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ABSTRACT

We study behavior of attenuation (inhomogeneity) angles c,

i.e., angles between real and imaginary parts of the slowness

vectors of inhomogeneous plane waves propagating in isotropic

or anisotropic, perfectly elastic or viscoelastic, unbounded

media. The angle c never exceeds the boundary attenuation

angle c�. In isotropic viscoelastic media c� ¼ 90�; in aniso-

tropic viscoelastic media c� may be greater than, equal to, or

less than 90�. Plane waves with c > c� do not exist. Because c�

in anisotropic viscoelastic media is usually not known a priori,

the commonly used specification of an inhomogeneous plane

wave by the attenuation angle c may lead to serious problems.

If c is chosen close to c� or even larger, indeterminate, unstable

or even nonphysical results are obtained. We study properties

of c� and show that the approach based on the mixed specifica-

tion of the slowness vector fully avoids the problems mentioned

above. The approach allows exact determination of c� and

removes instabilities known from the use of the specification of

the slowness vector by c. For c ¼ c�, the approach yields zero

phase velocity, i.e., the corresponding wave is a nonpropagat-

ing wave mode. The use of the mixed specification leads to the

explanation of the deviation of c� from 90� as a consequence of

different orientations of energy-flux and propagation vectors in

anisotropic media. The approach is universal; it may be used

for isotropic or anisotropic, perfectly elastic or viscoelastic

media, and for homogeneous and inhomogeneous waves,

including strongly inhomogeneous waves, like evanescent

waves.

INTRODUCTION

In seismological literature, it has been common to express the

complex-valued slowness vector p of the plane wave propagat-

ing in a dissipative medium in the following way:

p ¼ Pþ iA: (1)

Here the real-valued vectors P and A have been usually called

the propagation vector and the attenuation vector, respectively.

Vector P is perpendicular to the plane of constant phase, and

oriented in the direction of propagation of the plane wave. The

vector A is perpendicular to the plane of constant amplitude,

and oriented in the direction of the maximum decay of ampli-

tudes. The angle c between the vectors P and A is called the

attenuation (inhomogeneity) angle. The attenuation angle c is

defined in this paper as a nonoriented, nonnegative angle in the

range 0� � c < 180�. This definition has a clear physical mean-

ing and satisfies the relation cos c ¼ P � A= Pj j Aj jð Þ. For c ¼ 0,

the vectors P and A are parallel, and the relevant plane wave is

called homogeneous. For c 6¼ 0, the relevant plane wave is

called inhomogeneous.

In papers related to isotropic dissipative media, the oriented
attenuation angle c (including negative c) often has been used.

The oriented attenuation angle, however, cannot be uniquely

defined using vectors P and A only; a strict orientation rule

must be supplemented. Due to directional symmetry, this does

not cause difficulties in isotropic dissipative media. In this pa-

per, however, we consider anisotropic dissipative media, which

require a 3D treatment. This is a basic reason why we use the

nonoriented attenuation angle c � 0 systematically. We empha-

size, however, that this choice represents no loss of generality.

In dissipative media, isotropic and anisotropic, the nonor-

iented angle c lies in the interval 0� � c � c�, where c� is the

boundary attenuation angle. In isotropic dissipative media,

c� ¼ 90� (Borcherdt, 2009). In anisotropic dissipative media, c�

may be greater than, equal to, or less than 90�, but is always
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positive and less than 180�. Inhomogeneous plane waves with

nonoriented attenuation angles c > c� do not exist (�Cervený and

Pšenčı́k, 2005a, b).

The boundary attenuation angle c� plays an important role in

the study of inhomogeneous plane waves propagating in aniso-

tropic dissipative media. It must be known in advance if the

attenuation angle c is used as a parameter specifying the inho-

mogeneous plane wave. If c is chosen close to c� or greater,

unstable or even nonphysical results are obtained. The well-

known phenomena caused by the incorrect choice c > c� are the

so-called forbidden directions, in which the square of the phase

velocity becomes negative (Krebes and Le, 1994; Carcione and

Cavallini, 1995; Carcione, 2007). If the angle c� is not known

in advance, one can never be sure whether the chosen parameter

c specifying the inhomogeneous plane wave will lead to correct

results (even for c less than 90�). The above-mentioned prob-

lems can be fully avoided if an algorithm based on the mixed

specification of the slowness vector (�Cervený and Pšenčı́k,

2005a) is used. This algorithm, in which c appears as an eval-

uated quantity, never yields the attenuation angle c greater than

c�. Moreover, the algorithm offers an exact formula for the

determination of c� valid universally for inhomogeneous plane

waves in isotropic or anisotropic, perfectly elastic or dissipative

media. The algorithm was successfully used to explain the phe-

nomenon of forbidden directions (�Cervený and Pšenčı́k, 2005b).

It also offers an alternative way how to estimate c� from the

knowledge of the propagation and energy-flux vectors.

Notation analogous to equation 1 has been often used for the

wave vector k ¼ xp; not for the slowness vector p (Krebes and

Le, 1994; Carcione, 2007; Behura and Tsvankin, 2009; Borch-

erdt, 2009; as examples). However, the difference between the

use of p and k in our case is only formal, as we consider time-

harmonic waves with a fixed positive circular frequency x. If

we wish to use equations derived in this paper in terms of the

wave vector k, we just use the relation p ¼ x�1k.

We begin with a brief review of the theory of time-harmonic,

homogeneous and inhomogeneous plane waves propagating in

viscoelastic anisotropic media and of the mixed specification of

the slowness vector in the two following sections. The sections

contain mostly results which we have already published

(�Cervený and Pšenčı́k, 2005a,b; 2006), but which are basic for

understanding and analysis of the subject of this paper. The two

sections also contain some important, new, unpublished results.

This applies to the symmetry relations involving parameters of

the mixed specification, to the equation for the exact determina-

tion of c� in general anisotropic dissipative media, and to the

observation that for c ¼ c� we get the nonpropagating wave

mode. The section which follows is devoted to plane waves

propagating in isotropic viscoelastic media. There we illustrate

advantages of the algorithm based on the mixed specification of

the slowness vector on the basis of comparison of theoretical

results obtained with the classical and mixed specifications.

