre-

served along the whole ray. The normalization is taken with respect to the
maximum value of the envelope. Thus, the normalized envelope is the same
at the initial point of the ray, at interfaces, at caustic points, and at the re-
ceiver. It is always equal to the normalized envelope of the analytical signal.

3. Although the elementary ray-theory signal is not, in principle, causal, we
may say that it is effectively causal, particularly for smooth, absolutely
integrable input signals x(ζ ). The explanation of effective causality is as
follows: Assume that the ray-theory travel time corresponds to the maxi-
mum of the normalized envelope, and denote it at a given point of the ray by
tmax. The effective first arrival travel time tmin may then be taken at a time,
for which the value of the normalized envelope is negligibly small, for ex-
ample 0.001. Property 2 then guarantees that tmax − tmin is preserved along
the whole ray, including the interfaces, caustic points, etc.

It might seem useful to consider very narrow causal input signals x(ζ )

in the ray method, for example signals close to x(ζ ) = δ(ζ ). For such sig-
nals, however, the envelope is broad (due to the broad Hilbert transform),
and tmax − tmin is large. Thus, the effect of non-causality is particularly
strong in this case. A very suitable option is to use smooth, non-causal, high-
frequency input signal x(ζ ), for example the Gabor signal. Fortunately, the
three-parametric Gabor signal can easily simulate most signals x(ζ ) known
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from seismological and seismic exploration records. The effects of changing
phase shifts of Ui(xn) on the ray-theory signals ui(xn, t) are then expressed
only in the changes of ui(x, t) under its fixed envelope.

3. RAY-THEORY PERTURBATIONS

Perturbation methods play an important role in ray methods. They can be used
for fast but approximate solution of forward problems in complicated models.
Perturbation methods play an equal or even more important role in inverse prob-
lems.

There is a great variety of perturbation methods in use, most of them being
based on the following assumptions. We assume that a model, in which we wish
to study wave propagation, differs only little from another model called the back-
ground or reference model. The solution in the perturbed model can then be
sought in the form of a power series in the deviations of the perturbed and ref-
erence models. If only the first term of the series is considered, which is often the
case, we speak of the first-order perturbation expansion. The perturbed and refer-
ence models may both be isotropic or anisotropic, or the reference model may be
isotropic and the perturbed model anisotropic. Various quantities may be sought
in this way.

Most often the quantity sought is the travel time. The corresponding first-order
formula for the isotropic reference and perturbed models has been known for a
long time, see Aki and Richards (1980). For the anisotropic perturbed model, the
formulae for the first-order travel-time perturbations can be found in Červený
(1982), Červený and Jech (1982), Hanyga (1982), Jech and Pšenčík (1989),
Chapman and Pratt (1992). In these approaches a reference ray is traced in the
reference isotropic or anisotropic medium, and the first-order travel-time correc-
tion is sought by integration along the reference ray. Even higher-order travel-time
perturbations can be calculated. Farra (1999) proposed a procedure for calculating
the second-order travel-time perturbations. Her procedure is based on the knowl-
edge of the first-order perturbations of a reference ray. Recently, developing ideas
of Babich et al. (1985), Klimeš (2002a) proposed a procedure for calculating
higher-order perturbations (or derivatives) of the travel time along a reference
ray in the reference medium. Refer to Section 3.2 for more details.

The perturbation theory can be used not only to determine the travel time, but
the whole wavefield. Farra and Madariaga (1987) proposed such an approach for
an isotropic reference and perturbed medium. The approach consists in computing
perturbed rays and related dynamic ray tracing by integrating along a reference
ray. The approach was later extended also to anisotropic media, see, e.g., Farra
(1989), Nowack and Pšenčík (1991). In all the above-mentioned approaches, it is
necessary to trace rays in the reference medium, and then to calculate the perturba-
tions of the sought quantities along these rays. Recently, Pšenčík and Farra (2005)
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and Farra (2005) proposed an alternative approach to calculating rays in hetero-
geneous weakly anisotropic media, in which the deviation of anisotropy from
isotropy is considered to be small. In ray tracing system (24), they substituted
the exact Hamiltonian by its first-order approximation with respect to the devia-
tion of anisotropy from isotropy. In this way, their ray tracing yields “first-order
rays” and corresponding first-order travel times without calculating the reference
rays. If it becomes necessary to increase the accuracy of the calculated travel
times, the second-order travel-time correction can be easily calculated by inte-
grating along the first-order rays. In weakly anisotropic media, this ray tracing
represents a natural generalization of ray tracing for isotropic media. Indeed, for
vanishing anisotropy, the first-order ray tracing reduces to exact “isotropic” ray
tracing. The first-order ray tracing equations are, as in isotropic media, different
for P and S waves. In each case, the ray tracing equations depend on 15 of the
21 weak anisotropy parameters, because there are 6 parameters related only to
P waves, 6 parameters related only to S waves, and 9 parameters affecting both
P and S waves. Weak anisotropy parameters may be chosen in various ways. For
example, Pšenčík and Gajewski (1998) and Farra and Pšenčík (2003) use a gen-
eralization of Thomsen’s (1986) linearized parameters. During numerical tests
using a configuration and models typical for seismic exploration, it was found
that the relative errors of the travel times including the second-order correction
were well under 0.05% for anisotropy of about 8%, and they did not exceed 0.3%
for anisotropy of about 20%.

A possibility of how to calculate the whole wavefield using the perturbation the-
ory is the generalized Born scattering, see Coates and Chapman (1991), Chapman
(2004). This approach is based on the first-order Born approximation, in which
the exact Green function in the reference medium is substituted by the ray-theory
Green function. The errors caused by this substitution are introduced into the scat-
tering integral so that scattering occurs not only from perturbations of the medium,
but also from the errors.

In this chapter, we concentrate on the perturbations of travel time only. Similar
formulae as for travel time may also be derived for other ray-theory quantities.

3.1. Perturbation Parameters

We assume that the Hamiltonian is a function of phase-space coordinates, com-
posed of spatial coordinates xi and slowness-vector components pj , and of any
number of perturbation parameters fκ ,

(86)H = H(xi, pj , fκ).

The travel time and other quantities calculated in the model using this Hamil-
tonian are then functions of spatial coordinates xi and of perturbation parame-
ters fκ ,

(87)τ = τ(xi, fκ).
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In this section, we index the perturbation parameters by lower-case Greek sub-
scripts. Perturbation parameters are the parameters to be perturbed. They may
have various meanings. For example, perturbation parameters fκ may parame-
trize the model. Parameters fκ may be the B-spline coefficients of the functions
describing the model. However, the applicability of perturbation parameters is
more general. For example, there are two S waves with the two respective Hamil-
tonians corresponding to the anisotropic ray theory in anisotropic media. Instead
of selecting one of these two Hamiltonians, we may consider a one-parametric set
of Hamiltonians, parametrized by a parameter fμ, such that we obtain the Hamil-
tonian corresponding to one S wave for fμ = −1, the Hamiltonian corresponding
to the other S wave for fμ = +1, and the averaged Hamiltonian of both S waves
corresponding to the anisotropic common ray tracing (Bakker, 2002) for fμ = 0.
Another example: instead of using Hamiltonian H = H(xi, pj , fκ) and perturba-
tion expansion from fκ = f 1

κ to fκ = f 2
κ , we may define a new one-parametric

Hamiltonian H̃ = H̃(xi, pj , f ),

(88)H̃(xi, pj , f ) = H
(
xi, pj , f

1
κ

) + [
H

(
xi, pj , f

2
κ

) − H
(
xi, pj , f

1
κ

)]
f

and apply the perturbation expansion from f = 0 to f = 1.
We shall refer to the partial derivatives with respect to perturbation parame-

ters fκ as the perturbation derivatives.
We denote the partial derivatives with respect to spatial coordinates xi by lower-

case Roman subscripts following a comma, and the perturbation derivatives by
lower-case Greek subscripts following a comma. In phase space, we denote the
partial derivatives with respect to components pj of the slowness vector by lower-
case Roman superscripts following a comma. For instance,

(89)H,ab...f
,ij ...nα...ν = ∂

∂fα

· · · ∂

∂fν

∂

∂xi

∂

∂xj

· · · ∂

∂xn

∂

∂pa

∂

∂pb

· · · ∂

∂pf

H

denotes the perturbation derivatives of the partial phase-space derivatives of the
Hamiltonian. The perturbation derivatives are taken at fixed phase-space coor-
dinates xi , pj , and the partial phase-space derivatives are calculated at fixed
perturbation parameters fκ . Similarly,

(90)τ,ij ...nα...ν = ∂

∂fα

· · · ∂

∂fν

∂

∂xi

∂

∂xj

· · · ∂

∂xn

τ

denotes the perturbation derivatives of the spatial derivatives of travel time τ . The
perturbation derivatives are taken at fixed spatial coordinates xi , and the partial
spatial derivatives are calculated at fixed perturbation parameters fκ . Analogously
for other quantities, e.g., amplitude A = A(xi, fκ).

3.2. Perturbation of Travel Time

The first-order perturbation derivatives of travel time are very important in
(a) linearized inversion of travel times; (b) approximate solution of the complex-
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valued eikonal equation in the vicinity of real-valued rays; (c) common ray ap-
proximations of the coupling ray theory. In all these methods, the error of the
first-order perturbation expansion should be estimated and controlled. The error
of the first-order perturbation expansion can be approximated by the neglected
second-order term. It is thus of principal importance in all the above applications
to estimate the second-order perturbation derivatives of travel time. A brief note
on the application of the second-order perturbation derivatives of travel time to
the linearized inversion of travel times is given in Section 3.3. For estimating
the errors of common ray approximations of the coupling ray theory using the
second-order perturbation derivatives of travel time, refer to Klimeš and Bulant
(2004, 2006).

The perturbation derivatives of the travel time of all orders can be calculated by
simple numerical quadratures along the unperturbed ray. The perturbation deriv-
atives of the spatial derivatives of travel time can also be calculated by analogous
numerical quadratures along the unperturbed ray. As regards the general equa-
tions for the perturbation derivatives of all orders, refer to Klimeš (2002a). Here
we only present the equations for the first-order and second-order perturbation
derivatives of travel time, expressed in terms of a general Hamiltonian.

The individual perturbation derivatives of travel time depend on the form of the
Hamiltonian. For different Hamiltonians, we obtain different perturbation expan-
sions of travel time. Some of these perturbation expansions may be more accurate
for particular applications than other perturbation expansions (Klimeš, 2002a).

3.2.1. First-Order Perturbation Derivatives of Travel Time

Equation

(91)τ,α(γ3) = τ,α

(
γ 0

3

) +
∫ γ3

γ 0
3

dγ3 (−H,α)

for the first-order perturbation derivatives of travel time is well-known (e.g.,
Červený, 2001, Eq. (3.9.6)). The integration variable γ3 along the ray is deter-
mined by the form of the Hamiltonian. For the Hamiltonians considered in this
chapter, the integration variable is the travel time, γ3 = τ .

3.2.2. First-Order Perturbation Derivatives of the Travel-Time Gradient

The first-order perturbation derivatives of the travel-time gradient may be cal-
culated using relation

(92)τ,iα = TaαQ−1
ai ,

where Q−1
ai are the elements of the matrix inverse to matrix Qia = ∂xi/∂γa of

geometrical spreading in Cartesian coordinates. The perturbation derivatives of
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the covariant spatial derivatives Taα of travel time with respect to ray coordinates
can be obtained by quadrature

(93)Taα(γ3) = Taα

(
γ 0

3

) +
∫ γ3

γ 0
3

dγ3
(−H,iαQia − H,i

,αPia

)
.

The matrix Pia = ∂pi/∂γa of the transformation from ray coordinates to the
components of the slowness vector is calculated, together with the matrix Qia of
geometrical spreading, by dynamic ray tracing.

3.2.3. Second-Order Perturbation Derivatives of Travel Time

The second-order perturbation derivatives of travel time can be calculated by
quadrature

(94)τ,αβ(γ3) = τ,αβ

(
γ 0

3

) +
∫ γ3

γ 0
3

dγ3 Kαβ,

where the integration kernel is given by

Kαβ = −H,αβ − TaαQ−1
ar H

,r
,β − TaβQ−1

ar H,r
,α

(95)− TaαQ−1
ar TbβQ−1

bs H
,rs .

Quadrature (94) is applicable only to ray segments with the regular matrix Qia of
geometrical spreading. Along ray segments with singular matrix Qia but regular
matrix Pia , Eq. (94) may be replaced by equation

(96)τ,αβ(γ3) = τ,αβ

(
γ 0

3

) + [
TaαP −1

ar TbβQ−1
br

]γ 3

γ 0
3

+
∫ γ 3

γ 0
3

dγ3 Kcaust
αβ ,

where the integration kernel is given by

Kcaust
αβ = −H,αβ + TaαP −1

ar H,rβ + TaβP −1
ar H,rα

(97)− TaαP −1
ar TbβP −1

bs H,rs .

3.3. Optimizing Model Updates During Linearized Inversion of Travel Times

The size of the individual iterations in the linearized inversion of travel times
should be controlled by means of the second-order perturbation derivatives of
travel time. This control can be achieved by including the square of the relevant
Sobolev norm of the model update into the objective function for the linearized
inversion of travel times. The Sobolev scalar product of two functions is a lin-
ear combination of the L2 Lebesgue scalar products of the zero-order, first-order,
second-order or higher-order derivatives of the functions, see, e.g., Tarantola
(1987).
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Since the second-order perturbation derivatives of travel time are proportional
to the square of the first-order perturbation derivatives of the slowness or velocity
gradient (Klimeš, 2002a), the error of a single iteration of the linearized inversion
of travel times is roughly proportional to the square of the Sobolev norm com-
posed of the first derivatives of the slowness or velocity update. We should thus
include the square of the Sobolev norm composed of the first derivatives of the
slowness or velocity update into the objective function (Klimeš, 2002c).

The weighting factor of this Sobolev norm in the objective function may itera-
tively be adjusted. For this purpose, we only need to calculate the homogeneous
second-order perturbation derivative of travel time in the direction of the model
update, and the mixed second-order perturbation derivative of travel time in the
direction of the model update and in the direction of the derivative of the model
update with respect to the weighting factor. The calculation of these second-order
perturbation derivatives of travel time costs 4 numerical quadratures along each
two-point ray. The results are then used to correct the estimate of the weighting
factor and to calculate a new model update, new second-order perturbation deriva-
tives of travel time, and a new weighting factor, until reaching the nearly-optimum
size of the model update for the rapid convergence of the travel-time inversion.

4. COUPLING RAY THEORY FOR S WAVES

As mentioned in Section 2, there are two different high-frequency asymptotic
ray theories: the isotropic ray theory assuming equal velocities of both S waves
and the anisotropic ray theory assuming both S waves strictly decoupled. In the
isotropic ray theory, the S-wave polarization vectors do not rotate about the ray,
whereas in the anisotropic ray theory they may rotate rapidly about the ray, see
Fig. 17. Thomson et al. (1992) demonstrated analytically that the high-frequency
asymptotic error of the anisotropic ray theory is inversely proportional to the
square root or higher-order root of the frequency if a ray passes through the point
of equal S-wave eigenvalues of the Christoffel matrix.

In weakly anisotropic models, at moderate frequencies, the S-wave polariza-
tion vector tends to remain unrotated about the ray, but is partly attracted by the
rotation of the eigenvectors of the Christoffel matrix. The intensity of the attrac-
tion increases with frequency. This behaviour of the S-wave polarization vector
is described by the coupling ray theory proposed by Coates and Chapman (1990)
and (in the quasi-isotropic approximation) by Pšenčík (1998). The coupling ray
theory is applicable at all degrees of anisotropy, from isotropic models to con-
siderably anisotropic ones. The frequency-dependent coupling ray theory is the
generalization of both the zero-order isotropic and anisotropic ray theories and
provides continuous transition between them. The numerical algorithm for cal-
culating the frequency-dependent complex-valued S-wave polarization vectors of
the coupling ray theory has been designed by Bulant and Klimeš (2002).
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FIG. 17. S-wave polarization vector along a ray: Isotropic-ray-theory polarization vector
points upwards. Anisotropic-ray-theory polarization vector points downwards on the right-hand
side. Coupling-ray-theory polarization vector points between the isotropic-ray-theory and
anisotropic-ray-theory polarization vectors.