Next, we discuss the homogeneous and inhomogeneous SH

plane waves, propagating in a symmetry plane of viscoelastic

monoclinic, orthorhombic, or hexagonal media. We also offer a

detailed explanation of the phenomenon of forbidden directions.

In the next section we study energy attenuation and energy

angles defined as nonoriented and nonnegative angles between

the energy-flux vector and attenuation and propagation vectors,

respectively. Relations of these angles to the boundary attenua-

tion angle are explained and discussed. Finally we offer our

conclusions.

Equations derived in this paper are mostly exact and generally

valid for homogeneous and inhomogeneous plane waves, propa-

gating in arbitrarily anisotropic and viscoelastic media, specified

by 21 independent complex-valued viscoelastic moduli. Numeri-

cal examples are presented only for homogeneous and inhomo-

geneous P or S plane waves propagating in isotropic viscoelastic

media, and for SH plane waves propagating in the plane of sym-

metry of a monoclinic viscoelastic medium. These simple mod-

els allow us to study and explain most of the important phenom-

ena of plane-wave propagation in isotropic and anisotropic

viscoelastic media in a simple and physically understandable

manner. The models used also allow us to show important dif-

ferences in plane-wave propagation in isotropic and anisotropic

viscoelastic media.

We use Cartesian coordinates xi, and denote time as t. Ein-

stein summation convention over repeated indices is used

throughout the paper. We consider time-harmonic plane waves

with the time dependence chosen to be exp �ixtð Þ, where x is a

fixed, positive, circular frequency.

HOMOGENEOUS AND INHOMOGENEOUS PLANE

WAVES IN ANISOTROPIC DISSIPATIVE MEDIA

We consider a time-harmonic plane wave propagating in an

unbounded homogeneous anisotropic dissipative medium,

uj xi; tð Þ ¼ aUj exp �ix t� pnxnð Þ½ �: (2)

Here uj; pj, and Uj are complex-valued Cartesian components of

displacement vector u, slowness vector p, and normalized polar-

ization vector U U � U ¼ 1ð Þ, respectively. The symbol a
denotes a scalar amplitude.

The anisotropic dissipative medium is described here as a linear

viscoelastic medium, specified by independent complex-valued,

frequency-dependent, density-normalized viscoelastic moduli:

aijk‘ ¼ aR
ijk‘ � iaI

ijk‘: (3)

The sign “�” in equation 3 is consistent with that used in the

exponential factor in equation 2. As we consider x fixed

throughout, we do not show dependence of aijk‘ on x explicitly.

We assume that aijk‘ satisfy the symmetry relations (Carcione,

2007, section 2.1.1)

aijk‘ ¼ ajik‘‘ ¼ aij ¼ ak‘ij; (4)

reducing the number of independent moduli from 81 to 21.

Equation 2 represents a plane wave if, and only if, it satisfies

the relevant equation of motion for anisotropic viscoelastic

media. This requirement yields a system of three linear alge-

braic equations for the Cartesian components Ui i ¼ 1; 2; 3ð Þ of

the polarization vector U,

aijk‘pjp‘Uk ¼ Ui; i ¼ 1; 2; 3; (5)

and the constraint relation for pi:

det aijk‘pjp‘ � dik

� �
¼ 0: (6)

Equation 6 is the condition of solvability of the system of equa-

tions 5. For the density-normalized viscoelastic moduli aijk‘,
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equation 6 does not depend on the polarization vector. It will be

used frequently in this paper.

SLOWNESS VECTOR OF A PLANE WAVE IN AN

ANISOTROPIC DISSIPATIVE MEDIUM

We now describe properties of the slowness vector p and intro-

duce certain definitions. These are valid for homogeneous and inho-

mogeneous plane waves in viscoelastic isotropic and anisotropic

media, and for evanescent waves in perfectly elastic media. The

formulae, which are important for the study of boundary attenua-

tion angles, are taken — without derivation — from �Cervený and

Pšenčı́k (2005a). More details can be found in the mentioned

reference.

A useful specification of the complex-valued slowness vector

p, called the mixed specification, was proposed by �Cervený and

Pšenčı́k (2005a). It does not use the attenuation angle c, and is

written as

p ¼ rnþ iDm; with n �m ¼ 0: (7)

Here n and m are two arbitrary, real-valued, mutually perpen-

dicular, unit vectors, and D is a real-valued scalar �1 < Dð
<1Þ, with a dimension of slowness (s=km), called the inhomoge-

neity parameter. The unit vectors n and m specify the propagation-

attenuation plane R. Given aijk‘, n, m, and D, the complex-valued

scalar r can be determined uniquely from constraint relation 6.

The unit vector n defines the line along which the wave propa-

gates, Re p ¼ 6 Re pj jn. The inhomogeneity parameter D controls

the inhomogeneity of the plane wave under consideration. For

D ¼ 0, the vectors Re p and Im p are parallel, c ¼ 0, and the plane

wave is homogeneous. For D 6¼ 0, the vectors Re p and Im p have

the different directions, c 6¼ 0, and the plane wave is inhomogene-

ous. For small Dj j, we speak of weakly inhomogeneous waves,

and for large Dj j of strongly inhomogeneous waves. A schematic

picture of possible orientation of individual vectors in the propag-

ation-attenuation plane R, perpendicular to the wavefront, is shown

in Figure 1.

Let us consider a plane wave, homogeneous or inhomogeneous,

defined by parameters n, m, and D, propagating in a viscoelastic

anisotropic medium, described by the density-normalized visco-

elastic moduli aijk‘. We use the mixed specification of the complex-

valued slowness vector p (see equation 7). Inserting the expression

for p in the mixed specification from equation 7 into the constraint

relation 6, the constraint relation 6 has the following form:

det aijk‘ rnj þ iDmj

� �
rn‘ þ iDm‘ð Þ � dik

� �
¼ 0: (8)

Here n, m, and D are known parameters of the plane wave; aijk‘

are known parameters of the medium. Equation 8 is a sixth-degree

polynomial equation in the unknown r with complex-valued coef-

ficients. Consequently, it always has six complex-valued roots

corresponding to P, S1, and S2 plane waves propagating in the

positive and negative n direction. It should be emphasized that the

properties of inhomogeneous plane waves propagating in the n

direction are generally different from the properties of plane

waves propagating in the negative n direction in viscoelastic ani-

sotropic media, if m and D remain unchanged. The quantity r
depends on the density-normalized viscoelastic moduli aijk‘, the

unit vectors n and m, and the inhomogeneity parameter D.