The results of the isotropic ray theory, anisotropic ray theory and coupling ray
theory have been compared with the exact solution in the “simplified twisted crys-
tal” model designed by Vavryčuk (1999), analytically by Klimeš (2004a) and
numerically by Bulant et al. (2004). The quasi-isotropic approximation of the
coupling ray theory has been numerically compared with the isotropic ray theory,
anisotropic ray theory and reflectivity method in a more realistic 1-D model by
Pšenčík and Dellinger (2001).

4.1. Coupling Equation for S Waves

Assume a reference ray in phase space, parametrized by reference travel time
τ , with reference slowness vectors pi(τ ) known at all its points xj (τ ). Using the
reference slowness vector, we can calculate the reference Christoffel matrix

(98)�jk(τ ) = pi(τ )aijkl

(
xm(τ)

)
pl(τ )

and its eigenvectors g
(1)
i (τ ), g(2)

i (τ ), g(3)
i (τ ) along the reference ray, see (12). As-

sume that eigenvectors g
(1)
i (τ ) and g

(2)
i (τ ) correspond to S waves and that they

vary continuously along the reference ray. Continuity is not required in regions
where the corresponding two eigenvalues are equal. Let us denote by τ1(τ ) and
τ2(τ ) the travel times corresponding to eigenvectors g

(1)
i (τ ) and g

(2)
i (τ ), respec-

tively. They may be approximated by quadratures along the unperturbed reference
ray,

(99)
dτ1

dτ
= [

�jkg
(1)
j g

(1)
k

]− 1
2 ,

dτ2

dτ
= [

�jkg
(2)
j g

(2)
k

]− 1
2

(Klimeš, 2002a, Eqs. (43) and (65)). The time-harmonic coupling-ray-theory so-
lution ui of the elastodynamic equation (3) may then be expressed, for S waves,
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as the linear combination

(100)ui = A

2∑
M=1

g
(M)
i aM exp

[
iω(τ̄ − t)

]
of the time-harmonic anisotropic-ray-theory solutions, where

(101)τ̄ (τ ) = 1

2

[
τ1(τ ) + τ2(τ )

]
is the average travel time, and A = A(τ) is the complex-valued scalar ampli-
tude in the high-frequency approximation (Červený, 1972), corresponding to the
system of reference rays. The coupling-ray-theory (Coates and Chapman, 1990)
equation for complex-valued amplitude factors aM = aM(τ) reads (Bulant and
Klimeš, 2002, Eq. (9))

(102)
d

dτ

(
a1
a2

)
=

[(
0 1

−1 0

)
dϕ

dτ
+

(
i 0
0 −i

)
ω

2

d(τ1 − τ2)

dτ

] (
a1
a2

)
,

where

(103)
dϕ

dτ
= dg

(1)
k

dτ
g

(2)
k = −g

(1)
k

dg
(2)
k

dτ

is the angular velocity of the eigenvector rotation.

4.2. Coupling-Ray-Theory S-Wave Propagator Matrix

Propagator matrix �g of Eq. (102), defined as

(104)�
g
MN(τ, τ0) = ∂aM(τ)

∂aN(τ0)
,

is a complex-valued 2 × 2 matrix satisfying equation (Bulant and Klimeš, 2002,
Eq. (11))

(105)
d

dτ
�g =

[(
0 1

−1 0

)
dϕ

dτ
+

(
i 0
0 −i

)
dψ

dτ

]
�g,

directly following from Eq. (102). Here

(106)ψ(τ) = 1

2
ω

[
τ1(τ ) − τ2(τ )

]
.

Note that propagator matrix �g is symplectic and unitary.
It is difficult to integrate equation (105) by the Runge–Kutta or another numeri-

cal method that requires derivative dϕ/dτ along the reference ray to be calculated,
because this derivative is undefined in the singular regions, in which the two
eigenvalues of Christoffel matrix (98) are equal. The method of calculating prop-
agator matrix �g , suitable for Eq. (105), has been proposed by Červený (2001)
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and Bulant and Klimeš (2002), with emphasis on numerical implementation. The
method does not require the calculation of the angular velocity dϕ/dτ of the rota-
tion of the eigenvectors of the Christoffel matrix along the reference ray and does
not require dϕ/dτ to be smooth or finite along the reference ray.

The proposed method of solving Eq. (105) takes advantage of the chain rule.
Since �g is a propagator matrix satisfying the chain rule, it may be numerically
calculated as the product of propagator matrices �g corresponding to reasonably
small segments of the reference ray (Červený, 2001). Frequency-dependent prop-
agator matrices along the individual small ray segments may be approximated by
the method of mean coefficients (Červený, 2001). The accuracy of the proposed
algorithm of numerical integration of the coupling equation has been estimated
by Bulant and Klimeš (2002). The estimate enables the integration step to be con-
trolled, so that the relative error in the wavefield amplitudes due to the integration
is kept below a given limit, which is of principal importance for numerical appli-
cations.

4.3. Quasi-Isotropic Approximations of the Coupling Ray Theory

The coupling ray theory by Coates and Chapman (1990) is applicable at all
degrees of anisotropy, but it is often replaced by various quasi-isotropic ap-
proximations. There are many frequently used quasi-isotropic approximations
of the coupling ray theory (Klimeš and Bulant, 2004), which impair the accu-
racy of the coupling ray theory both with increasing frequency and increasing
degree of anisotropy. For example, the reference ray may be calculated in differ-
ent ways (Bakker, 2002; Klimeš and Bulant, 2004, 2006), the Christoffel matrix
may be approximated by its quasi-isotropic projections onto the plane perpendic-
ular to the reference ray and onto the line tangent to the reference ray (Pšenčík,
1998), travel times corresponding to the anisotropic ray theory may be approx-
imated in several ways, e.g., by the first-order quasi-isotropic perturbation with
respect to the density-normalized elastic moduli (Pšenčík, 1998), etc. Most of
these quasi-isotropic approximations can be avoided with minimum effort (Bu-
lant and Klimeš, 2002, 2004), except for the common ray approximation for
S waves.

The effects of the quasi-isotropic approximation of the Christoffel matrix, the
quasi-isotropic projection of the Green function and the quasi-isotropic perturba-
tion of travel times have been demonstrated by numerical comparison with the
exact solution for the one-way plane-wave propagator matrix in a simple 1-D
anisotropic “oblique twisted crystal” model by Bulant and Klimeš (2004). The
effect of the quasi-isotropic projection of the Green function has been numeri-
cally demonstrated by Bulant and Klimeš (2002) on the example of seismograms
calculated by the coupling ray theory in a more realistic 1-D anisotropic model.
Klimeš and Bulant (2004) studied the effects of the anisotropic common ray ap-
proximation and the less accurate isotropic common ray approximation, and com-
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pared them with the effects of the quasi-isotropic approximation of the Christoffel
matrix, of the quasi-isotropic projection of the Green function, and of the quasi-
isotropic perturbation of travel times in three 1-D anisotropic models of differing
degree of anisotropy.

When using any of these quasi-isotropic approximations of the coupling ray
theory, the errors due to the applied quasi-isotropic approximation should be cal-
culated and checked.

4.3.1. Selection of the Reference Ray

The isotropic ray theory is always the limiting case of the coupling ray theory
for decreasing anisotropy at a fixed frequency. On the other hand, the high-
frequency limit of the coupling ray theory at a fixed anisotropy depends on the
choice of the reference ray, and even on the choice of the system of reference
rays, because the amplitudes are determined by the paraxial reference rays.

From the point of view of the high-frequency asymptotic validity, the frequency-
independent reference ray is best represented by the anisotropic-ray-theory ref-
erence ray, provided that we choose the initial condition for the polarization
vector in the coupling equation given by the eigenvector of the Christoffel matrix
corresponding to the reference ray. The anisotropic-ray-theory travel time corre-
sponding to the selected polarization vector is then exact, and only the difference
between the two anisotropic-ray-theory S-wave travel times is approximate. The
coupling ray theory may then also be used at high frequencies because the approx-
imate travel-time difference only influences the coupling due to low-frequency
scattering. The coupling ray theory then correctly converges to the anisotropic
ray theory for high frequencies. For other choices of reference rays, the high-
frequency limit of the coupling ray theory at a fixed anisotropy is incorrect,
although the differences may be small at the finite frequencies under consider-
ation. Note that the anisotropic-ray-theory reference ray can be traced only if
the eigenvectors of the Christoffel matrix vary continuously along the whole ray
(Vavryčuk, 2001).

In the common ray approximation, only one reference ray is traced for both
anisotropic-ray-theory S waves, and both S-wave anisotropic-ray-theory travel
times are approximated by the perturbation expansion from the common refer-
ence ray. The common ray approximation thus considerably simplifies the coding
of the coupling ray theory and numerical calculations, but may introduce errors in
travel times due to the perturbation. These travel-time errors can deteriorate the
coupling-ray-theory solution at high frequencies. The travel-time errors due to the
common ray approximations can be calculated using the equations proposed by
Klimeš and Bulant (2004, 2006).

In the anisotropic common ray approximation, the common reference ray is
traced using the averaged Hamiltonian of both anisotropic-ray-theory S waves
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(Bakker, 2002; Klimeš, 2006b). This is probably the best common ray approxi-
mation (Klimeš and Bulant, 2004, 2006).

In the less accurate isotropic common ray approximation, the reference ray is
traced in the reference isotropic model. The reference isotropic model may be
selected in different ways, yielding quasi-isotropic approximations of differing
accuracies.

In the common ray approximations, the S-wave travel times are usually ap-
proximated by the first-order perturbation expansion from the common reference
ray. The errors of S-wave travel times may then be approximated by second-order
terms in the perturbation expansion. A method of estimating the errors due to the
isotropic common ray approximation and the anisotropic common ray approxi-
mation has been proposed and numerically demonstrated by Klimeš and Bulant
(2004, 2006) and Bulant and Klimeš (2006). The method is based on the equations
for the second-order perturbations of travel time derived by Klimeš (2002a).

The accuracy of the anisotropic common ray approximation can be studied
along isotropic common rays, without tracing the anisotropic common rays. If
the error of the isotropic common ray approximation exceeds an acceptable limit,
we can immediately decide whether the anisotropic common ray approximation
(Bakker, 2002; Klimeš, 2006b) would be sufficiently accurate, or whether the
anisotropic-ray-theory rays should be traced as reference rays for the coupling
ray theory. The numerical results by Klimeš and Bulant (2004) and by Bulant and
Klimeš (2006) demonstrate that the anisotropic common ray approximation by
Bakker (2002) and Klimeš (2006b) is worth coding and applying.

4.3.2. Quasi-Isotropic Projection of the Green Function

The coupling-ray-theory solution (100) may be approximated by its projection

(107)ũi = hiMhmMum

onto the reference S-wave polarization plane, given by two orthonormal reference
polarization vectors hk1, hk2. This approximation may simplify the modification
of existing isotropic ray tracing codes for the coupling ray theory. The error of
this approximation is obvious and simple to calculate.

4.3.3. Quasi-Isotropic Approximation of the Christoffel Matrix

The Christoffel matrix may be approximated by its projections onto the refer-
ence S-wave polarization plane and onto the reference P-wave polarization line.
Denote the polarization vectors of the isotropic ray theory, or the reference po-
larization vectors in general, by hk1, hk2 and hk3. If the Christoffel matrix is
approximated by its projections onto plane hj1, hk2 and onto vector hl3, namely,
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�̃jk = hjMhmM�mnhnNhkN + hj3hm3�mnhn3hk3

(108)= �jk − (hjMhk3 + hj3hkM)hmM�mnhn3,

then eigenvectors g
(1)
k and g

(2)
k become located in plane hj1, hk2 as in the zero-

order quasi-isotropic approximation of Pšenčík (1998). This approximation in-
cludes the quasi-isotropic projection of the Green function.

The quasi-isotropic approximation of the Christoffel matrix usually generates
much greater error than the other quasi-isotropic approximations. The alteration
of the coupling-ray-theory seismograms due to the quasi-isotropic approximation
of the Christoffel matrix has been demonstrated by Bulant and Klimeš (2002).

4.3.4. Quasi-Isotropic Perturbation of Travel Times

The anisotropic-ray-theory travel times used in the coupling ray theory should
be calculated by the numerical quadrature of Eq. (99) along the reference ray. In
the quasi-isotropic perturbation of travel times, the anisotropic-ray-theory travel
times are calculated from the reference travel time by the first-order perturbation
with respect to the density-normalized elastic moduli,

(109)
dτ1

dτ
≈ (

�0
jkg

(1)
j g

(1)
k

)− 1
2 − 1

2

(
�jk − �0

jk

)
g

(1)
j g

(2)
k

(
�0

jkg
(1)
j g

(1)
k

)− 3
2 .

If the isotropic common ray approximation and the quasi-isotropic approximation
of the Christoffel matrix are also applied, then

(110)�0
jkg

(1)
j g

(1)
k = 1,

and Eq. (109) becomes

(111)
dτ1

dτ
≈ 3

2
− 1

2
�jkg

(1)
j g

(1)
k ,

as in the quasi-isotropic approximation of Pšenčík (1998). Analogously, we obtain
dτ2/dτ . The quasi-isotropic perturbation of travel times leads to an erroneous
time shift in coupling-ray-theory seismograms, but has a negligible impact on the
amplitudes.

4.4. Numerical Examples

The vertically heterogeneous 1-D anisotropic model QI was used by Pšenčík
and Dellinger (2001, model WA rotated by 45◦) for comparison of the coupling-
ray-theory synthetic seismograms with the reflectivity method. The density-
normalized elastic moduli aijkl in both model QI and in the reference isotropic
model QI0 are interpolated linearly with depth. For the discussion and descrip-
tion of this model refer to Pšenčík and Dellinger (2001).
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FIG. 18. Isotropic-ray-theory seismograms in model QIH (actually calculated in isotropic model
QI0). From top to bottom: the first (radial) component, the second (transverse) component, the third
(vertical) component.

The differences of the elastic moduli of model QIH from the elastic moduli of
the reference isotropic model QI0 are exactly twice smaller than the differences
of model QI. The differences of the elastic moduli of model QI2 from the elastic
moduli of the reference isotropic model QI0 are exactly twice larger than the
differences of model QI. The differences of the elastic moduli of model QI4 from
the elastic moduli of the reference isotropic model QI0 are exactly 4 times larger
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FIG. 19. Anisotropic-ray-theory seismograms in model QIH. From top to bottom: the first (radial)
component, the second (transverse) component, the third (vertical) component.

than the differences of model QI. For a description of models QI0, QI, QI2 and
QI4 refer to Klimeš and Bulant (2004) and to Bulant and Klimeš (2006).

The synthetic seismograms were calculated at 29 receivers located in a vertical
well drilled 1 km from a vertical force. The source time function is the Gabor
signal with reference frequency 50 Hz, band-pass filtered by a cosine filter.

Isotropic-ray-theory, coupling-ray-theory and anisotropic-ray-theory seismo-
grams in model QIH are compared in Figs. 18–20. The most pronounced dif-
ferences can be observed in polarization. They are clearly visible on the second
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FIG. 20. Coupling-ray-theory seismograms in model QIH. From top to bottom: the first (radial)
component, the second (transverse) component, the third (vertical) component. Compare the second
(transverse) component with Figs. 18 and 19.

(transverse) component. A small time shift of the isotropic-ray-theory seismo-
grams with respect to the anisotropic-ray-theory and coupling-ray-theory seismo-
grams could be corrected by a better selection of the reference isotropic model.

The second (transverse) component of the coupling-ray-theory seismograms
in all 4 anisotropic models QIH, QI, QI2 and QI4 are compared in Fig. 21. For
weak anisotropy, the change of polarization with increasing anisotropy is indi-
cated by a clear increment of the transverse amplitudes in the two upper models.
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FIG. 21. Coupling-ray-theory seismograms in models QIH, QI, QI2 and QI4 (from top to bottom).
Only the second (transverse) component is shown. This component vanishes in the reference isotropic
model QI0 (Fig. 18). See the change of polarization indicated by clear increment of transverse am-
plitudes in the two upper models, and the clear development of S-wave splitting in the two bottom
models.

The clear development of S-wave splitting, if anisotropy is increased further, can
be observed in the two bottom models.

Figure 22 shows the comparison of the synthetic seismograms computed by the
quasi-isotropic approximation of the coupling ray theory and by the Chebyshev
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FIG. 22. Comparison of the seismograms computed using the quasi-isotropic approximation of
the coupling ray theory (dotted line) with the Chebyshev spectral method (solid line) in model QI.
From top to bottom: the first (radial) component (twice enlarged), the second (transverse) component
(twice enlarged), the third (vertical) component. For better viewing, the first two components are
enlarged twice with respect to the third. Slight discrepancies are mostly due to the quasi-isotropic
approximation of the Christoffel matrix.
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spectral method (Tessmer, 1995) in model QI. Slight discrepancies are mostly due
to the quasi-isotropic approximation of the Christoffel matrix (Bulant and Klimeš,
2002; Klimeš and Bulant, 2004).

5. SUMMATION OF GAUSSIAN BEAMS AND PACKETS

Gaussian beams and packets may serve as building blocks of a wavefield. The
summation of Gaussian beams (Červený et al., 1982; Popov, 1982; Červený,
1985; Nowack, 2003) and packets overcomes the problems of the standard ray
theory with caustics. The summation of Gaussian beams and packets is consider-
ably comprehensive and flexible. It may be formulated in many ways, including
the Maslov method and its various generalizations as special cases. The form of
the summation depends primarily on the specification of the wavefield, also com-
prising the system of Gaussian packets scattered from Gabor functions forming
medium perturbations.

We shall now concentrate on the representation of non-directional wavefields
without pronounced diffractions rather than on the decomposition of directional
beams or of diffracted waves. We thus omit the higher-order Gaussian beams
(Bessel–Gaussian beams, Hermite–Gaussian beams, Laguerre–Gaussian beams)
and diffracted Gaussian beams.

A Gaussian beam or packet is expressed in terms of a complex-valued vecto-
rial amplitude and complex-valued travel time (phase function, eikonal). In this
Section 5, we prefer the term “phase function” specifically for Gaussian packets,
otherwise we shall use the term “travel time”. The travel time depends on the
wave equation through the eikonal equation, whereas the amplitude depends on
the wave equation through the transport equation.

In Section 5, we consider only isotropic media. Asymptotic summations of
Gaussian beams or packets are performed in the frequency domain, because the
frequency domain is the natural representation in time-independent media.

5.1. Gaussian Beams

A Gaussian beam is a high-frequency asymptotic time-harmonic solution of
the elastodynamic equation, with an approximately Gaussian profile perpendic-
ularly to the central ray. Refer to Fig. 24 for an illustration. A Gaussian beam
represents a bundle of complex-valued rays concentrated in the vicinity of a real-
valued central ray. A paraxial Gaussian beam is a Gaussian beam approximated
by the paraxial ray approximation in the vicinity of the central ray, or in the vicin-
ity of a selected reference point. The paraxial ray approximation consists in the
second-order Taylor expansion of travel time at a point on the central ray and in a
constant amplitude.
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The evolution of the shape of a Gaussian beam along the central ray is deter-
mined by the respective ordinary differential equations. The travel time and its
first derivatives along the real-valued central ray are determined, together with
the central ray, by ray tracing and are real-valued. The complex-valued second
derivatives of travel time, which control the shape of the Gaussian beam, are de-
termined by dynamic ray tracing, see Section 2.3. Dynamic ray tracing is also
required for determining the complex-valued amplitude of the Gaussian beam.

Infinitely broad paraxial Gaussian beams (with real-valued second derivatives
of travel time) correspond to the paraxial approximation of time-harmonic ray-
theory wavefields. If used in a superposition, they must differ from the paraxial
approximation of the decomposed ray-theory wavefield. Ribbon Gaussian beams
are paraxial Gaussian beams infinitely broad only in a single singular direction
perpendicular to the central ray. If used in a superposition, they correspond to the
paraxial approximation of the decomposed ray-theory wavefield in the singular
direction. If the ribbon Gaussian beams used in a superposition are infinitely broad
in all directions, they coincide with the paraxial approximation of the decomposed
ray-theory wavefield only in the singular direction, but must differ from it in other
directions perpendicular to the central ray. Note that infinitely broad Gaussian
beams correspond to the standard Maslov method. However, these infinitely broad
Gaussian beams are not recommended for the frequency-domain superposition
integrals.

5.1.1. Gaussian Beam

A Gaussian beam is an approximate time-harmonic high-frequency asymptotic
solution of the elastodynamic equation (or other hyperbolic wave equation), and
may be expressed in the form of

(112)uGB(xi, t) = U exp
[
iω(τ − t)

]
,

where both the complex-valued vectorial amplitude U = U(xi) and the complex-
valued travel time τ = τ(xi) are smooth functions of spatial coordinates xi .

The complex-valued travel time satisfies the eikonal equation

(113)V 2τ,iτ,i = 1.

Introducing slowness vector

(114)pi = τ,i

and Hamiltonian (21), the eikonal equation may be solved by the method of
characteristics. The corresponding Hamilton ray tracing equations for frequency-
independent propagation velocity V = V (xk) are

(115)
dyi

dγ3
= [

V (yk)
]2

pi,
dpi

dγ3
= −[

V (yn)
]−1

V,i(yk),
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see (27). Here we have denoted the coordinates by yi instead of xi in order to
be able to distinguish the points of the ray from general coordinates xi . We have
also denoted the travel time along the ray γ3 in order to distinguish it from the
complex-valued travel time τ = τ(xi) in Eq. (112).

Since the Hamiltonian is real-valued along the real-valued rays, the imaginary
part of the travel time is constant. We shall refer to the ray, along which the imag-
inary part of the travel time is minimum, as the central ray. We shall assume that
the value of the imaginary part of the travel time along the central ray is zero,

(116)Im
{
τ
[
yi(γ3)

]} = 0.

Since (116) corresponds to the minimum of the imaginary part of τ , inequality

(117)Im
[
τ(xi)

] ≥ 0

is the consequence of option (116). The Gaussian beam is thus concentrated close
to its central ray.

5.1.2. Paraxial Gaussian Beam

We shall refer to the approximation of a Gaussian beam, obtained by substitut-
ing the exact travel time τ by its second-order Taylor expansion, as the paraxial
approximation of the Gaussian beam or, briefly, as the paraxial Gaussian beam.
We shall refer to Gaussian beam (112) with the exact travel time τ , satisfying
eikonal equation (113) as the strict Gaussian beam.

The paraxial approximation of a strict Gaussian beam centred at point yi(γ3),
is

(118)uPGB(xi, t) = U exp
{
iω

[
pR

i ri + 1
2Nij rirj − t

]}
,

where

(119)ri = xi − yi(γ3)

is the difference of the spatial coordinates from reference point yi . pR
i is the ray-

theory slowness vector at the reference point, and

(120)Nij = τ,ij

are the second derivatives of the travel time at the reference point with respect to
Cartesian coordinates. Quantities U, pi and Nij on the right-hand side of Eq. (118)
are taken at the reference point yi(γ3) of the Gaussian beam.

The complex-valued second partial derivatives Nij of the travel time with re-
spect to Cartesian coordinates xi at reference point yi determine the shape of
the Gaussian beam. The imaginary part of the 3 × 3 matrix Nkl has rank 2 and
should be chosen positive-semidefinite. The evolution of the complex-valued sec-
ond derivatives Nij of the travel time along the spatial central ray is determined
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by the quantities calculated by dynamic ray tracing. Dynamic ray tracing is also
required for determining the complex-valued amplitude of the Gaussian beam.

The difference between the strict Gaussian beam and its paraxial approxima-

tion is of the asymptotic order ω− 1
2 . A single paraxial Gaussian beam is then

a worse solution to the equations of motion than the strict Gaussian beam by

the asymptotic order ω
1
2 . However, the differences of order ω− 1

2 between the
paraxial and strict Gaussian beams are odd functions of the coordinates and so
vanish in the integration over the space in the asymptotic summation of Gaussian
beams. The error of the 2-parametric (1-parametric in 2-D models) time-harmonic
superposition of paraxial Gaussian beams is thus of the asymptotic order ω−1,
i.e. of the same order as the error of the superposition of the strict Gaussian
beams.

As the travel time, the amplitude can also be replaced by its Taylor expansion.
The approximation of the amplitude up to the nth order introduces an error of

the asymptotic order ω− n+1
2 . Since the error of the second-order expansion of the

travel time is of order ω− 1
2 , the amplitude can be replaced by the constant in the

paraxial approximation.

5.1.3. Equations for the Second Derivatives of Travel Time in Cartesian Coordi-
nates

Differentiating eikonal equation (113) with respect to spatial coordinates and
considering (120), we obtain relation

(121)V 2pkNki = −V −1V,i .

Differentiating eikonal equation (113) twice with respect to spatial coordi-
nates, and inserting it together with ray tracing equations (115) into equation
dτ,jk/dγ3 = τ,ijk dyk/dγ3, we arrive at the Riccati equation

dNjk

dγ3
= −V 2NijNik − V −1V,jk − V −2V,jV,k − 2V V,jNikpi

(122)− 2V V,kNijpi.

Inserting (121) into (122), we obtain the Riccati equation for the 3×3 matrix Nij ,

(123)
dNjk

dγ3
= −V 2NijNik − V −1V,jk + 3V −2V,jV,k.

Equation (123) describes the evolution of the shape of a Gaussian beam in general
Cartesian coordinates. Note that Eq. (123) can also be transformed into the system
of two linear ordinary differential equations for two 3 × 3 matrices.
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5.1.4. Equations for the Second Derivatives of Travel Time in Ray-Centred Co-
ordinates

The second-order covariant derivatives Mmn of the travel time in ray-centred
coordinates are related to the partial derivatives Nmn in Cartesian coordinates
through equation

(124)Njk = HjmHknMmn.

Riccati equation (123) for matrix Nij is equivalent to the Riccati equation for 3×3
matrix Mmn. Here Him is the ith component of mth basis vector of the ray-centred
coordinate system, see Section 2.3.2.

The derivatives of the basis vectors of the ray-centred coordinate system along
the ray satisfy relations, see (49),

(125)

dHjM

dγ3
HjN = 0,

dHj3

dγ3
HjN = −V

(q)
N ,

dHjM

dγ3
Hj3 = V

(q)
M ,

dHj3

dγ3
Hj3 = 0,

where

(126)V
(q)
m = V,iHim

is the velocity gradient in ray-centred coordinates.
Equation (121), transformed using (124) into ray-centred coordinates, reads

(127)Mm3 = M3M = −V −2V
(q)
m .

Equation (123), transformed using (124) into ray-centred coordinates, reads

dMmn

dγ3
= −Mjn

dHij

dγ3
Him − Mmk

dHik

dγ3
Hin − V 2MkmMkn

(128)− V −1V
(q)
mn + 3V −2V

(q)
m V

(q)
n ,

where

(129)V
(q)
mn = V,ijHimHjn

are the covariant velocity derivatives in ray-centred coordinates. Inserting (125)
for the derivatives of the basis vectors, Eq. (128) may be expanded into the equa-
tion for the 2 × 2 submatrix MMN and equations for matrix elements MM3 and
M33. The Riccati equation for the 2 × 2 submatrix MMN , with (127) inserted for
MM3, reads

(130)
dMMN

dγ3
= −V 2MMKMKN − V −1V

(q)
MN .
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The equations for matrix elements MM3 and M33 need not be used because their
solution is given by Eq. (127).

The covariant velocity derivatives V
(q)
i and V

(q)
ij in ray-centred coordinates are

defined by Eqs. (126) and (129).

5.1.5. Solving the Equation for a Gaussian Beam

To express equation (130) in matrix notation, we introduce matrices

(131)M =
(

M11 M12
M21 M22

)
, V(q) =

(
V

(q)

11 V
(q)

12

V
(q)

21 V
(q)

22

)
.

Equation (130) in matrix notation has form (67), and its solution may be expressed
as

(132)M = MT = P(q)
(
Q(q)

)−1
,

see (64). Complex-valued matrices Q(q) and P(q) satisfy dynamic ray tracing
equations (55). Introducing the DRT propagator matrix (62), matrices Q(q) and
P(q) may be expressed in terms of their initial values Q0 and P0 as

Q(q) = Q1 Q(q)0 + Q2 P(q)0,

(133)P(q) = P1 Q(q)0 + P2 P(q)0,

with

(134)P(q)0 = M0 Q(q)0.

Matrix (132) may then be expressed as

(135)M = (
P1 + P2 M0)(Q1 + Q2 M0)−1

.

5.1.6. Amplitude of a Gaussian Beam

The vectorial amplitude U of the Gaussian beam may be expressed in terms of
the complex-valued scalar amplitude A and unit polarization vector g,

(136)U = A g.

The unit polarization vector g is identical to the analogous ray-theory polarization
vector.

The complex-valued scalar amplitude evolves along the central ray according
to equation

(137)A = A0

√
V 0�0

V � det(Q1 + Q2M0)
.

Here velocity V and density � correspond to the elastodynamic equation, and
should be replaced by the respective material parameters for other wave equations.
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5.2. Gaussian Packets

Gaussian packets, also called (space–time) Gaussian beams (Ralston, 1983),
quasiphotons (Babich and Ulin, 1981) or coherent states (Combescure et al.,
1999), are high-frequency asymptotic space–time solutions of the elastodynamic
equation. A Gaussian packet has an approximately Gaussian profile in all spatial
directions and in time. A Gaussian packet is concentrated to a real-valued space–
time ray, as a Gaussian beam to a spatial ray. In a stationary medium, a Gaussian
packet propagates along its real-valued spatial central ray. A paraxial Gaussian
packet is a Gaussian packet approximated by the paraxial ray approximation in
the vicinity of its central point. The time-dependent central point is the spatial po-
sition of the maximum of the envelope of the Gaussian packet. The central point
of a Gaussian packet moves along the spatial central ray according to the ray
tracing equations. The shape of a Gaussian packet is determined by the second
derivatives of the phase function.

The equations for the evolution of a Gaussian packet were derived by Babich
and Ulin (1981) and Ralston (1983). The phase function and its first derivatives
along the real-valued central ray are determined by ray tracing and are real-
valued. The evolution of the complex-valued second derivatives of the phase
function, which control the shape of the Gaussian packet, along the central ray
is determined by the quantities calculated by dynamic ray tracing with additional
quadratures along the central ray. Dynamic ray tracing is also required for deter-
mining the complex-valued amplitude of the Gaussian packet.

The evolution equations are required to propagate Gaussian packets constitut-
ing a general time-domain wavefield (Žáček, 2006b), and to optimize the shape
of Gaussian packets (Žáček, 2006a). The evolution equations for the shape of
Gaussian packets are unnecessary for the asymptotic decomposition of the time-
harmonic wavefield specified in terms of amplitude and phase (Klimeš, 1984b,
1989b), but may be applied to the optimization of the shape of Gaussian packets
used in this asymptotic decomposition.

Infinitely long paraxial Gaussian packets correspond to the paraxial approxima-
tions of Gaussian beams. Infinitely broad paraxial Gaussian packets correspond
to the paraxial approximations of space–time ray-theory wavefields.

5.2.1. Gaussian Packet and the Space–Time Eikonal Equation

A Gaussian packet is an approximate space–time high-frequency asymptotic
solution of the corresponding hyperbolic wave equation, and may be expressed in
the form of

(138)uGP(xκ) = U exp(iωτ),

where both the complex-valued vectorial amplitude U = U(xα) and the complex-
valued phase function τ = τ(xα) are smooth functions of the four space–time
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coordinates xα . Hereinafter, the lower-case Greek subscripts α,β,...=1,2,3,4 will
correspond to four space–time coordinates: spatial coordinates xi with i=1,2,3,
and time x4.

The complex-valued phase function satisfies the space–time eikonal equation

(139)V 2τ,iτ,i − τ,4τ,4 = 0.