The complex-valued quantity r has several important proper-

ties. Assume that the density-normalized viscoelastic moduli

aijk‘ are known. Then r is a function of the two mutually per-

pendicular unit vectors n and m and the inhomogeneity parame-

ter D. It follows from equation 8 that r satisfies the following

important symmetry relation:

r n;m;Dð Þ ¼ r �n;�m;Dð Þ: (9)

Thus the quantity r is not changed if the signs of n and m are

changed, with D fixed. It is easy to show that the quantity r
also satisfies the following relations

r n;m;Dð Þ ¼ r n;�m;�Dð Þ ¼ r �n;m;�Dð Þ;

r �n;m;Dð Þ ¼ r n;�m;Dð Þ ¼ r n;m;�Dð Þ: (10)

If two of the three quantities n, m, and D are taken with the op-

posite sign, r remains unchanged; r is changed, however, if

only one of the three mentioned quantities is taken with the op-

posite sign.

Keeping equations 9 and 10 in mind, the quantities aijk‘, n,

m, and D uniquely specify the slowness vector p of any plane

wave, homogeneous or inhomogeneous, propagating in any iso-

tropic or anisotropic, viscoelastic or perfectly elastic medium.

Similarly, for the slowness vector of any plane wave, homoge-

neous or inhomogeneous, propagating in a medium specified by

density-normalized viscoelastic or elastic moduli aijk‘, we can

find the quantities n, m, and D, which specify it uniquely.

The solution of the sixth-degree polynomial equation 8 with com-

plex-valued coefficients is straightforward, and its six complex-val-

ued roots r always exist. In certain special cases, the polynomial

equation can be factorized into two equations, one of fourth degree

and one of second degree. For an isotropic viscoelastic medium or

for SH waves propagating in a plane of symmetry of monoclinic,

Figure 1. Schematic diagram showing an example of two real-
valued, mutually orthogonal unit vectors n and m, used to define
complex-valued slowness vector p. Vector n is perpendicular to
the wavefront and specifies the direction of propagation vector P.
P and the attenuation vector A define the propagation-attenuation
plane. Vectors P and A make a nonoriented attenuation (inhomo-
geneity) angle c. Projections of A into n and m are Im r and inho-
mogeneity parameter D, respectively (see equation 11).

WA53Boundary attenuation angles
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orthorhombic, or hexagonal viscoelastic media, these factorized

equations can be even solved analytically.

After having solved equation 8 for r, we can determine im-

portant quantities characterizing the relevant plane wave. This

applies to the propagation vector P, the attenuation vector A,

the phase velocity C, and the attenuation angle c. They are given

by relations:

P ¼ n Re r; A ¼ n Im rþ Dm;

C ¼ 1= Re rj j; c ¼ arccosf�r Im r=½ðIm rÞ2 þ D2�1=2g;
(11)

where arccosf…g is represented by its principal value between

0� and 180�, and �r is given by the relation

�r ¼ Re r=jRe rj: (12)

We could also compute other useful plane-wave quantities

(�Cervený and Pšenčı́k, 2005a, 2006), which are not discussed in

this paper.

Equation 11 shows that the attenuation angle c can be com-

puted from Im r if the inhomogeneity parameter D is used as a

parameter specifying the relevant inhomogeneous plane wave.

In seismological literature, however, the attenuation angle c is

often used as a parameter of the inhomogeneous plane wave,

characterizing the inhomogeneity of the wave. This may lead to

serious problems, mainly in anisotropic viscoelastic media. A

major problem is that the specification of inhomogeneous plane

wave propagating in a viscoelastic anisotropic medium by the

attenuation angle c may lead to the phenomenon of the so-called

forbidden directions. This problem is completely avoided if the

mixed specification of the slowness vector is used to specify the

inhomogeneous plane wave. The attenuation angle c can be then

computed for any value of n, m, and D.

Equation 8 can be also expressed in a modified form, which

is useful for inhomogeneous plane waves. We assume that

D 6¼ 0 and introduce a complex-valued dimensionless scalar w
through the relation

r ¼ wD: (13)

Inserting this relation into the sixth-degree polynomial equation

8, we obtain a polynomial equation of the sixth degree for w:

det aijk‘ wnj þ imj

� �
wnl þ im‘ð Þ � D�2dik

� �
¼ 0: (14)

The slowness vector can then be expressed in terms of w as

p ¼ D wnþ imð Þ: (15)

For P, A, C, and c, we obtain:

P ¼ nD Re w; A ¼ D n Im wþmð Þ;

C ¼ 1= D Re wj j; c ¼ arccosf�w Im w=½ðIm wÞ2 þ 1�1=2g;
(16)

where �w ¼ Re w= Re wj j. Equations 16 cannot be used for ho-

mogeneous plane waves D ¼ 0ð Þ, but for D 6¼ 0 they are equiv-

alent to equations 11. The function arccosf…g is as defined

after equation 11.

Equations 14 and 16 can be used to determine the boundary

attenuation angles c�, corresponding to w� obtained for D! 61.

In this limit, equation 14 yields

det½aijk‘ðw�nj þ imjÞðw�n‘ þ im‘Þ� ¼ 0: (17)

This is still a sixth-degree polynomial equation for w�, but w�

does not depend on D.