Introducing space–time slowness vector

(140)Nα = τ,α

and Hamiltonian H = H(xα,Nα) = V 2(xk)NiNi − N4N4, the eikonal equa-
tion may be solved by the method of characteristics. The corresponding Hamil-
ton space–time ray tracing equations for time-independent propagation velocity
V = V (xk) are

(141)

dyi

dγ3
= [

V (yk)
]2

Ni,
dy4

dγ3
= −N4,

dNi

dγ3
= −[

V (yn)
]−1

V,i(yk),
dN4

dγ3
= 0.

Here again we have denoted the space–time coordinates by yα instead of xα in
order to be able to distinguish the points of the space–time ray from general
space–time coordinates xα .

The imaginary part of phase function τ must have, at a fixed time x4 = y4(γ3),
a strict minimum over space at some point xi = yi(γ3). The imaginary part of
the phase function can be approximated in the vicinity of its minimum yi by the
quadratic form of spatial distances [xi −yi(γ3)]. For sufficiently high frequencies,
the amplitude profile of the Gaussian packet is thus nearly Gaussian in space and
concentrated close to point yi(γ3). We shall refer to point yi(γ3) as the central
point of the Gaussian packet.

Since the Hamiltonian is zero along the space–time rays, the complex-valued
phase function is constant. In this way, the minimum of the imaginary part of τ ,
which yields the maximum of the high-frequency Gaussian packet, is identical
with the space–time ray passing through point yi(γ

0
3 ) at time y4(γ

0
3 ) (Norris et

al., 1987). We shall assume that the value of the phase function at this space–time
ray is zero,

(142)τ
[
yα(γ3)

] = 0.

Since (142) corresponds to the minimum of the imaginary part of τ , inequality

(143)Im
[
τ(xα)

] ≥ 0

is the consequence of option (142).
The Gaussian packet is thus concentrated close to the space–time ray as the

Gaussian beam is concentrated close to the spatial ray, and is also called a
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(space–time) Gaussian beam (Ralston, 1983). Thus, in a time-independent per-
fectly elastic model, the Gaussian packet moves along the spatial ray with the
ray velocity. The Gaussian packet remains approximately Gaussian in space at all
times x4 = y4(γ3). At any time, the principal part of the energy of the Gaussian
packet is effectively concentrated in some vicinity of the central point yi(γ3) of
the Gaussian packet. This vicinity is called the effective region of the Gaussian
packet. At a specified time, the effective region of a Gaussian packet is limited in
space and, for a sufficiently high frequency, it is concentrated close to its central
point. In space–time, however, the effective region of a Gaussian packet is not
limited.

We select

(144)N4 = −1.

Derivative d/dγ3 along the space–time ray then coincides with derivative d/dy4
with respect to time y4, and space–time ray tracing equations (141) reduce to the
spatial ray tracing equations (115).

5.2.2. Paraxial Gaussian Packet

We shall refer to the approximation of a Gaussian packet, obtained by sub-
stituting the exact phase function τ by its second-order Taylor expansion, as
the paraxial approximation of the Gaussian packet or, briefly, as the paraxial
Gaussian packet. The paraxial approximation of the Gaussian packet in space is
an analogy of the paraxial approximation of the Gaussian beam in the plane per-
pendicular to the ray. We shall refer to the Gaussian packet (138) with the exact
phase function τ satisfying eikonal equation (139) as the strict Gaussian packet.

The space–time paraxial approximation of a Gaussian packet centred at point
yα(γ3), is

(145)uPGP(xκ) = U exp
{
iω

[
Nαrα + 1

2Nαβrαrβ
]}

,

where

(146)ri = xi − yi(γ3),

(147)r4 = x4 − y4(γ3) = x4 − γ3

is the difference of the space–time coordinates from the central point yα . Nα de-
fined by (140) is the space–time slowness vector of the Gaussian packet, and

(148)Nαβ = τ,αβ

are the second derivatives of the phase function at the central point. Quantities
U, Nα and Nαβ on the right-hand side of Eq. (145) are taken at the central point
yα(γ3) of the Gaussian packet.
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Since we have selected N4 = −1, see (144),

(149)Ni = pR
i

is the ray-theory slowness vector at the central point. The first derivatives Nα of
the phase function at the central point of the Gaussian packet are thus determined
by standard ray tracing and are real-valued.

The complex-valued second partial derivatives Nαβ of the phase function with
respect to Cartesian coordinates xi at the central point yα determine the shape of
the Gaussian packet. The imaginary part of the 3 × 3 spatial submatrix Nkl of the
4 × 4 matrix Nαβ should be chosen so that it is positive-definite. The imaginary
part of the whole 4 × 4 matrix Nαβ is singular. The evolution of the complex-
valued second derivatives Nαβ of the phase function along the spatial central ray is
determined by quantities calculated by dynamic ray tracing. Dynamic ray tracing
is also required for determining the complex-valued amplitude of the Gaussian
packet.

The spatial effective region of the Gaussian packet may be sufficiently small for
sufficiently high frequencies. Then, at any time x4 = y4(γ3), the phase function τ

of the strict Gaussian packet can be replaced, in the spatial effective region, by its
Taylor expansion up to the second order with respect to the spatial coordinates,

(150)uPGP(xκ) = U exp
{
iω

[
Niri + 1

2Nij rirj
]}

,

where Nij is the spatial part of the 4 × 4 matrix (148) of the second space–time
derivatives of the phase function.

The difference between the strict Gaussian packet and its spatial paraxial ap-

proximation is of the asymptotic order ω− 1
2 . A single paraxial Gaussian packet is

then a worse solution to the equations of motion than the strict Gaussian packet

by the asymptotic order ω
1
2 . However, the differences of order ω− 1

2 between the
paraxial and strict Gaussian packets are odd functions of the coordinates, which
therefore vanish in the integration over the space in the asymptotic summation
of Gaussian packets. The error of the 3-parametric (2-parametric in 2-D models)
time-harmonic superposition of paraxial Gaussian packets is thus of the asymp-
totic order ω−1, i.e. of the same order as the error of the superposition of the strict
Gaussian packets.

As the phase function, the amplitude can also be replaced by its Taylor expan-
sion. The restriction of the amplitude up to the nth order introduces an error of

the asymptotic order ω− n+1
2 . Since the error of the second-order expansion of the

phase function is of the order ω− 1
2 , the amplitude can be replaced by the constant

in the paraxial approximation.
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5.2.3. Equations for the Second Derivatives of Phase Function in Cartesian Co-
ordinates

The Riccati equation for the 4×4 space–time matrix (148) may be obtained by
differentiating eikonal equation (139) twice with respect to the space–time coor-
dinates xα , see Ralston (1983, Eq. (2.4)). The corresponding linear dynamic ray
tracing system may be obtained by differentiating the ray tracing system with re-
spect to the space–time ray parameters, see Ralston (1983, Eq. (2.6)). The Riccati
equation for the 4 × 4 space–time matrix (148) may be reduced to the Riccati
equation for its 3 × 3 spatial submatrix Nij , see Kachalov (1984, Eq. (9)), Babich
et al. (1985, Eq. (2.15)), Norris et al. (1987, Eq. (2.27a)). For the corresponding
linear dynamic ray tracing system refer to Kachalov (1984, Eq. (12)), Babich et
al. (1985, Eq. (2.18)), Norris et al. (1987, Eq. (2.25ab)). Here we shall directly
derive the Riccati equation for the 3 × 3 spatial submatrix of matrix (148) and
then switch to ray-centred coordinates in order to decouple it.

Differentiating eikonal equation (139) with respect to space–time coordinates
and considering (144), we obtain relation

(151)N4α = −V −1V,α − V 2NiNiα

for calculating N4i from Nij , and for calculating N44 from N4i .
Differentiating eikonal equation (139) twice with respect to spatial coordinates,

and inserting it together with space–time ray tracing equations (141) and with
Eq. (151) into equation dτ,jk/dγ3 = τ,ijαdyα/dγ3, we arrive at the Riccati equa-
tion

dNjk

dγ3
= −V 2NijNik − V −1V,jk − V V,jNikNi

(152)− V V,kNijNi + V 4NiNijNlkNl

for symmetric 3 × 3 matrix Nij . Equations (151) and (152) describe the evolution
of the shape of a Gaussian packet in general Cartesian coordinates.

5.2.4. Equations for the Second Derivatives of Phase Function in Ray-Centred
Coordinates

Covariant derivatives Mmn of the phase function in ray-centred coordinates are
related to the partial derivatives Nmn in Cartesian coordinates through equations

(153)Njk = HjmHknMmn,

(154)Nj4 = HjmMm4,

(155)N44 = M44.

Here Him is the ith component of mth basis vector of the ray-centred coordinate
system, see Section 2.3.2.
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Riccati equation (152) for matrix Nij is equivalent to the Riccati equation for
the 3 × 3 matrix Mmn, see Norris et al. (1987, Eq. (4.8d)), with the corresponding
linear dynamic ray tracing system (Norris et al., 1987, Eq. (4.8ab)). An analo-
gous Riccati equation for the 3 × 3 matrix of the second partial derivatives in
ray-centred coordinates was derived by Babich and Ulin (1981, Eqs. (2.7)–(2.9)).
The evolution equations for the 2×2 submatrix MMN , corresponding to the plane
perpendicular to the ray, are decoupled, i.e. they do not depend upon the outer ele-
ments Mm3. These equations are identical with the equations for Gaussian beams
and can be treated in the same way. The equations for Mm3 can be solved analyt-
ically (Babich and Ulin, 1981). Here we shall stick to the equations for the 3 × 3
matrix of the second covariant derivatives Mmn in ray-centred coordinates.

Equation (151) yields

(156)Mi4 = −V Mi3 − V −1V
(q)
i

and

(157)M44 = V 2M33 + V
(q)

3 ,

where velocity gradient V
(q)
m in ray-centred coordinates is defined by Eq. (126).

Equation (152), transformed using (153) into ray-centred coordinates, reads

dMmn

dγ3
= −Mjn

dHij

dγ3
Him − Mmk

dHik

dγ3
Hin − V 2MKmMKn

(158)− V −1V
(q)
mn − V

(q)
m M3n − V

(q)
n M3m,

where covariant velocity derivatives V
(q)
mn in ray-centred coordinates are defined

by Eq. (129).
Inserting (125) for the derivatives of the basis vectors, Eq. (158) may be ex-

panded into three equations

(159)
dMMN

dγ3
= −V 2MMKMKN − V −1V

(q)
MN,

(160)
dMM3

dγ3
= −MMiV

(q)
i − V 2MMIMI3 − V −1V

(q)

M3 ,

(161)
dM33

dγ3
= −2Mi3V

(q)
i − V 2M3IMI3 − V −1V

(q)

33 .

Equations (159) to (161) for the second covariant derivatives of the phase function
in ray-centred coordinates are equivalent to the equations by Babich and Ulin
(1981, Eqs. (2.7)–(2.9)) for the second partial derivatives of the phase function in
ray-centred coordinates.

Riccati equation (159) is identical with the equation for the corresponding
Gaussian beam and its solution is given by Eq. (135). Equations (160) and (161)
extend the Gaussian-beam solution to a Gaussian-packet solution.
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5.2.5. Solving the Equations for a Gaussian Packet

Denoting

(162)M3 =
(

M13
M23

)
, M4 =

(
M14
M24

)
, v(q) =

(
V

(q)

1

V
(q)

2

)
,

we may express the solutions of Eqs. (156), (157), (160) and (161) as

(163)M3 = −V −1M4 − V −2v(q),

(164)M33 = V −2[M44 − V
(q)

3

]
,

(165)M34 = −V −1M44,

(166)M4 = [(
Q1 + Q2M0)−1]TM0

4,

(167)M44 = M0
44 − M0

4
T(

Q1 + Q2M0)−1Q2 M0
4

(Klimeš, 2004b). Equation (166) is convenient for calculating vector M4 along
the central spatial ray. To calculate M44, we may use Eq. (167). Quantities M3,
M33 and M34 can then be obtained through simple relations (163) to (165).

FIG. 23. Symmetric and asymmetric Gaussian packets propagating along a spatial ray. All five
packets correspond to Gaussian beams of equal shapes. The first Gaussian packet is axially symmetric
with respect to its central ray. The second and third packets have envelopes oblique with respect to
their central rays. The frequencies of the second and third packets at the waists of the corresponding
Gaussian beams are symmetric with respect to the central rays. The fourth and fifth packets have
different frequencies to the left and to the right of the central rays. We may call them “dispersive”.
The envelopes of the fourth and fifth packets at the waists of the corresponding Gaussian beams are
symmetric with respect to the central rays. During the evolution of Gaussian packets, the dispersion of
the wavefronts generates obliquity of the envelopes and vice versa. The asymmetric Gaussian packets
are thus both oblique and dispersive in general.
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Non-vanishing vector (166) implies that the Gaussian packet is asymmetric
with respect to the central ray. The evolution of the shape of a Gaussian packet
along the central ray is illustrated in Fig. 23.

5.2.6. Amplitude of a Gaussian Packet

The equations for the vectorial amplitude of the Gaussian packet are identical
with Eqs. (136) and (137) for the corresponding Gaussian beam.

5.3. Optimization of the Shape of Gaussian Beams or Packets

Gaussian beams and packets are high-frequency approximate solutions of the
elastodynamic equation. The accuracy of these approximate solutions depends
on their shape, especially on their width. The “optimum” shape depends on the
distance from the source (Klimeš, 1989a).

The optimum shape of Gaussian beams depends on the error of the Gaussian-
beam solution of the elastodynamic equation, which is, unfortunately, unknown
for general media. However, in considerably heterogeneous media, the optimum
Gaussian beams are very close to the narrowest Gaussian beams.

The root-mean-square width of each individual Gaussian beam between the
source and receiver can be minimized using the algorithm by Klimeš (1989a), see
Fig. 24.

The same algorithm can be used to minimize the width of a Gaussian packet,
measured perpendicularly to the central ray. The optimum Gaussian packet is sym-

FIG. 24. Optimization of the shape of Gaussian beams. The left Gaussian beam is too wide. The
middle Gaussian beam has been selected too narrow at its top end, which results in its extensive spread-
ing downwards. The narrowest Gaussian beam with respect to the mean square width is displayed on
the right.
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metric with respect to its central ray, see Fig. 23. The error of the Gaussian-packet
solution of the elastodynamic equation is smaller for longer Gaussian packets,
but the length of Gaussian packets is limited by the accuracy of their parax-
ial approximation. This problem with long Gaussian packets may be overcome
by decomposing each long Gaussian packet into the summation of shorter ones,
similarly as composing a Gaussian beam of Gaussian packets in the asymptotic
summation of Gaussian packets. Each long Gaussian packet is then numerically
calculated as a combination of the paraxial approximations of the Gaussian packet
from different reference points (Žáček, 2004).

To preserve the accuracy of the approximate decomposition of a general wave-
field into Gaussian beams or packets (Section 5.5), the optimization of the shape
of the individual beams or packets should be supplemented with smoothing the
dependence of the shape on the summation parameters (Žáček, 2006a).

A possibility to optimize clearly the shape of Gaussian beams or packets in
the asymptotic superposition integral (Sections 5.4.1 and 5.4.2) is probably the
main difference of the summation of Gaussian beams and packets from the in-
tegral representations formally derived using the Maslov method, coherent-state
method, or their various generalizations, notwithstanding formally equal integral
representations.

5.4. Asymptotic Summation of Gaussian Beams and Packets

5.4.1. Asymptotic Decomposition into Gaussian Beams

A general time-harmonic wavefield given along a surface, decomposed into in-
dividual elementary waves and expressed in terms of the vectorial amplitude and
travel time, can be asymptotically expressed as a two-parametric integral super-
position of Gaussian beams (Klimeš, 1984a).