The limiting case D! 61 yields the phase velocity C ¼ 0 (see

equation 16), so that the relevant “slowness vector" does not corre-

spond to a propagating plane wave. The equation for c in equations

16 offers a formula for computing the boundary attenuation angle c�:

c� ¼ arccosf��w Im w�=½ðIm w�Þ2 þ 1�1=2g; (18)

where ��w ¼ Re w�=jRe w�j. Thus, the boundary attenuation angles

c� can be exactly determined for any inhomogeneous plane wave

(including evanescent waves) propagating in any direction in any

isotropic or anisotropic, dissipative or perfectly elastic media, if

the mixed specification of the slowness vector is used.

P- AND S-WAVES IN ISOTROPIC

DISSIPATIVE MEDIA

For isotropic media the polynomial equation 6 can be factorized and

solved analytically. We express aijk‘ in terms of complex-valued, den-

sity-normalized, viscoelastic Lame’s moduli k=q and l=q as follows:

aijk‘ ¼ ðk=qÞdijdk‘ þ ðl=qÞðdikdj‘ þ di‘djkÞ: (19)

Using equation 19 reduces the constraint relation (equation 6) to:

ða2pipi � 1Þðb2pkpk � 1Þ2 ¼ 0: (20)

Here

a2 ¼ kþ 2l
q

; b2 ¼ l
q
: (21)

Equation 20 shows that two types of plane waves can propagate in a

homogeneous isotropic viscoelastic medium. The P-wave satisfies the

relation a2pipi ¼ 1, and the S-wave: b2pipi ¼ 1. The quantities a2

and b2 represent the squares of complex-valued velocities a and b of

P and S waves, respectively. Each wave is controlled by the equation:

pipi ¼ 1=V2; (22)

where V is complex-valued and equals a for P-waves, and b for

S-waves. The constraint relation (equation 22) can be used to

determine the slowness vector. By inserting the expression for p

in the mixed specification from equation 7 into constraint rela-

tion 22, a simple formula for r is obtained:

r ¼ 6ð1=V2 þ D2Þ1=2: (23)

The “6” signs correspond to the plane waves propagating in the

6n directions. From equation 11, we then obtain

P ¼ 6n Reð1=V2 þ D2Þ1=2;

A ¼ 6n Imð1=V2 þ D2Þ1=2 þ Dm;

C ¼ 1=jReð1=V2 þ D2Þ1=2j;

c ¼ arccosfImð1=V2 þ D2Þ1=2=½ðImð1=V2 þ D2Þ1=2Þ2

þ D2�1=2g: (24)
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Equations 24 are valid for homogeneous and inhomogeneous plane

waves propagating in viscoelastic or perfectly elastic isotropic

media (complex-valued or real-valued 1=V2). For perfectly elastic

media (real-valued velocity V), we speak of evanescent waves.

Note that C and c are independent of the orientation of n and m.

For homogeneous plane waves ðD ¼ 0Þ, we obtain Chom

¼ 1=jReð1=V2Þ1=2j and c ¼ 0�, as expected. When the medium

is perfectly elastic, 1=V2 is real-valued and the phase velocity

C ¼ V.

For inhomogeneous plane waves ðD 6¼ 0Þ, we can alternatively

use equation 13 in equation 23, and compute w instead of r

w ¼ 6½1=ðV2D2Þ þ 1�1=2: (25)

Then from equations 16 we obtain:

C ¼ 1=jD Re½1=ðV2D2Þ þ 1�1=2j;

c ¼ arccos
�

Im½1=ðV2D2Þ þ 1�1=2=f½Imð1=ðV2D2Þ þ 1Þ1=2�2

þ 1g1=2
�
: (26)

For D 6¼ 0, equations 26 are equivalent to those in equations 24.

Equations 25 and 26 do not contain any indeterminate expres-

sions and can be used to compute exact values of C and c even

for D! 61. For D! 61, equation 25 yields the boundary

value w�:

w� ¼ 61; (27)

and equation 26 the boundary values C� of the phase velocity

and c� of the attenuation angle:

C� ¼ 0; c� ¼ 90�: (28)

In isotropic dissipative media, the boundary attenuation angle c�

is 90�, and is independent of the wave type (P or S), the value

of the complex-valued velocity V, the direction of propagation

n, and the orientation of the propagation-attenuation plane R. In

all these situations, the boundary value C� of the phase velocity

is zero.

Let us now present simple examples of the attenuation angle c
and boundary attenuation angle c� for a plane wave (it may be P

or S) propagating in an isotropic viscoelastic medium. The con-

sidered complex-valued velocities V of these waves are given by

the relation V2 ¼ 11:25ð1� iQ�1Þ, where Q ¼ 10; 20; 40, and

1. The symbol Q denotes the quality factor (see equation 33).

We introduce Cartesian coordinates x1; x3 arbitrarily in the R
plane and express the components of the real-valued unit vectors

n and m in terms of the propagation angle i as follows:

n1 ¼ sin i; n3 ¼ cos i;

m1 ¼ cos i; m3 ¼ �sin i: (29)

We consider i in the range 0� � i � 360�.
Figure 2 shows the behavior of the phase velocity C and the

attenuation angle c as a function of D. The black curve in Fig-

ure 2 corresponds to Q ¼ 10, the red curve to Q ¼ 20, the green

curve to Q ¼ 40, and the blue curve to perfectly elastic medium,

Q ¼ 1. The phase velocity C is only slightly dependent on Q
for D fixed. The dependence of C on D, for fixed Q, is more

pronounced. The phase velocity C is largest for homogeneous

plane wave ðD ¼ 0Þ, and decreases with increasing jDj. As

D! 61, the phase velocity approaches zero.

The attenuation angle c in isotropic media is always in the

range 0 � c � 90�, and for perfectly elastic isotropic media

(blue curve) c ¼ 90�. This is an important difference between

perfectly elastic and viscoelastic isotropic media. In perfectly

elastic isotropic media, only inhomogeneous plane waves with

an attenuation angle c ¼ 90� may exist (evanescent waves). In

viscoelastic isotropic media, the inhomogeneous plane waves

may be characterized by any value of c between 0� and 90�.
The behavior of the attenuation angle for jDj small is of particu-

lar interest. In perfectly elastic isotropic media, homogeneous

plane waves with jAj 6¼ 0 do not exist. In weakly viscoelastic

isotropic media the attenuation angle c increases very fast with

increasing jDj, particularly for small jDj. For jDj further increas-

ing, the attenuation angle c approaches asymptotically 90�. The

curves in Figure 2 are symmetric about D ¼ 0. This means that

the phase velocity C and the attenuation angle c do not depend

on the orientation of vectors n and m (see equations 24). This

distinguishes propagation of inhomogeneous plane waves in iso-

tropic and anisotropic viscoelastic media.

Figure 3 shows the dependence of the phase velocity C and

the attenuation angle c on the propagation angle i, for constant

D. Four very different values of D are considered: D ¼ 0:001

(blue), D ¼ 0:01 (green), D ¼ 0:1 (red), and D ¼ 1 (black).

Because we consider an isotropic medium, the phase velocity C
and the attenuation angle c are independent of the propagation

angle i for D fixed. The curves of the phase velocity for

D ¼ 0:001 and D ¼ 0:01 coincide effectively and show that the

phase velocity is close to that of a homogeneous wave. The

phase velocity C decreases strongly for D > 0:1, and deviates

from the phase velocity of homogeneous waves. For D 	 1, the

Figure 2. Variations with D of the phase velocity C (top) and the
attenuation angle c (bottom) of inhomogeneous P or S plane
waves in isotropic viscoelastic media using mixed specification.
The colored curves correspond to the complex velocity
V2 ¼ 11:25 1� iQ�1ð Þ with selected values of Q factor: black —
Q ¼ 10, red — Q ¼ 20, green — Q ¼ 40, and blue — Q ¼ 1
(perfectly elastic).
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phase velocities decrease to about 30% of the phase velocity of

the homogeneous wave. For D! 61, the phase velocity

approaches zero. The attenuation angles c for small jDj (0.01,

0.001) are less than 45�, for larger D (0.1, 1), they are close to

90�. This indicates that, for D � 1, the attenuation angle c can

be used as an estimate of the boundary attenuation angle c�.
Let us now compare the approach based on the mixed specifi-

cation of the slowness vector p using equation 7 with the classi-

cal approach often used in seismic literature. In the classical

approach, c is used as the parameter specifying the inhomogene-

ity of the plane wave. Let us separate the real and imaginary

parts of 1=V2:

1=V2 ¼ Reð1=V2Þ þ i Imð1=V2Þ: (30)

The phase velocity C is then determined as a function of c,

ReðV�2Þ, and ImðV�2Þ and can be easily derived. Using equa-

tions 1 and 30 in equation 22, and separating real and imaginary

parts, we obtain two equations:

jPj2 � jAj2 ¼ Reð1=V2Þ; 2jAjjPjcos c ¼ Imð1=V2Þ:
(31)

Solving these two equations for jPj and jAj, we obtain

jPj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Reð1=V2Þ=2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½1þ 1=Q2 cos2 c�1=2

q
;

jAj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Reð1=V2Þ=2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ ½1þ 1=Q2 cos2 c�1=2

q
; (32)

where

Q�1 ¼ Imð1=V2Þ=Reð1=V2Þ ¼ �Im V2=Re V2 (33)

is the quality factor for homogeneous plane waves (see, for

example, Borcherdt, 2009, or Behura and Tsvankin, 2009). Con-

sequently, the phase velocity C of an inhomogeneous plane

wave propagating in a homogeneous, viscoelastic, isotropic me-

dium is given by

C ¼ 1=jPj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=Reð1=V2Þ

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½1þ 1=Q2 cos2 c�1=2

q
:

(34)

Note that for homogeneous waves in isotropic viscoelastic

media, equation 34 becomes

Chom ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=Reð1=V2Þ

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½1þ Q�2�1=2

q
: (35)

In perfectly elastic media, equations 31 yield jPj2 � jAj2
¼ V�2 and jAjjPjcos c ¼ 0. The latter equation shows that A is

always perpendicular to P ðcos c ¼ 0Þ. Consequently, the prod-

uct Q2 cos2 c is indeterminate ð1 
 0Þ in this case and equation

34 cannot be used to compute the phase velocity C of the evan-

escent wave. Equations jPj2 � jAj2 ¼ V�2 and jAjjPjcos c ¼ 0

are, however, not sufficient to calculate jPj and jAj and C,
unless some other condition is used (see Borcherdt, 2009). How-

ever, equations 26, derived using the mixed specification, can be

used without any problem in viscoelastic as well as perfectly

elastic media.

A reader may say: “This problem is of no interest for me; I am

not interested in evanescent waves, but in inhomogeneous plane

waves propagating in viscoelastic isotropic media.” However,

except for very weakly inhomogeneous plane waves, inhomogene-

ous plane waves propagating in weakly dissipative media are very

similar to evanescent waves. In weakly dissipative media, which

play an important role in the attenuation analysis in seismic explo-

ration, equation 34 gives, in fact, inaccurate results, and is

extremely sensitive to small variations in Q and c (Figure 2).

The classical equations 32–34 lead to the conclusion that a

unique solution does not exist for the propagation P and attenu-

ation A vectors, for c ¼ 90� (Borcherdt, 2009, p. 37). This con-

clusion, however, is true only when the slowness vector p is

specified by c. If we use the mixed specification of inhomogene-

ous plane waves, in which D is used as the parameter specifying

inhomogeneity of the plane wave, propagation P and attenuation

A vectors are determined uniquely as functions of D, no matter

if the medium is dissipative or perfectly elastic. Thus the mixed

specification of the slowness vector provides a smooth and con-

tinuous transition from inhomogeneous plane waves propagating

in weakly dissipative media to evanescent waves propagating in

perfectly elastic media and vice versa. This is another important

advantage of the use of the mixed specification.