The two-parametric integral superposition of Gaussian beams, corresponding
to time-harmonic ray-theory wavefield

(168)uR(xi, t) = UR(xi) exp
{
iω

[
τR(xi) − t

]}
,

may be expressed as (Klimeš, 1984a, Eq. (77))

u(xi, t) = ω

2π

∫∫
dγ1 dγ2 UR

∣∣det
(
Q(q)R)∣∣ 2

√
det

[
i
(
MR − M

)]
× exp

{
iω

[
τR + pR

k (xk − yk)

(169)+ 1

2
(xk − yk)Nkl(xl − yl) − t

]}
,

where the function 2
√

det of a symmetric complex-valued matrix is defined by
the following two conditions: (a) 2

√
det(B) is the product of the square roots of

the eigenvalues of matrix B, (b) the square roots with the greatest real parts are
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FIG. 25. Asymptotic summation of Gaussian beams. Receivers (bullets) are situated in the vicinity
of the reference surface. The points of intersection of rays with the reference surface are selected as
the reference points (empty circles) for the paraxial approximation of Gaussian beams.

selected. All the quantities on the right-hand side (except xi) are taken at the refer-
ence point yi = yi(γ1, γ2) selected for the paraxial approximation of a Gaussian
beam concentrated to the ray with ray parameters γ1, γ2. The reference points are
usually determined as the points of intersection of rays with a given reference
surface, see Fig. 25. Receivers should be situated in the vicinity of the reference
surface.

Here τR and pR
k are the ray-theory travel time and ray-theory slowness vector,

taken at point yi . Similarly UR is the complex-valued vectorial ray-theory ampli-
tude at point yi . Matrix MR is the 2 × 2 matrix of the second derivatives of the
ray-theory travel time with respect to ray-centred coordinates q1, q2 perpendicu-
lar to the central ray. Matrix M is the 2 × 2 matrix of the second derivatives of
the complex-valued travel time of the Gaussian beam with respect to ray-centred
coordinates q1, q2. Matrix M controls the shape of Gaussian beams and should
be selected with the positive-definite imaginary part. Matrix Nkl is the 3 × 3 ma-
trix of the second derivatives of the complex-valued travel time of the Gaussian
beam with respect to Cartesian coordinates xi , and is completely determined by
the 2×2 matrix M (Klimeš, 1984a, Eqs. (77) and (78)). The transformation Jaco-
bian from ray parameters γ1, γ1 to ray-centred coordinates q1, q2 is | det(Q(q)R)|,
where Q(q)R is the 2 × 2 matrix of geometrical spreading in ray-centred coordi-
nates defined by (65).
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The asymptotic integral superposition (169) is independent of the selection of
the surface for decomposition of the ray-theory wavefield into Gaussian beams
(Klimeš, 1984a). That is why the ray-theory wavefield may asymptotically be de-
composed into Gaussian beams locally, even in its singular regions. The accuracy
of the integral superposition of Gaussian beams thus depends on the optimization
of the shape of beams only, not on the surface for decomposition. The variation
of the optimum shape of beams with distance from the source is quite different
from the evolution of the individual Gaussian beams along the same central ray.
In other words, we decompose the wavefield into different Gaussian beams for
different propagation distances.

5.4.2. Asymptotic Decomposition into Gaussian Packets

A time-harmonic Gaussian beam may be expressed as a one-parametric integral
superposition of space–time Gaussian packets. A general time-harmonic wave-
field, specified in terms of the amplitude and travel time, can be asymptotically
expressed as a three-parametric integral superposition of space–time Gaussian
packets (Klimeš, 1984b, 1989b).

The three-parametric integral superposition of Gaussian packets corresponding
to the time-harmonic ray-theory wavefield (168) may be expressed as (Klimeš,
1984b, Eq. (51), 1989b, Eq. (31))

u(xi, t) =
(

ω

2π

)3/2

×
∫∫∫

dγ1 dγ2 dγ3 URV
∣∣det

(
Q(q)R)∣∣ 2

√
det

[
i
(
NR − N

)]

(170)

× exp
{
iω

[
τR + pR

k (xk − yk) + 1
2 (xk − yk)Nkl(xl − yl) − t

]}
,

where all the quantities on the right-hand side (except xk) are taken at the central
point yi = yi(γ1, γ2, γ3) of a Gaussian packet. Points yi = yi(γ1, γ2, γ3) are the
points of spatial rays corresponding to ray-theory wavefield uR. The quadrature is
performed over ray parameters γ1, γ2 and over travel time γ3 along the rays, see
Figs. 26 and 27.

Here τR, pR
k and NR

kl are the ray-theory travel time, ray-theory slowness vector
and the matrix of second derivatives of the ray-theory travel time in Cartesian
coordinates xi , taken at point yi . Similarly UR is the matrix of the complex-valued
vectorial ray-theory amplitude at point yi . The transformation Jacobian from ray
parameters γl to Cartesian coordinates xi is V | det(Q(q)R)|, where V is the wave-
propagation velocity and Q(q)R is the 2 × 2 matrix of geometrical spreading in
ray-centred coordinates defined by (65).

Matrix Nkl is the 3 × 3 matrix of second derivatives of the complex-valued
phase function of the Gaussian packet with respect to Cartesian coordinates xi .
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FIG. 26. Asymptotic summation of Gaussian packets. The central points (empty circles) for the
paraxial approximation of Gaussian packets are regularly distributed along rays. The density of rays
and of central points depends on the shape of the Gaussian packets. Receivers (bullets) may be situated
arbitrarily, no reference surfaces are required.

FIG. 27. Summation of Gaussian packets at an interface. Paraxial approximation cannot be ap-
plied across the interface. The points of intersection of rays with the interface serve as the reference
points (empty circles) for the paraxial approximation of Gaussian packets centred beyond the inter-
face. Receivers (bullets) may be situated arbitrarily.
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Matrix Nkl controls the shape of Gaussian packets and should be selected with
the positive-definite imaginary part.

The properties of the integral superposition of space–time Gaussian packets
follow from the properties of the integral superposition of Gaussian beams.

5.4.3. Discretization Error

In numerical algorithms, the integral superposition (169) of Gaussian beams is
discretized into the summation over rays. These rays are calculated by controlled
initial-value ray tracing. We thus have to divide the ray-parameter domain into
elements corresponding to individual rays used in the summation. We first divide
the ray-parameter domain into areas corresponding to the individual ray histories.
We then divide each area into elements corresponding to the individual rays. We
choose each element as the Voronoi polygon of the corresponding ray, i.e. as the
set of points, which are closer to the corresponding ray than to other traced rays
of equal ray history. Since the discretization error is approximately controlled by
contravariant ray-parameter metric tensor

(171)G(γ ) = (
Q(q)R)T(

M − MR)∗[Im(M)
]−1(M − MR)

Q(q)R

(Klimeš, 1986), the Voronoi polygons are defined with respect to this metric
tensor. Here the 2 × 2 matrices Q(q)R, MR and M are expressed in ray-centred
coordinates. Matrix M controls the shape of the Gaussian beam concentrated at
the ray, and should be determined by optimization of the shape of the Gaussian
beam. Matrix Q(q)R of geometrical spreading and matrix MR of the second deriva-
tives of travel time describe the orthonomic system of rays, at which the Gaussian
beams are concentrated. Contravariant ray-parameter metric tensor (171) varies
smoothly within each ray history, but is often discontinuous at the boundary be-
tween different ray histories. Metric tensor (171) thus serves as the secondary
ray-parameter metric tensor during controlled initial-value ray tracing described
in Section 2.2.2. Since we know the values of the metric tensor only at the ray-
parameter points corresponding to the calculated rays, we can only determine the
elements as an approximation to the Voronoi polygons.

The error due to the discretization depends on frequency and on the shape of the
Gaussian beams and can be controlled by the selection of the maximum distance
between rays with respect to ray-parameter metric tensor (171). This maximum
distance between rays influences the sizes and shapes of the Voronoi polygons.
The size and shape of a Voronoi polygon can be quantified by its moment with
respect to the corresponding ray-parameter point, which represents the central ray
of a Gaussian beam. Unfortunately, the exact equations for the discretization into
an irregular system of central rays of Gaussian beams are not known yet.

The discretization error applicable to a system of central rays regular with re-
spect to metric tensor (171), with smooth variation of the weights of Gaussian
beams in the decomposition, was derived by Klimeš (1986), for 2-D also by Hill
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(1990). This “regular” error represents the lower estimate of the discretization
error. Since the upper estimate based on the discretization of the integral over a
single Voronoi polygon into a single Gaussian beam (Klimeš, 1985) is too con-
servative, the “regular” error is now used as the “optimistic” approximation of
the discretization error also for an irregular system of central rays of Gaussian
beams. The assumption of smooth variation of the weights of Gaussian beams
corresponds to the conditions for the integral superposition of Gaussian beams.
This smooth variation includes wavefields generated by various point sources, or
wavefields with smooth variation of the amplitude and travel time along an initial
surface.

The error due to the discretization of the integral superposition of Gaussian
packets can be controlled analogously to the error due to the discretization of
the integral superposition of Gaussian beams. Refer to Klimeš (1989b) for more
details.

Note that it is even more difficult to estimate the discretization error for the
decomposition of a general 3-D wavefield into Gaussian packets, described in
Section 5.5.

5.4.4. Linear Canonical Transforms

Various superposition integrals similar or equivalent to the asymptotic summa-
tion of Gaussian beams or to the asymptotic summation of Gaussian packets have
been derived by many authors using the Maslov method, its various generaliza-
tions, or coherent-state transforms. The generalizations of the Maslov method are
based on the linear canonical transform or on its special cases such as the frac-
tional Fourier transform. Before discussing these integral transform methods, we
briefly recall the definition of the linear canonical transform and mention their
relation to the coherent-state transform.

Spatial coordinate xi in phase space corresponds to operator x̂i of the multi-
plication by xi . The momentum coordinate px

i in phase space corresponds to the
differential operator

(172)p̂i = 1

iω

∂

∂xi

.

Let us consider a linear coordinate transform in phase space,

(173)

(
x

px

)
= M

(
x′
px′

)
,

where the complex-valued 6 × 6 matrix M may be composed of four 3 × 3
matrices,

(174)M =
(

Q̃ Q
P̃ P

)
.
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We shall see later that matrix M should be symplectic. The linear coordinate
transform corresponds to the linear transform

(175)

(
x̂

p̂x

)
= M

(
x̂′
p̂x′

)
of the operators. The linear canonical transform is the linear transform

(176)fM(x) =
∫

d3x′ CM(x, x′)f (x′)

of functions, with integration kernel of the form

(177)CM(x, x′) = cM exp

[
iω

2

(
x
x′

)T (
Nxx
M Nxx′

M
Nx′x
M Nx′x′

M

) (
x
x′

)]
,

which corresponds to transform (175) of operators. Applying both sides of oper-
ator transform (175) with (172) and (174) to the right-hand side of Eq. (176) and
assuming that the integrand vanishes at the boundary of the integration volume,
we can prove that matrix (174) must be symplectic and that

(178)Nx′x
M = (

Nxx′
M

)T = −Q−1,

(179)Nx′x′
M = Q−1Q̃,

(180)Nxx
M = PQ−1.

The relation of symplectic matrix (174) and integration kernel (177) resembles the
relation of the paraxial ray propagator matrix and the paraxial two-point eikonal
(Arnaud, 1972, Eq. (11.1); Červený et al., 1984, Eq. (22)).

The inverse transforms to (173) and (175) are

(181)

(
x′
px′

)
= M−1

(
x

px

)
and

(182)

(
x̂′
p̂x′

)
= M−1

(
x̂

p̂x

)
,

where the inverse matrix to symplectic matrix M is

(183)M−1 =
(

PT −QT

−P̃T Q̃T

)
.

The inverse transform to (176) is

(184)fM−1(x′) =
∫

d3x CM−1(x′, x)f (x).

Integration kernel CM−1(x′, x) is obtained from symplectic matrix M−1 by
equations analogous to (177) and (178) to (180).
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Constants cM and cM−1 must be selected so that the composition of transforms
(176) and (184) forms the identity transform,

(185)cM = cM−1 =
[

2
√

det

(
2π

ω
Q

)]−1

.

Here the matrix function 2
√

det is defined by the following two conditions:
(a) 2

√
det(A) is the product of the fourth roots of the eigenvalues of matrix ATA,

(b) the roots with the greatest real parts are selected. For more details refer to Wolf
(1974, 1979) or Ozaktas et al. (2001).

Interesting special cases of 3-D linear canonical transform (176) are 3-D
Fourier transform

(186)M =
(

0 −I
I 0

)
,

and 3-D separable fractional Fourier transform (Condon, 1937; Ozaktas et al.,
2001)

(187)

M =

⎛
⎜⎜⎜⎝

cos(α1) 0 0 − sin(α1) 0 0
0 cos(α2) 0 0 − sin(α2) 0
0 0 cos(α3) 0 0 − sin(α3)

sin(α1) 0 0 cos(α1) 0 0
0 sin(α2) 0 0 cos(α2) 0
0 0 sin(α3) 0 0 cos(α3)

⎞
⎟⎟⎟⎠ .

For real-valued, imaginary-valued or complex-valued αi , (187) defines real-
ordered, imaginary-ordered or complex-ordered fractional Fourier transforms,
respectively.

5.4.5. Coherent-State Transforms

The paraxial approximation of a Gaussian packet (coherent state) in the vicinity
of its central point y is performed in local Cartesian coordinates

(188)r = x − y.

It is thus also reasonable to consider linear canonical transforms (176) and (184)
with respect to local Cartesian coordinates r. For a given function f , we define
new function

(189)φ(r, y) = f (r + y).

The local inverse linear canonical transform

(190)ψ(r′, y) = φM−1(r′, y)

of function φ(r, y) with respect to the first argument is called the coherent-state
transform of function f (x) (Klauder, 1987, Eq. (3); Foster and Huang, 1991,
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Eq. (39); Thomson, 2001, Eq. (2.4)). Function φ(r, y) may be obtained from the
coherent-state transform ψ(r′, y) by local linear canonical transform

(191)φ(r, y) = ψM(r, y).

Since transform (189) projects functions f (x) onto only a small subset of func-
tions φ(r, y), Eq. (189) does not define a transform from φ(r, y) to f (x) uniquely.
Function f (x) may thus be obtained from φ(r, y) in many ways, yielding various
linear transforms of operators x̂ and p̂x to operators r̂′, p̂r ′

, ŷ′ and p̂y′
.

In application of the coherent-state method to the wave equation, we select M
in (191) and select the transform from φ(r, y) to f (x). For the selected transform
from φ(r, y) to f (x), we determine the corresponding transforms of operators
x̂ and p̂x to operators r̂′, p̂r ′

, ŷ and p̂y , and obtain the wave equation in the
new representation. We then find ray-theory approximate solution ψ(r′, y) of the
wave equation in the new representation, and transform it to high-frequency ap-
proximate solution f (x) using transform (191) and the selected transform from
φ(r, y) to f (x). We now present four simple examples of a transform from φ(r, y)

to f (x).

(a) Functional transform

(192)f (x) = φ(0, x)

(Klauder, 1987, Eq. (4); Foster and Huang, 1991, Eq. (40); Thomson, 2001,
Eq. (2.6)) yields operator transform

(193)

(
x̂

p̂x

)
=

(
ŷ

p̂y

)
.

The coherent-state method with functional transform (192) thus does not
change the form of the wave equation, and yields the standard ray-theory
solution.

(b) Functional transform

(194)f (x, r) = φ(r, x − r)

transforms φ(r, y) to the family f (x, r) of high-frequency approximate so-
lutions f (x) parametrized by r. Functional transform (194) yields operator
transform

(195)

(
x̂

p̂x

)
=

(
ŷ + r̂

p̂y

)
=

(
ŷ + Q̃r̂′ + Qp̂r ′

p̂y

)
actually used by Foster and Huang (1991, Eq. (46)) and Thomson (2001,
Eqs. (4.1) and (4.2)), who then chose r = 0 and transformed their high-
frequency approximate solution using (192). Note that operator transform
(195) with functional transform (194) can generate the standard ray-theory
solution for any choice of matrix (174) in (191).
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(c) Functional transform

(196)f (x, y) = φ(x − y, y),

naturally corresponding to Eqs. (188) and (189), transforms φ(r, y) to the
family f (x, y) of high-frequency approximate solutions f (x) parametrized
by y. Functional transform (196) yields operator transform

(197)

(
x̂

p̂x

)
=

(
ŷ + r̂

p̂r

)
=

(
ŷ
0

)
+ M

(
r̂′
p̂r ′

)
.

The coherent-state method with functional transform (196) thus generates
the family of high-frequency approximate solutions obtained by applica-
tion of the linear canonical transform in differently shifted coordinates.