SH WAVES IN PLANES OF SYMMETRY OF

MONOCLINIC VISCOELASTIC MEDIA

The simplest case of viscoelastic anisotropic media, which

allows for the expression of all equations discussed previously

in a simple analytical form, corresponds to the SH plane waves

propagating in a symmetry plane RS of monoclinic viscoelastic

media. These equations may also be used in planes of symmetry

of hexagonal or orthorhombic media, and, of course, in isotropic

media. We assume that the plane RS corresponds to the Carte-

sian coordinate plane ðx1; x3Þ, and that the vectors n and m are

Figure 3. Variations with propagation angle i of the phase velocity
C (top) and the attenuation angle c (bottom) of inhomogeneous P or
S plane waves in isotropic viscoelastic medium with complex
velocity V2 ¼ 11:25 1� i=10ð Þ, using mixed specification. The col-
ored curves correspond to selected D, D ¼ 1 — black, D ¼ 0:1 —
red, D ¼ 0:01 — green, and D ¼ 0:001 — blue. The phase-
velocity curves coincide effectively for D ¼ 0:001 and D ¼ 0:01
and correspond to the phase-velocity curve of a homogeneous
wave. The c curve for D ¼ 1 coincides effectively with the c curve
for D!1. The black curve thus represents the boundary attenua-
tion angle c� ¼ 90�.
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given by equations 29, i.e., these vectors, and the slowness vec-

tor as well, are situated in the plane ðx1; x3Þ. The constraint rela-

tion (equation 6) then factorizes into two polynomial equations,

one of the fourth, the other of the second degree. The latter

equation is the equation for plane SH waves, polarized in the

direction perpendicular to RS. The equation reads

A66p2
1 þ A44p2

3 þ 2A46p1p3 ¼ 1: (36)

Here A66, A44, and A46 are the complex-valued density-normal-

ized viscoelastic moduli in Voigt notation. Inserting the expres-

sion for p in the mixed specification from equation equation 7

into equation 36, we obtain a quadratic equation for r, which

has two complex-valued roots r1;2:

r1;2 ¼ �iDK=C226

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=C22 þ D2D=C2

22

q
; (37)

where

C22 ¼ A66n2
1 þ A44n2

3 þ 2A46n1n3;

K ¼ ðA66 � A44Þn1n3 þ A46ðn2
3 � n2

1Þ;

D ¼ A44A66 � A2
46: (38)

Using equations 11, we can then compute the propagation vector P,

the attenuation vector A, the phase velocity C, and the attenuation

angle c. For r ¼ r1, we obtain these quantities for plane waves prop-

agating in the positive n direction; for r ¼ r2, we obtain them for

plane waves propagating in the negative n direction.

Alternatively, for D 6¼ 0 we can use relation 13 in equation

37 to compute w. For w1;2 we obtain:

w1;2 ¼ �iK=C22 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ðD2C22Þ þ D=C2

22

q
: (39)

Using equation 39 in equations 16, we can calculate the phase

velocity C and the attenuation angle c.

For D! 61, the boundary values of w1;2 are obtained from

equation 39 as

w�1;2 ¼ �iK=C22 6

ffiffiffiffiffiffiffiffiffiffiffiffiffi
D=C2

22

q
: (40)

The boundary phase velocity C� is zero and the boundary attenua-

tion angles c�1 and c�2 are given by equation 18 in terms of Im w�1;2.

For weakly dissipative media, we can approximate the den-

sity-normalized viscoelastic moduli A44, A46, and A66 by their

real parts AR
44, AR

46, and AR
66. Quantities defined in equations 38

are then real valued and equation 40 can be used for an estimate

of Im w�1;2:

Im w�1;2 ¼
: �KR=CR

22: (41)

Here KR ¼ ðAR
66 � AR

44Þn1n3 þ AR
46ðn2

3 � n2
1Þ and CR

22 ¼ AR
66n2

1

þ AR
44n2

3 þ 2AR
46n1n3. Inserting equation 41 into equation 18, an

approximate formula for computing the boundary attenuation

angle is obtained:

c�1;2 ¼
:

arccos ���w
KR=CR

22

½ðKR=CR
22Þ

2 þ 1�1=2

( )
: (42)

Equation 42 gives an “evanescent wave approximation" for c�1;2.

Note that the evanescent wave approximation does not depend on

the dissipative properties of the medium. Consequently, the

boundary attenuation angles that differ from 90� are typically the

effect of anisotropy, not of dissipation.

Now we shall present several numerical examples. Four

models of viscoelastic anisotropic media used in the following

tests are derived from the model used by Carcione and Cavallini

(1995). We consider SH-wave propagation in a symmetry plane

of a monoclinic medium, described by the three complex-valued

density-normalized viscoelastic moduli: A44 ¼ AR
44 � iAI

44, A66

¼ AR
66 � iAI

66, A46 ¼ AR
46 � iAI

46. In the following tests, we form

models by independently varying real and imaginary parts of

these density-normalized viscoelastic moduli. These parts are

given in Table 1. They have dimensions of ðkm=sÞ2. From the

left part of Table 1 we can see that anisotropy of the model R1

is rather strong. Anisotropy of models R2, R3, and R4 succes-

sively decreases. The model R4 is isotropic. Similarly, from the

right part of Table 1, we can see that dissipation of the model

I1 is rather strong. Dissipation of models I1, I2, and I3 succes-

sively decreases. The model with imaginary parts I4 is perfectly

elastic. Consequently, the model R4I4 corresponds to the per-

fectly elastic isotropic medium.

In the following figures we show behaviors of attenuation

angles c, boundary attenuation angles c�, and phase velocities C
as a function of either the inhomogeneity parameter D or the

propagation angle i. The propagation angle i was defined by

equation 29. All plots contain colored curves corresponding to

different choices of D or model parameters.

Figures 4 and 5 show dependence of the attenuation angle c (bot-

tom) and the phase velocity C (top) on the inhomogeneity factor D,

for propagation angles i ¼ 45� (Figure 4) and i ¼ 135� (Figure 5).

Individual curves correspond to different strengths of dissipation in

the medium. The black curves correspond to the model with the

strongest dissipation (R1I1), red to R1I2, green to R1I3, and blue to

perfectly elastic model R1I4. Model R1 with strongest anisotropy

is considered. An important characteristic in both figures is that c
and C are nonsymmetric with respect to D ¼ 0. The plots of the

attenuation angle c show important relations between two parame-

ters used for the specification of inhomogeneity of plane waves, c
and D. We can see that c varies strongly with jDj when inhomoge-

neity of the wave is weak. The interval in which c strongly varies

with jDj is narrower the weaker the dissipation of the medium. For

a perfectly elastic medium, the interval shrinks to zero. The attenu-

ation angle c varies only a little with varying jDj for strongly inho-

mogeneous waves. As D! 61, c! c�1;2. The boundary attenua-

tion angles c�1 and c�2 are different and generally differ from 90�.
The difference between c�1 and c�2 depends on the propagation angle

i. Compare Figures 4 and 5.

Let us test the accuracy of the evanescent wave approximation

given by equation 42 for the computation of boundary attenuation

Table 1. Specification of complex-valued density-normalized
viscoelastic moduli describing the SH-wave propagation in the
plane of symmetry of the monoclinic medium.

AR
44 AR

66 AR
46 KT

44 KT
66 KT

46

Rl 5 11.5 2.5 I1 1 1.125 0

R2 6.625 9.875 1.25 I2 0.5 0.5625 0

R3 7.4375 9.0625 0.625 I3 0.25 0.28125 0

R4 8.25 8.25 0 I4 0 0 0

WA57Boundary attenuation angles

Downloaded 24 May 2011 to 62.141.19.33. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



angles c�1;2. We consider i ¼ 135�, corresponding to Figure 5. In

this case, the evanescent wave approximation given by equation

42 yields c�1 ¼ 60; 9� and c�2 ¼ 119; 1�. This corresponds very

well to the boundary attenuation angles shown in Figure 5.

The phase velocity depends on changes of dissipation only

weakly. This is expected because the phase velocity is con-

trolled mostly by the real parts of density-normalized visco-

elastic moduli and depends only weakly on their imaginary

parts. As D! 61, C ! 0. Also of importance is the shift of

the maxima of phase velocities from D ¼ 0, which means that

maximum phase velocities are associated with inhomogeneous

waves, not with homogeneous waves. This is different when

compared to isotropic media, where the maximum phase veloc-

ity is always associated with the homogeneous plane wave.

In Figures 6 and 7, we show again the attenuation angle c (bot-

tom) and the phase velocity C (top), but now as functions of prop-

agation angle i for D > 0 (Figure 6) and D < 0 (Figure 7). The

results are shown for the model R1I2 (see Table 1), i.e., for strong

anisotropy and relatively strong dissipation. Individual curves in

Figures 6 and 7 are calculated for jDj ¼ 10 — black, jDj ¼ 1 —

red, jDj ¼ 0:03 — green, and jDj ¼ 0:01 — blue. We can clearly

see angular dependence of attenuation angles as well as of phase

velocities. In the plot of the attenuation angles we can see the

rapid increase of values of c for a small change of jDj when the

inhomogeneity of waves is weak (blue and green curves). For

larger values of jDj, the c curves are practically identical (black

and red). A further increase of jDj would yield curves coinciding

effectively with the black and red curve. This means that the black

and red curves in Figures 6 and 7 can be considered as represent-

ing the boundary attenuation angles c�1;2.

The phase velocity of weakly inhomogeneous waves remains

practically the same (coinciding green and blue curves in the

upper plots of Figures 6 and 7). For larger values of jDj, the

phase velocities decrease, for jDj ¼ 10 (black curve) being neg-

ligibly small. While behavior of phase velocities is practically

identical for positive and negative D, the behavior of the attenu-

ation angles c differs considerably.

In Figure 8, we study the effects of changing anisotropy (real

parts of density-normalized viscoelastic moduli) on the bound-

ary attenuation angle c� (bottom) and the phase velocity C (top).

Figure 5. Variations with D of the phase velocity C (top) and the
attenuation angle c (bottom) of inhomogeneous SH plane waves
in symmetry planes of viscoelastic monoclinic media using mixed
specification. The colored curves correspond to models with
strongest anisotropy and varying dissipation, black — red —
R1I2, green — R1I3, and blue — R1I4 (perfectly elastic); see
Table 1. The propagation angle i ¼ 135�.

Figure 6. Variations with propagation angle of the phase velocity
C (top) and the attenuation angle c (bottom) of inhomogeneous
SH plane waves in symmetry planes of the viscoelastic mono-
clinic medium R1I2 (see Table 1) using mixed specification. The
colored curves correspond to varying D, D ¼ 10 — black, D ¼ 1
— red, D ¼ 0:03 — green, and D ¼ 0:01 — blue. The phase-
velocity curves coincide effectively for D ¼ 0:01 and D ¼ 0:03
and correspond to the phase-velocity curve of a homogeneous
wave. The c curves coincide effectively for D ¼ 1 and D ¼ 10
and correspond to the c curve of D!1. The red curve thus rep-
resents the boundary attenuation angle c�.

Figure 4. Variations with D of the phase velocity C (top) and the
attenuation angle c (bottom) of inhomogeneous SH plane waves
in symmetry planes of viscoelastic monoclinic media using mixed
specification. The colored curves correspond to models with
strongest anisotropy and varying dissipation, black — R1I1, red
— R1I2, green — R1I3, and blue — R1I4 (perfectly elastic); see
Table 1. The propagation angle i ¼ 45�.
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Downloaded 24 May 2011 to 62.141.19.33. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



The colored curves in Figure 8 correspond to the model R1I1

— black, R2I1 — red, R3I1 green, and R4I1 (isotropic) —

blue. The C curves are plotted for D ¼ 0:02, the c� curves are

independent of D. We can see that changing strength of anisot-

ropy has a pronounced effect on the boundary attenuation angle

as well as the phase velocity. As the strength of anisotropy

increases, the intensity of variations of C and c� with respect to

the propagation angle i increases too.

In comparison with anisotropy, the effect of dissipation

(imaginary parts of density-normalized viscoelastic moduli) on

the boundary attenuation angle c� and the phase velocity C is

negligible. This is shown in Figure 9, in the case of phase

velocities (top) for D ¼ 0:02. The c� curves are again independ-

ent of D. The colored curves in Figure 9 correspond to the

model R1I1 — black, R1I2 — red, R1I3 — green, and R1I4

(perfectly elastic) — blue. We can see that the boundary attenu-

ation angles of inhomogeneous plane waves propagating in dis-

sipative media do not differ much from the boundary attenuation

angles of evanescent plane waves. This indicates the approxi-

mate applicability of the “evanescent wave approximation" (see

equation 42), for the estimation of c�1;2.