(d) Functional transform

(198)f (x) = φ(x, 0)

reduces the coherent-state transform to the linear canonical transform.

5.4.6. Maslov Methods

The standard ray theory is derived and expressed in the “coordinate representa-
tion”, i.e. with respect to the spatial coordinates. In order to obtain various special
cases of the summation of Gaussian beams and packets, the high-frequency ap-
proximation may be developed with respect to 3 appreciably general “representa-
tion coordinates” x′ chosen in 6-D phase space, see (181), and then transformed
to the coordinate representation.

The original Maslov method (Maslov, 1965; Chapman and Drummond, 1982)
consists in weighted combination of the standard ray-theory approximation with
the Maslov methods of the first, second and third order. The Maslov method of
the first order corresponds to one spatial coordinate replaced by the respective
momentum coordinate. The Maslov method of the second or third order corre-
sponds to two or three spatial coordinates replaced by the respective momentum
coordinates, see (186). We obtain the generalized eikonal and transport equations
by the high-frequency approximation in this representation, and solve them. The
travel time in this representation is the Legendre transform of the ray-theory travel
time with respect to 1, 2 or 3 coordinates. The high-frequency asymptotic approx-
imation of the wavefield is then transformed to the coordinate representation by
the 1-D, 2-D or 3-D Fourier transform, respectively. This Fourier transform forms
the superposition integral. The Maslov method of the first order represents the
one-parametric superposition of infinitely broad “ribbon” Gaussian beams with
second-order derivatives of travel time vanishing along the summation lines. The
Maslov method of the second order represents the two-parametric superposition
of infinitely broad Gaussian beams with second-order derivatives of travel time
vanishing along the summation surfaces. The Maslov method of the third order
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represents the superposition of infinitely broad Gaussian packets with vanishing
second-order spatial derivatives of the phase function.

Alonso and Forbes (1998) selected each representation coordinate x′
i as a real-

valued linear combination of a spatial coordinate xi and the corresponding mo-
mentum coordinate px

i , see (187). They then solved the generalized eikonal and
transport equations obtained by the high-frequency approximation in this rep-
resentation. The travel time in this representation is the separable real-ordered
fractional Legendre transform of the ray-theory travel time (Alonso and Forbes,
1995). The high-frequency asymptotic approximation of the wavefield is then
transformed to the coordinate representation by the 1-D, 2-D or 3-D separa-
ble real-ordered fractional Fourier transform (Condon, 1937; Ozaktas et al.,
2001). This real-ordered fractional Fourier transform forms the superposition
integral. The resulting approximation represents the superposition of infinitely
broad Gaussian beams (1-D, 2-D) or packets (3-D). Equivalent results have been
achieved by application of the Maslov method in local curvilinear coordinates or
with respect to the “reference travel time” (Kendall and Thomson, 1993). This ap-
proximation may artificially be supplemented with Gaussian windowing through
the imaginary-ordered fractional Fourier transform, sometimes also called the
Gaussian-windowed Fourier transform (Alonso and Forbes, 1998; Forbes and
Alonso, 1998; Kravtsov and Orlov, 1999). Analogous Gaussian windowing may
be introduced using the coherent-state transform (Foster and Huang, 1991).

The Maslov method yields general superpositions of Gaussian beams or pack-
ets if the representation coordinates x′ are sufficiently general complex-valued lin-
ear combinations of phase-space coordinates x and px (Klimeš, 1984b, Eq. (24)).
We then solve the generalized eikonal and transport equations obtained by the
high-frequency approximation in the new representation. The travel time in the
new representation may be obtained by the generalized Legendre transform of the
ray-theory travel time (Klimeš, 1984b, Eq. (39)). The high-frequency asymptotic
approximation of the wavefield is then transformed to the coordinate representa-
tion by the 3-D complex linear canonical transform (Klimeš, 1984b, Eq. (27)).
Since the linear canonical transform is a special case of the coherent-state trans-
form, see (198), analogous superpositions may also be obtained by means of the
coherent-state transform.

To obtain a general superposition of Gaussian packets by the Maslov method,
we transform the elastodynamic equation to phase-space coordinates x′, px′

, given
by general complex-valued symplectic transform (181), by inserting expressions
(175) for operators x̂, p̂x . The high-frequency approximation then yields the gen-
eralized eikonal and transport equations. The solutions of these equations may
be expressed in terms of the solutions of the standard eikonal and transport
equations. The obtained approximate high-frequency solution can then be trans-
formed back to coordinates x′ by 3-D complex linear canonical transform (176),
which is a generalization of both the real-ordered fractional Fourier transform
and imaginary-ordered fractional Fourier transform (Gaussian-windowed Fourier
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transform). The resulting approximate high-frequency solution is identical to
general 3-parametric superposition (170) of Gaussian packets, including general
2-parametric superposition (169) of Gaussian beams as a special case. Matrix N
controlling the shape of Gaussian packets in (170) is identical to matrix (180),

(199)N ≡ Nxx
M.

The approximate high-frequency solution (170) derived in this way is thus in-
dependent of the choice of Q in symplectic matrix (174), provided that we set
P = NQ. Solution (170) is also independent of matrices Q̃ and P̃ forming with Q
and P symplectic matrix M. Klimeš (1984b) thus performed the above described
derivation with matrix (174) selected in the special form

(200)M =
(

0 −I
I −N

)
,

which corresponds to the form

(201)M−1 =
( −N I

−I 0

)

of matrix (183).
Note that Foster and Huang (1991) and Thomson (2001, 2004) selected matrix

(183) for the coherent state-transform (190) in the separable form

(202)M−1 =

⎛
⎜⎜⎜⎜⎜⎝

i� 0 0 1 0 0
0 i� 0 0 1 0
0 0 1 0 0 0

−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎠ .

Operators r̂ and p̂r are then transformed to operators r̂′ and p̂r ′
using Eq. (175)

with matrix

(203)M =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 1 0 0 0
1 0 0 i� 0 0
0 1 0 0 i� 0
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎠ .

Compared with Eqs. (199) to (201), where matrix N has the positive-definite
imaginary part, Foster and Huang (1991) and Thomson (2001, 2004) selected
the analogous 2 × 2 matrix with the negative-definite imaginary part.

Chapman and Keers (2002) and Chapman (2004) successfully applied the
Maslov method corresponding to matrices (202) and (203) with � = 0 in the
time domain.
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Note that the mathematical formalism of Maslov methods obscures the evolu-
tion of Gaussian beams or Gaussian packets along rays and makes the optimiza-
tion of their shapes more difficult.

5.5. Decomposition of a General Wavefield into Gaussian Packets or Beams

Assume a time-dependent wavefield specified along a given surface, and call it
the “time section”. The trace of a Gaussian packet in the time section is approx-
imately a Gabor function. The widths of the envelopes of Gabor functions are
inversely proportional to the square root of frequency, not constant as for the Ga-
bor transforms (discrete, integral) nor inversely proportional to frequency as for
the wavelet transforms. Moreover, the shape of the packets has to be optimized to
some extent with respect to the elastodynamic equation, and is thus often depen-
dent on time and on the coordinates and wavenumbers along the surface. The
Gabor functions corresponding to optimized Gaussian packets have envelopes
considerably dependent on frequency and on the direction of propagation, and
moderately dependent on the position and time. This makes the decomposition
of a general wavefield into Gaussian packets intricate. Žáček (2006b) generalized
the integral Gabor transform towards the approximate integral expansion of a time
section into Gabor functions of varying shape (refer to Fig. 28 for an illustration).
The approximate expansion into Gaussian packets has the form of a coherent-state
transform. The expansion is exact if the envelopes of Gaussian packets depend on
frequency and on the angle of incidence only. The system of Gaussian packets is
four-parametric in 2-D and six-parametric in 3-D.

The decomposition of a general wavefield into Gaussian packets of given, op-
timized envelopes is crucial for Gaussian packet true-amplitude prestack depth
migrations. It may also enable to develop general hybrid methods, combining the
Gaussian packet summation method with finite differences, finite elements, and
other highly accurate methods, which can be applied only to small parts of large
models at high frequencies.

A time-dependent wavefield specified along a given surface can also be Fourier
transformed into the frequency domain, where it consists of individual time-
harmonic wavefields. Each time-harmonic wavefield may then be decomposed
using the oversampled Gabor transform into the four-parametric (in 3-D) system
of Gabor functions, which are the traces of Gaussian beams along the surface
(Hill, 1990, 2001; Lugara et al., 2003; Shlivinski et al., 2004).

To estimate the discretization error for the decomposition of a general 3-D
wavefield into Gaussian packets is much more difficult than to estimate the dis-
cretization error of the asymptotic decomposition. The upper estimate of the
discretization error for the decomposition of a general 1-D wavefield into the reg-
ular two-parametric system of Gabor functions was derived by Daubechies (1991,
Eq. (3.2.4)).
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FIG. 28. Decomposition of a general wavefield into Gaussian packets. Top: Recorded wavefield.
Middle: Wavefield composed of the Gabor functions corresponding to optimized Gaussian packets
(six-parametric summation in 3-D). Bottom: Difference between the original wavefield and the wave-
field composed of the Gabor functions.

5.6. Sensitivity of Waves to Heterogeneities

We decompose perturbations of the coefficients of the elastodynamic equation
(e.g., elastic moduli and density in the elastodynamic equation) into Gabor func-
tions

(204)g(x) = exp
[

ikT(x − y) − 1
2 (x − y)TK(x − y)

]
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centred at various spatial positions y and having various structural wavenum-
ber vectors k. We consider a short-duration incident wavefield with a smooth
broad–band frequency spectrum. The wavefield scattered by the perturbations is
then composed of waves scattered by the individual Gabor functions. The scat-
tered waves are estimated using the first-order Born approximation with paraxial
ray approximation. Each Gabor function usually generates only a few narrow-
band space–time Gaussian packets propagating in specific directions (Žáček
and Klimeš, 2003). The only exceptions are broad–band forward scattering and
broad–band narrow-angle scattering from the lowest structural wavenumbers, and
rather rare broad–band critical scattering with mode conversion. Each scattered
Gaussian packet is sensitive to just a single linear combination of the coefficients
of the elastodynamic equation. This information about the Gabor function is lost
if the scattered Gaussian packet does not fall into the aperture covered by the
receivers and into the legible frequency band.

5.7. Migrations

A “prestack depth migration” is a simple back-projection of a wavefield,
roughly approximating the inversion of wide-angle scattering. It often includes
even additional rough approximations. The back-propagated wavefield is com-
pared with the incident wavefield, forming an “image” (convolutional transform)
of the gradient of a particular linear combination of the coefficients of the elasto-
dynamic equation.

5.7.1. Gaussian Packet Migrations

The recorded wavefield (time section) is decomposed into Gaussian packets as
described in Section 5.5. The individual Gaussian packets are back-propagated
and compared with the incident wavefield (Žáček, 2004). The image of each
back-propagated Gaussian packet is approximately formed by one or a few Gabor
functions. We thus obtain not only the image of small-scale structural hetero-
geneities, but also the relation between the time section and the heterogeneities.

The algorithm of the true-amplitude common-source prestack depth migrations
based on Gaussian packets consists of the following basic steps: optimization of
the model for ray tracing and for Gaussian packets, calculation of travel times
and other ray-theory quantities from the source to the dense rectangular grid of
points covering the target zone, optimization of the envelopes of Gaussian packets
travelling from various parts of the target zone to the receivers, decomposition of
the time section into Gaussian packets, and the backprojection of the individual
Gaussian packets from the time section onto the migrated image of the target
zone.
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5.7.2. Gaussian Beam Migrations

The recorded wavefield, Fourier transformed into the frequency domain, may
be decomposed into Gaussian beams as described in Section 5.5. The individual
Gaussian beams are back-propagated and compared with the incident wavefield
(Hill, 1990, 2001). In the frequency domain, the image of each back-propagated
Gaussian beam extends along its whole central ray.

To improve the numerical efficiency, this procedure of Gaussian beam migra-
tion can be transformed from the frequency domain to the time domain. Refer to
Hill (1990, 2001) for more details.

6. RAY CHAOS, LYAPUNOV EXPONENTS, MODELS SUITABLE FOR RAY

TRACING

In complex models, the behaviour of rays becomes chaotic and geometrical
spreading, the number of arrivals and the density of caustic surfaces exponen-
tially increase with travel time (Keers et al., 1997). The exponential increment
may be quantitatively described in terms of the Lyapunov exponents. The average
twisting of ray tubes in phase space, which determines the average frequency of
caustic points along rays, may be quantitatively described in terms of the rota-
tion numbers. Note that the average Lyapunov exponent and the average rotation
number are two different characteristics of ray chaos.

Lyapunov exponents enable to determine quantitative criteria on models, suit-
able for ray tracing, in terms of Sobolev scalar products. These criteria enable to
construct the optimum models of geological structures for ray tracing by inversion
of seismic data.

6.1. Lyapunov Exponents and Rotation Numbers

If heterogeneities in a model (velocity model, macro model) exceed a certain
degree, average geometrical spreading exponentially increases with length of the
rays and, in consequence, the average number of travel times (i.e. the average
number of rays intersecting at the same point) exponentially increases with dis-
tance from the source. This behaviour of rays strictly limits the possibility of
calculating two-point rays and travel times in overly complex models because:

(a) Geometrical spreading may be so large that two-point rays cannot be found
within the numerical accuracy. Similarly, the ray tubes cannot be suffi-
ciently narrow for travel-time interpolation.

(b) The number of two-point travel times at each point is so large that all travel
times cannot be calculated within reasonable computational time and costs.
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(c) The number of two-point travel times at each point is so large that they can
hardly be useful for any application, independently of the applicability of
the ray theory, which is not considered here.

It is thus of principal interest to quantify the exponential divergence of neigh-
bouring rays with respect to the complexity of the model, and to formulate explicit
criteria enabling models suitable for ray tracing to be constructed.

The exponential divergence of rays is quantified by the Lyapunov exponents
(Lyapunov, 1949; Oseledec, 1968). The average frequency of caustic points along
rays is quantified by the rotation numbers (Johnson, 1986). The Lyapunov expo-
nents and the rotation numbers are two different characteristics of ray chaos.

Wolfson and Tappert (2000, Eq. (36)) estimated the Lyapunov exponent for 2-D
ray tracing in random models with infinitely weak heterogeneities. Their method,
designed for underwater acoustics, is thus not applicable to strong heterogeneities
present in the solid Earth. Here we present the method for the quantitative es-
timation of the Lyapunov exponent, mean Lyapunov exponent, rotation number
and mean rotation number for rays in 2-D models without interfaces according
to Klimeš (2002b). The presented method is designed especially for deterministic
models (velocity models, macro models) with strong heterogeneities. The method
is thus not applicable to weak heterogeneities. It should be further generalized to
3-D models and to models with interfaces.

We define the Lyapunov exponents for general ray tracing, and the rotation
number for 2-D ray tracing. We then introduce and estimate the average Lyapunov
exponent, describing the average spreading of ray tubes and average number of
travel times, in smooth 2-D models without interfaces. The equations allow the
average exponential divergence of rays and exponential growth of the number of
travel-time branches in the model to be estimated prior to ray tracing. The test of
the equations for estimating the average Lyapunov exponents in a given smooth
2-D model without interfaces is illustrated on a numerical example.

6.1.1. Lyapunov Exponents for Ray Tracing

Lyapunov exponents may be defined in several ways (Lyapunov, 1949;
Oseledec, 1968; Katok, 1980). Some definitions rely on an unspecified norm
in phase space, which may be chosen arbitrarily. Although the phase-space norm
does not affect the values of the Lyapunov exponents defined asymptotically for
infinitely long rays, it may considerably affect the estimated values of the Lya-
punov exponents along finite rays in finite models.

The estimates of the Lyapunov exponents based on the characteristic values of
the DRT propagator matrix are not affected by the free parameters corresponding
to the norm in phase space. On the other hand, the characteristic values oscillate
along rays which makes the estimation of the Lyapunov exponents difficult. The
oscillations of the characteristic values are caused by the rotation of ray tubes in
phase space.
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Let us denote by μ1, μ2, . . . , μ2N the characteristic values of the 2N ×2N (in
N -dimensional space) DRT propagator matrix � in Cartesian coordinates, i.e.
the solutions of the characteristic equation

(205)det
[
�(τ, τ0) − μ(τ, τ0)I

] = 0,

sorted according to their absolute values,

(206)|μ1| ≥ |μ2| ≥ · · · ≥ |μ2N |.
The complex-valued characteristic values, with the same absolute value, are as-
sumed to be sorted according to their argument −π < arg μ ≤ π .

The positive Lyapunov exponents along a ray parametrized by travel time τ

may be defined as

(207)λk = lim sup
τ→+∞

ln |μk(τ, τ0)|
τ − τ0

, k = 1, 2, . . . , N − 1.

The Lyapunov exponents are thus defined here with respect to travel time.
Note that the Lyapunov exponents may also be defined with respect to another
monotonic parameter along the ray, which may or may not differ from the para-
meter determined by the form of the Hamiltonian.

Because of the symplectic property of the DRT propagator matrix, its inverse
�−1 has the same set of characteristic values as �. That is why the charac-
teristic values of all Hamiltonian systems form reciprocal pairs μ1μ2N = 1,
μ2μ2N−1 = 1, . . . , μNμN+1 = 1. Each positive Lyapunov exponent of ray
tracing (as of other Hamiltonian systems) is thus accompanied by a negative
Lyapunov exponent of the same absolute value. It is thus sufficient to study the
positive Lyapunov exponents for ray tracing.

Two Lyapunov exponents λN and λN+1 of ray tracing are always zero. The
remaining N − 1 pairs of positive and negative Lyapunov exponents correspond
to the (2N − 2) × (2N − 2) (in N -dimensional space) DRT propagator matrix
�(q) in ray-centred coordinates. It is thus often convenient to replace the DRT
propagator matrix in Cartesian coordinates in Eq. (205) by the DRT propagator
matrix in ray-centred coordinates.

6.1.2. Rotation Number for 2-D Ray Tracing

In isotropic 2-D models, the dynamic ray tracing equation (55) in ray-centred
coordinates simplifies to equation

(208)
d�(q)

dτ
=

(
0 B(q)

−C(q) 0

)
�(q),
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where the second phase-space derivatives of the Hamiltonian corresponding to the
in-plane ray-centred coordinate q are

(209)C(q) = V −1 ∂2V

∂q ∂q

and

(210)B(q) = V 2.

The solutions of dynamic ray tracing equation (208) rotate in phase space. Denote
the angle of rotation of solution of Eq. (208) between travel times τ0 and τ by
ϑ(τ, τ0). The exact value of angle ϑ(τ, τ0) depends on the phase-space metric
and is not unique. Fortunately, each increment of ϑ(τ, τ0) by an integer multiple
of π can uniquely be defined, at least in isotropic media. The rotation number ϕ

is then defined as

(211)ϕ = lim
τ→+∞

ϑ(τ, τ0)

τ − τ0
.

The number of travel times and the number of caustics are not related in a sim-
ple way, because the number of travel times remains unchanged when the ray
touches a caustic, whereas the number of travel times may be either increased by
2 or decreased by 2 when the ray crosses a caustic. The average Lyapunov ex-
ponent, characterizing the exponential increment of the number of travel times in
dependence on the length of the rays, and the rotation number, characterizing the
average frequency of caustic points along rays, are thus two different character-
istics of ray chaos. The caustic point is understood to be the point where the ray
touches the caustic.

6.1.3. Approximation of the Positive Lyapunov Exponent in 2-D Models Without
Interfaces

We introduce parameters

(212)� =
∫ √

neg
(
C(q)B(q)

)
dτ =

∫ √
neg

(
V

∂2V

∂q ∂q

)
dτ

and

(213)� =
∫ √

pos
(
C(q)B(q)

)
dτ =

∫ √
pos

(
V

∂2V

∂q ∂q

)
dτ

calculated along the ray. Here

(214)pos(x) = max(x, 0), neg(x) = − min(x, 0)
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denote the positive and negative parts of real number x, respectively. Parameter �

accounts for the exponential spreading of the ray tube in phase space, and parame-
ter � describes how the ray tube is twisted in phase space. Parameter � increases
in the defocussing zones, where the second velocity derivative perpendicularly to
the ray is negative. Parameter � increases in the focusing zones, where the second
velocity derivative perpendicularly to the ray is positive. Integral (212) is thus the
sum of integrals ��n over individual ray segments corresponding to defocussing
zones, and integral (213) is the sum of integrals ��n over the individual ray seg-
ments corresponding to focusing zones.

We approximate the positive Lyapunov exponent (207) by the limit

(215)λ1 ≈ lim
τ→+∞ λ(τ, τ0)

of function

(216)λ(τ, τ0) = L(τ, τ0)

τ − τ0
.

The estimate of function L in Eq. (216) is (Klimeš, 2002b)

L(τ, τ0) =
N∑

n=1

��n +
N−1∑
n=1

ln

∣∣∣∣cos

[
min

(
��n,

π

3

)]∣∣∣∣

(217)

+ 1

2
ln

{
1 − sin

[
2 min

(
��0,

π

6

)]
sin

[
2 min

(
��N,

π

6

)]}
,

where ��n, n = 1, 2, . . . , N , correspond to the defocussing ray segments
(C(q)B(q) < 0) and ��n, n = 0, 1, 2, . . . , N , correspond to the focusing ray
segments (C(q)B(q) > 0), ��0 and ��N may become zero if the ray starts or
terminates in a defocussing region. Terms ��n account for exponential deforma-
tion of the ray tube in phase space due to defocussing. After phase-space rotation
of ray tubes in a focusing region, the exponential deformation does not continue
in the previous deformation, and the deformations may partly cancel out. This is
taken into account by the terms with ��n in (217). These terms are deterministic
for small rotations ��n (the first argument of the minimum functions in (217)),
and statistically averaged for greater rotations ��n (the second argument of the
minimum functions). A rough upper estimate Lmax(τ, τ0) = ∑N

n=1 ��n of (217)
may be used especially for very strong and large heterogeneities �n � π

3 .
Functions (216) and (217) are defined and have reasonable values also for rays

of finite lengths. Quantity λ(τ, τ0) is thus our estimate of the Lyapunov exponent
for a finite ray.
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6.1.4. Approximation of the Rotation Number in 2-D Models Without Interfaces

We analogously approximate rotation number (211) by the limit

(218)ϕ ≈ lim
τ→+∞ ϕ(τ, τ0)

of function

(219)ϕ(τ, τ0) = �(τ, τ0)

τ − τ0
,

where

(220)�(τ, τ0) =
N∑

n=0

��n.

This estimate is in accordance with the example of White et al. (1988) but has not
been further numerically tested yet.

6.1.5. Lyapunov Exponent and Rotation Number for a System of Finite Rays

Equation (217) allows the average Lyapunov exponent

(221)λ̄ =
∑

ray Lray(τray, τray0)∑
ray[τray − τray0]

over all rays to be introduced. This average Lyapunov exponent expresses the
global properties of the model. However, for a single source, it is still dependent
on the source geometry and position with respect to the model boundaries. The
average Lyapunov exponent over various sources should describe the global prop-
erties of the model. The average Lyapunov exponent over various sources may
depend on the geometry of model boundaries, but only if the statistical properties
of the model are anisotropic.

Analogously, the average rotation number ϕ̄ for the system of finite rays may
be approximated by

(222)ϕ̄ ≈
∑

ray �ray(τray, τray0)∑
ray[τray − τray0]

,

where parameter � along the individual rays is defined by (220).
The average distance between two consecutive caustic points along a ray, mea-

sured in terms of travel time τ , is

(223)τ̄caustic = π

ϕ̄
.

At this distance, the average number of travel times increases by the factor

(224)N̄caustic = exp

(
λ̄

ϕ̄
π

)
.
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We can conjecture from Eqs. (217), (221) and (222) that

(225)0 ≤ λ̄ < ϕ̄,

depending on the kind of heterogeneities in the model. In consequence, the av-
erage increment N̄caustic of travel times between two consecutive caustic points
depends on the kind of heterogeneities in the model, varying within interval

(226)1 ≤ N̄caustic < exp(π) � 23.141.

6.1.6. Average Lyapunov Exponent for the Model and Average Rotation Number
for the Model

Our estimate of the Lyapunov exponent of a single finite ray depends on the
position and direction of the ray. Let us now average the Lyapunov exponent over
the whole model volume.

We cover the model by a dense system of parallel straight lines. For each di-
rection of the lines, we calculate the average Lyapunov exponent (221) using
Eq. (217), similarly as for a system of rays, and call it the directional Lyapunov
exponent. We then average the calculated directional Lyapunov exponent over
the directions, applying a selected directional weighting function. For instance,
the directional weighting function may represent the shape of a model box, with
the origin at the centre of the box or at the mean position of the intended point
sources. The directional weighting function may also correspond to the probabil-
ity of the ray directions estimated for ray tracing in the model. For example, if we
are going to trace nearly vertical rays only and wish to estimate the average Lya-
punov exponent for these rays, the directional weighting function should reflect
the probability of the ray directions.

6.1.7. Numerical Example

The 2-D model designed by Jean-David Benamou is formed by the homo-
geneous background of velocity 1.0 km s−1, perturbed by a stretched bi-sine
egg-box of amplitude 0.2 km s−1, see Fig. 29. The horizontal dimension of the
model box is 3 km, vertical 6 km. There are focusing low-velocity regions close
to the four corners. The average travel times in seconds closely correspond to the
average lengths in kilometers in this model.

Some rays, shot from the point source situated at the bottom of the model box,
1.55 km from the left-hand corner, are shown in Fig. 30. Figure 31 shows the rays
shot from the point source shifted to 1.85 km from the left-hand corner. Although
the model is highly regular and periodic, the ray paths are quite irregular. If we
divide the model into the smallest equal cells, rays enter and leave the individual
cells at and in quite different positions and directions, 0% of rays being periodic.
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FIG. 29. The model is formed by a homogeneous background of velocity 1.0 km s−1, perturbed
by a stretched bi-sine egg-box of amplitude 0.2 km s−1. The dark zones situated close to the four
corners are focusing low-velocity regions.

The rays traced in this model can thus serve as an example of the chaotic be-
haviour of rays in general heterogeneous 2-D models, keeping in mind that the
statistical properties of this model are strongly anisotropic.

Figure 32 displays the numbers of travel times corresponding to the point
source situated at the bottom of the model box, 1.55 km from the left-hand
corner. The travel times are calculated in a grid of 121 × 241 points covering
the model box by means of interpolation within the ray cells (Bulant, 1999;
Bulant and Klimeš, 1999). The maximum number of travel times found is 49.
Fig. 33 shows the numbers of travel times for the point source shifted to 1.85 km
from the left-hand corner. The maximum number of travel times found is 59.

Ninety directions with an angular increment of 2 degrees have been chosen
to estimate the average Lyapunov exponent for the model. For each direction,
the model has been covered by 45 equally spaced straight lines. The directional



SEISMIC RAY METHOD: RECENT DEVELOPMENTS 105

FIG. 30. Rays in the model of Fig. 29, corresponding to the point source situated at the bottom of
the model box, 1.55 km from the left-hand corner.

Lyapunov exponent according to Eqs. (221) and (217) has been numerically cal-
culated along the straight lines, with a step corresponding to 45 steps along the
longest line for the direction. Since the statistical properties of the model are
strongly anisotropic, the directional Lyapunov exponents vary between 0.170 s−1

and 1.019 s−1. The selected directional weighting function corresponds to the
model box with the origin at the centre of the bottom edge. This directional
weighting function is suitable for the point sources situated at the bottom or at
the top of the model box. The average Lyapunov exponent for the model, calcu-
lated with this directional weighting function, is

(227)λ̄model = 0.698 s−1.

The average Lyapunov exponent does not noticeably vary with the horizontal
translation of the origin of the directional weighting function within the middle
third of the horizontal model dimension.
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FIG. 31. Rays in the model of Fig. 29, corresponding to the point source situated at the bottom of
the model box, 1.85 km from the left-hand corner.

Figure 34 displays the natural logarithms of the average and maximum num-
bers of travel times along the individual horizontal grid lines of Figs. 32 and 33.
The horizontal axis is the distance of the grid line from the bottom of the model
box in kilometers, and serves as a rough approximation of the travel time in
seconds. The slope of the straight solid lines is given by the average Lyapunov
exponent (227) for the model.

The numerical example demonstrates the good correspondence between the
average logarithms of the numbers of ray-theory travel times and the estimate of
the average Lyapunov exponent for the model.

6.2. Models Suitable for Ray Tracing

Since the average Lyapunov exponent for the model may be approximated in
terms of the Sobolev norm composed of the second velocity derivatives (Klimeš,
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FIG. 32. The numbers of travel times corresponding to the point source situated at the bottom of
the model box, 1.55 km from the left-hand corner. The maximum number of travel times found is 49.

2000b), the average Lyapunov exponent and the Sobolev norm may be used in the
construction of models optimized for the calculation of ray-theory Green func-
tions (Bulant, 2002; Žáček, 2002).

The Sobolev scalar product of two functions is a linear combination of the
L2 Lebesgue scalar products of the zero, first, second or higher derivatives of
the functions. There are two main reasons for including the Sobolev norm in the
objective function during the model smoothing (Žáček, 2002) or during the in-
version of seismic data (Klimeš, 2002c). Firstly, the Sobolev norm regularizes
ill-conditioned inversions, which enables us to control the behaviour of the model
in regions not illuminated by the data. A typical example of such application is
the fitting of interfaces for which the data are available only in some parts of the
model (Bulant, 2002). Secondly, the minimization of the corresponding Sobolev
norm during the inversion of the given data allows us to construct a model opti-
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FIG. 33. The numbers of travel times corresponding to the point source situated at the bottom of
the model box, 1.85 km from the left-hand corner. The maximum number of travel times found is 59.

mal for the selected computational method, i.e. for ray tracing. Note that we still
have no quantitative criteria of applicability and accuracy of ray methods or their
extensions. Instead, we use the criterion of the numerical efficiency of ray tracing,
based on the numbers of arrivals calculated in the model.

6.2.1. Application of Sobolev Scalar Products to Smoothing Models

The Lyapunov exponent describes the complexity of ray and travel-time fields
with increasing travel time. We should thus establish the maximum average Lya-
punov exponent for the model. This maximum Lyapunov exponent reflects the
smoothness of the model required by future applications of the model.

Since the Lyapunov exponent depends on the second velocity derivatives, we
should minimize the second velocity derivatives during the model smoothing or
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FIG. 34. The natural logarithms of the average and maximum numbers of travel times along the
individual horizontal grid lines of Fig. 32 (bold dotted lines) and Fig. 33 (bold dashed lines). The
horizontal axis represents the distance of the grid line from the bottom of the model box in kilometers,
and serves as a rough approximation of the travel time in seconds. The slope of the straight lines thin
solid lines is given by the average Lyapunov exponent (227) for the model.

during the inversion of seismic data. The minimization of the second velocity
derivatives can be achieved by including the square of the relevant Sobolev norm
of the model into the objective function. The problem now is the choice of the
weighting factor of the Sobolev norm in the objective function.

We may roughly estimate the maximum Sobolev norm of the model corre-
sponding to the maximum Lyapunov exponent (Klimeš, 2000b). Starting with
zero or minimum (with respect to the stability of inversion) weighting factor, we
may iteratively adjust the weighting factor so as to obtain the model with the
Sobolev norm roughly equal to the estimated maximum Sobolev norm.

For this model, we calculate the average Lyapunov exponent. If the average
Lyapunov exponent for the model does not accord with the maximum Lyapunov
exponent, we should adjust our estimation of the maximum Sobolev norm and of
the weighting factor in the objective function. If the average Lyapunov exponent
for the model accords with the maximum Lyapunov exponent, we should perform
ray tracing and other tests of suitability of the model for our applications. Based
on these tests, we may possibly wish to adjust the maximum Lyapunov exponent,
and consequently the maximum Sobolev norm and the weighting factor in the
objective function.

Note that the selection of the Sobolev norm may reflect the application of the
model. For example, if the model is designed for tracing only nearly vertical rays,
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vertical smoothing of the second velocity derivatives should be slighter than hor-
izontal smoothing, according to the estimated deviation of rays from the vertical
direction. The resulting model, optimized for nearly vertical rays, may then be
much more accurate than the model smoothed for all directions of rays, including
refracted ones.

7. OTHER TOPICS RELATED TO THE RAY METHOD

There are many useful topics, which are related to the ray method. Some
of them are described here. The following sections are devoted to higher-order
approximation of the ray method (Section 7.1), to the direct computation of
first-arrival travel times (Section 7.2), to the ray method with a complex eikonal
(Section 7.3), and to the hybrid methods, in which the zero-order ray approxima-
tion is combined with some other methods (Section 7.4). This text does not offer
enough space to discuss in detail some other topics, which have been described in
the seismological literature. Section 7.5 gives a brief list of some of them.

7.1. Higher-Order Ray Approximations

As already mentioned in Section 2, the zero-order approximation of the ray
method (2) is often sufficient for solving various wave-propagation problems. In
regular regions, the higher-order terms are usually small and thus it is not nec-
essary to compute them. In singular regions, the zero-order approximation fails
to describe the wavefield properly and the higher-order approximation cannot fix
this anyway.

There are, however, situations, in which higher-order ray approximations play
an important role. For example in situations, in which the zero-order ray ampli-
tude or some of its components (if we are dealing with a vectorial wavefield) are
zero. This occurs, for example, in the vicinity of the Brewster angle, for which
R/T coefficients are zero. Another example are nodal lines of seismic sources, in
whose directions the radiation function is zero. Higher-order approximations are
also important in the study of the problem of R/T at interfaces of orders higher
than first (at an interface of the first order, elastic moduli and density change dis-
continuously; at an interface of the N th order, the (N − 1)st derivatives of elastic
moduli or density change discontinuously). A zero-order wave incident at an in-
terface of the second order generates a zero-order transmitted wave but first-order
reflected wave, for whose evaluation, the first-order approximation of the ray the-
ory is necessary. To a certain extent, the situation with the zero amplitude of the
zero-order wave also concerns head waves, which are of the first order and are
generated in supercritical regions by zero-order incident waves. For more details
refer to Červený (2001, Section 5.6) and to references therein.
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Among the higher-order terms of the ray series, additional components, specif-
ically the first-order additional components, play a special role. The higher-order
vectorial amplitude coefficients of ray series (1) can be separated into principal
components, whose directions coincide with the direction of the zero-order vecto-
rial amplitude coefficient, and into additional components, whose directions are
perpendicular to the direction of the zero-order vectorial amplitude coefficient.
The principal components are obtained by integrating along the corresponding
rays, and require the knowledge of high-order spatial derivatives of functions
describing the model. In the case of the first-order principal components, fourth-
order spatial derivatives are required. In contrast to this, the additional compo-
nents are local quantities and can be evaluated relatively easily in arbitrary varying
media. First-order spatial derivatives of the functions describing the medium and
of the zero-order amplitude coefficients are sufficient for the evaluation of the
first-order additional components. Note that the zero-order amplitude coefficients
already depend on second-order spatial derivatives of the functions describing the
medium so that the first-order additional components depend on third-order spa-
tial derivatives of the functions describing the medium. The procedure described
by Eisner and Pšenčík (1996), based on the substitution of the derivatives by the
differences of values calculated on neighbouring rays, can be used to evaluate the
derivatives of the amplitude coefficients.

Whereas the first-order principal component represents only a certain correc-
tion of the zero-order amplitude coefficient, the first-order additional components
represent first non-zero terms in the directions perpendicular to the zero-order
coefficient. The combination of the zero-order coefficient and of the first-order
additional components thus represents a vectorial leading term of the ray series,
see Eisner and Pšenčík (1996). It is called the two-component ray representation
by Fradkin and Kiselev (1997), where many additional references can be found.
See also Goldin (1989).

Eisner and Pšenčík (1996) showed that the use of the first-order additional com-
ponents in the expression for the ray Green function in a homogeneous isotropic
medium improves the ray-theory Green function much more than the addition of
any other higher-order component (note that the ray series corresponding to the
exact Green function in a homogeneous isotropic medium consists of three terms).
This indicates that the first-order additional components could be used routinely.
Their most obvious effects are deviations of the polarizations of waves from the
directions specified by their zero-order ray approximation. The polarization of a
P wave may be close to transverse and elliptical, the polarization of an S wave, on
the contrary, can be close to longitudinal. The first-order additional components
can also be considered in anisotropic media. In weakly anisotropic media, they
reduce to their “isotropic” versions, see Pšenčík (1998).

In homogeneous media, it is possible, theoretically without limitation, to gen-
erate and evaluate formulae for higher-order terms with the use of symbolic
manipulation software. Vavryčuk (1999) demonstrated on a numerical example
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FIG. 35. Constant vertical velocity gradient model, velocity contrast 1 : 3. Travel-time errors of
the first-order grid travel-time tracing method proposed by Podvin and Lecomte (1991). The absolute
errors of the first-arrival travel time are scaled in seconds.

that this approach can remove the failure of the zero-order ray approximation in
the proper description of the problem of coupling of two S waves propagating
vertically in a weakly transversely isotropic medium with the axis of symme-
try rotating in the horizontal plane. Unfortunately, in heterogeneous media this
procedure cannot be used, and we have to resort to the coupling ray theory, see
Section 4.

7.2. Direct Computation of First-Arrival Travel Times

Recently, considerable attention has been devoted to the direct computation
of travel times τ(xi) on 2-D and 3-D grids without using ray tracing. These
methods, however, do not yield the ray-theory travel times, but the first-arrival
travel times. The first-arrival travel times are not related to the propagation of
energy and should strictly be distinguished from the ray-theory travel times re-
lated to energetic arrivals. In the interpretational procedures of seismic exploration
and seismology (tomography, migration), the energetic arrivals should mostly be
considered, first-arrival travel times playing a smaller role. For this reason, we
shall discuss the methods for the computation of first-arrival travel times only
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FIG. 36. Constant vertical velocity gradient model, velocity contrast 1 : 3. Travel-time errors of
the network shortest-path ray tracing according to Klimeš and Kvasnička (1994). The absolute errors
of the travel time are scaled in seconds.

very briefly. Two basic methods in the computation of first-arrival travel times
are network shortest-path ray tracing, and “finite-difference” travel time tracing.
Refer to Figs. 35–39 for simple numerical examples. The network shortest-path
ray tracing is based on the theory of graphs. The trajectory corresponding to the
minimum time is usually called the shortest path, where “shortest” means the min-
imum travel time. For more details and other references see Moser (1991), Klimeš
and Kvasnička (1994). The “finite-difference” methods do not usually consist in
the direct finite-difference solutions of the eikonal equation (remember that the
eikonal equation is nonlinear), but only in certain finite-difference approxima-
tions for the first-arrival travel-time continuation. Many such “finite-difference”
approximations have been proposed. See Vidale (1990), Klimeš (1996a), and
for many other references Červený (2001, p. 187). An extension of the “finite-
difference” method, which also takes into account later arrivals, was proposed by
Abgrall and Benamou (1999).

It should be emphasized that the ray-theory travel times, related to energy trans-
port, are safely obtained by shooting methods with standard ray tracing, or by the
wavefront construction method, see Section 2.2.
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FIG. 37. Constant vertical velocity gradient model, velocity contrast 1 : 3. Travel-time errors of
the second-order grid travel-time tracing according to Klimeš (1996a). The absolute errors of the travel
time are scaled in seconds.

7.3. Ray Method with Complex Eikonal

In the standard zero-order approximation of the ray method, travel time
(eikonal) τ and slowness vector p are real-valued. The ray method can, how-
ever, be extended to complex-valued τ and p. This generalization is then called
the ray method with complex eikonal and the rays in it are complex-valued. Note
that the elementary waves along complex rays with Re p and Im p parallel are
usually called homogeneous and with Re p and Im p non-parallel are called inho-
mogeneous.

Homogeneous and inhomogeneous waves play an important role in many
wave propagation problems including perfectly elastic media. As an example
of inhomogeneous waves in perfectly elastic media let us mention the waves
penetrating the caustic shadow, supercritically transmitted waves, and the inho-
mogeneous waves generated by a point source. The literature devoted to theo-
retical problems of inhomogeneous waves propagating in perfectly elastic me-
dia is broad, see for example recent publications by Chapman et al. (1999) or
Kravtsov et al. (1999), where many additional references can be found. How-
ever, as far as we know, the calculation of complex rays has not yet been im-
plemented into ray tracing program packages for heterogeneous perfectly elastic
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FIG. 38. A 2-D realization of a random velocity distribution.

media. Only the amplitudes of the complex rays at the point of their generation
at an interface are considered when supercritically reflected waves are calcu-
lated.

In dissipative media, the eikonal τ is intrinsically complex-valued, and the
absorption is always connected with velocity dispersion (causal absorption). Con-
sequently, the rays are also complex-valued, see Thomson (1997). In the seismic
ray theory the study of complex rays in dissipative media has not been com-
pleted yet. In most cases, it is assumed that dissipation is weak and it is taken
into account only as a first-order perturbation of a perfectly elastic medium,
see Fig. 40. Refer, for example, to Moczo et al. (1987) for isotropic dissipative
media, and to Gajewski and Pšenčík (1992) for anisotropic dissipative media.
Such a simple approximation is at present implemented in most ray-based pro-
gram packages. As the dissipation within the Earth’s interior is usually weak,
the first-order perturbation method yields sufficiently accurate amplitude decay
due to absorption and frequency-dependent time shift due to the relevant disper-
sion.
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FIG. 39. First-arrival travel times calculated in the 2-D model shown in Fig. 38 using grid
travel-time tracing according to Klimeš (1996a).

7.4. Hybrid Methods

In hybrid methods, the ray method is locally combined with some other method.
There are several such existing combinations. We shall now discuss briefly three
of them: (a) the hybrid ray-finite-difference method; (b) the hybrid ray-mode
method; (c) the hybrid ray-matrix method (sometimes called the hybrid ray-
reflectivity method).

In the hybrid ray-finite-difference method, the wavefield is computed in a glob-
ally smooth model, with a more complicated structure localized in a small part
of the model. The ray method is used in the smooth part of the model, finite
differences in the small complicated region. The basic problem is to match the
solutions of both methods at the boundary of the complicated region. See, e.g.,
Lecomte (1996), Gjøystdal et al. (2002), Opršal et al. (2002).

In the hybrid ray-mode method, the modal and ray approaches are combined.
The aim is to simulate the complete wavefield by several ray contributions and by
several modes. See, e.g., Kapoor and Felsen (1995), or Zhao and Dahlen (1996).
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FIG. 40. Trace-normalized ray-theory seismograms without attenuation (top) and with causal at-
tenuation (bottom) in 2-D model UNCONFORMITY by Cormier and Mellen (1984). Complex-valued
travel times are approximated using the ray perturbation method. Refer to Klimeš (1996b) for more
information.

FIG. 41. Vertical component of synthetic seismograms at the top of a sedimentary layer. Solid line:
elastic seismograms calculated by the ray-matrix method are quite accurate in this case. The standard
ray method would yield only the onset of the wave-train. Two dotted lines: finite-difference elastic
seismograms are deteriorated by reflections due to imperfect non-reflecting boundary conditions. Re-
fer to Klimeš (2000a) for more information.

The hybrid ray-matrix method has been used in smooth models containing tran-
sition layers thin with respect to the prevailing wavelength. The ray method is
again used in smooth parts of the model, the matrix method is used to com-
pute R/T coefficients of thin layers, see Fig. 41. Červený (1989) applied this
method to the Earth’s crust model with the MOHO discontinuity approximated
by a thin layer with varying internal structure (transition layer, laminated layer).
The method was also applied to the study of tunnelling of seismic waves through
a thin high-velocity layer (Červený and Aranha, 1992), and to the study of the ef-
fects of a near-surface sedimentary layer on the wavefield measured on the Earth’s
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surface (Červený and Andrade, 1992). The method is also a part of the CRT pro-
gram package (Klimeš, 2000a).

7.5. Several Other Extensions of the Ray Method

There are many other useful extensions of the ray method. We briefly mention
several of them and supplement each of them by at least one reference, where
more details and additional references can be found.

(a) Space–time ray method (Babich et al., 1985).
(b) Surface-wave ray tracing and surface-wave Gaussian beams (Woodhouse,

1974; Yomogida, 1985, 1987; Martin and Thomson, 1997; Dahlen and
Tromp, 1998; Červený, 2001, Section 3.12).

(c) Asymptotic diffraction theory including geometric theory of diffraction
(Klem-Musatov and Aizenberg, 1984; Klem-Musatov, 1994; Hanyga,
1995; Hanyga et al., 2001).

(d) Ray methods in directional (one way) propagation (Thomson, 1999).
(e) Ray method in Born scattering of seismic waves (Ursin and Tygel, 1997;

Chapman, 2004).
(f) Kirchhoff–Helmholtz integrals (Tygel et al., 1994; Schleicher et al., 2001;

Chapman, 2004).
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Červený, V. (2001). Seismic Ray Theory. Cambridge Univ. Press, Cambridge.

http://sw3d.mff.cuni.cz
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Pšenčík, I. (1998). Green’s functions for inhomogeneous weakly anisotropic media. Geophys. J.
Int. 135, 279–288.
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Pšenčík, I., Teles, T.N. (1996). Point-source radiation in inhomogeneous anisotropic structures. Pure
Appl. Geophys. 148, 591–623.

Ralston, J. (1983). Gaussian beams and the propagation of singularities. In: Littman, W. (Ed.), Studies
in Partial Differential Equations. In: MAA Studies in Mathematics, vol. 23. Math. Assoc. Amer.,
Washington, DC, pp. 206–248.

Schleicher, J., Tygel, M., Hubral, P. (1993). 3-D true-amplitude finite-offset migration. Geophysics 58,
1112–1126.

Schleicher, J., Tygel, M., Ursin, B., Bleistein, N. (2001). The Kirchhoff–Helmholtz integral for
anisotropic elastic media. Wave Motion 34, 353–364.

Shlivinski, A., Heyman, E., Boag, A., Letrou, C. (2004). Phase-space beam summation formulations
for ultra wideband (UWB) radiation. In: Proceedings of URSI International Symposium on Elec-
tromagnetic Theory (Pisa). Edizioni PLUS, Università di Pisa, pp. 936–938.

Sun, J. (2004). True-amplitude weight functions in 3-D limited aperture migration revisited. Geo-
physics 60, 1025–1036.



SEISMIC RAY METHOD: RECENT DEVELOPMENTS 125

Tarantola, A. (1987). Inverse Problem Theory. Elsevier, Amsterdam.
Tessmer, E. (1995). 3-D seismic modelling of general material anisotropy in the presence of the free

surface by a Chebyshev spectral method. Geophys. J. Int. 121, 557–575.
Thomsen, L. (1986). Weak elastic anisotropy. Geophysics 51, 1954–1966.
Thomson, C.J. (1997). Complex rays and wave packets for decaying signals in inhomogeneous,

anisotropic and anelastic media. Stud. Geophys. Geod. 41, 345–381.
Thomson, C.J. (1999). The ‘gap’ between seismic ray theory and ‘full’ wavefield extrapolation. Geo-

phys. J. Int. 137, 364–380.
Thomson, C.J. (2001). Seismic coherent states and ray geometrical spreading. Geophys. J. Int. 144,

320–342.
Thomson, C.J. (2004). Coherent-state analysis of the seismic head wave problem: An overcomplete

representation and its relation to rays and beams. Geophys. J. Int. 157, 1189–1205.
Thomson, C.J., Kendall, J.-M., Guest, W.S. (1992). Geometrical theory of shear-wave splitting: Cor-

rections to ray theory for interference in isotropic/anisotropic transitions. Geophys. J. Int. 108,
339–363.

Tygel, M., Schleicher, J., Hubral, P. (1994). Kirchhoff–Helmholtz theory in modelling and migration.
J. Seismol. Exp. 3, 203–214.

Ursin, B., Tygel, M. (1997). Reciprocal volume and surface scattering integrals for anisotropic elastic
media. Wave Motion 26, 31–42.
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