Figure 10 illustrates the phenomenon of forbidden directions.

In contrast to previous figures, the directional specification of

the slowness vector is used in Figure 10 instead of the mixed

specification. In this case, the attenuation angles c (bottom) are

not computed, but chosen. Four angles c are considered (see the

horizontal lines in the bottom plot of Figure 10), c ¼ 25� —

black, c ¼ 58� — red, c ¼ 62� — green, and c ¼ 66� — blue.

The oscillating blue curve in the same plot is the boundary

attenuation angle c� calculated by the mixed specification of the

slowness vector. The curves in the upper plot represent squares

of the phase velocities calculated by directional specification of

the slowness vector for the four considered values of c. We can

see that except for the black curve ð25�Þ, the curves are dis-

torted between propagation angles 90� and 180�, and 270� and

360�. The green and blue c curves (62� and 66�) intersect zero,

the corresponding squares of phase velocity thus becoming neg-

ative. Carcione and Cavallini (1995) called this phenomenon

forbidden directions; see also Krebes and Le (1994) and Car-

cione (2007). In the mentioned intervals of the propagation

angles, blue and green lines corresponding to c ¼ 62� and 66�

intersect the curve representing the boundary attenuation angle

Figure 7. Variations with propagation angle of the phase velocity
C (top) and the attenuation angle c (bottom) of inhomogeneous
SH plane waves in symmetry planes of the viscoelastic mono-
clinic medium R1I2 (see Table 1) using mixed specification. The
colored curves correspond to negative values of D, D ¼ �10 —
black, D ¼ �1 — red, D ¼ �0:03 — green, and D ¼ �0:01 —
blue. Variation of c and c� with propagation angle has a different
character than in Fig. 6.

Figure 8. Effects of anisotropy on the phase velocity C (top) and
the boundary attenuation angle c� (bottom) of inhomogeneous SH
plane waves in symmetry planes of viscoelastic monoclinic media
using mixed specification. The C curves are plotted for D ¼ 0:2;
the c� curve does not depend on D. The colored curves correspond
to models with strongest dissipation and decreasing anisotropy,
black — R1I1, red — R2I1, green — R3I1, and blue — R4I1 (iso-
tropic); see Table 1.

Figure 9. Effects of dissipation on the phase velocity C (top) and
the boundary attenuation angle c� (bottom) of inhomogeneous SH
plane waves in symmetry planes of viscoelastic monoclinic media
using mixed specification. The C curves are plotted for D ¼ 0:2,
the c� curve does not depend on D. The colored curves correspond
to models with strongest anisotropy and decreasing dissipation,
black — R1I1, red — R1I2, green — R1I3, and blue — R1I4
(perfectly elastic); see Table 1.
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c� and enter the region c > c�, in which the attenuation angles

should not be chosen. When c ¼ c�, the phase velocity is zero,

and for c > c� the phase velocity C is complex-valued. It should,

however, be emphasized that the phase velocity C behaves

anomalously not only for c > c�, but also for c < c�, for which

c 	 c�. All this indicates that the use of the attenuation angle c
as a parameter, which can be freely chosen when specifying the

slowness vector, is not desirable. The above situation can be

avoided if the mixed specification of the slowness vector is

used. The mixed specification yields automatically only angles

c, which always satisfy c � c�.

ENERGY-ATTENUATION ANGLE

AND ENERGY ANGLE

In anisotropic viscoelastic media, an important role is played

by the time-harmonic, complex valued energy flux vector, also

called the complex-valued Poynting vector. The real part of it

represents the time-averaged energy flux vector S. The direction

of S corresponds to the direction of the ray. Suitable expressions

for the time-averaged energy-flux vector S are given in �Cervený

and Pšenčı́k (2006). They are valid for anisotropic or isotropic,

viscoelastic or perfectly elastic media. Here we are interested in

the nonoriented and nonnegative angle cen between the energy

flux vector S and the attenuation vector A, called the energy-

attenuation angle. We define it by the relation

cos cen ¼ A � S=jAjjSj: (43)

It was shown by �Cervený and Pšenčı́k (2006) that cos cen is

always nonnegative,

cos cen ¼
1

2
Wd=jAjjSj � 0: (44)

Here Wd � 0 is the time-averaged dissipated energy density.

The inhomogeneous plane wave, for which S and A are parallel

ðcen ¼ 0�Þ, is called the intrinsic inhomogeneous plane wave

(Deschamps and Assouline, 2000). It is of interest to note that

the attenuation is minimal for an intrinsic inhomogeneous plane

wave, not for a homogeneous wave.

In Figure 11, we show the plots of the energy-attenuation

angle cen for the models used for plots of the attenuation angle

c and the phase velocity C in Figure 5. Note that for SH waves

propagating in a plane of symmetry of a monoclinic viscoelastic

medium, the time-averaged energy-flux vector S is also situated

in the plane of symmetry. This is, of course, not true generally.

For general anisotropy, the vector S may point out of the propa-

gation-attenuation plane. There are several important differences

between plots of the energy-attenuation angle cen, shown in Fig-

ure 11, and plots of the attenuation angle c, shown in Figure 5.

First, the energy-attenuation angle cen never exceeds 90�. This

clearly explains the variability of the boundary attenuation angle

c� in anisotropic dissipative media. As the boundary energy-

attenuation angle c�en is always 90�, the attenuation vector A is

perpendicular to the energy-flux vector S for cen ¼ c�en. How-

ever, the direction of the vector S is generally different from the

direction of the propagation vector P. Consequently, the relevant

attenuation vector A, perpendicular to the vector S, cannot be

simultaneously perpendicular to the propagation vector P, and

thus c� must be different from 90�. This also implies that the

amplitudes never increase exponentially in the direction of

energy flux, but they may increase exponentially in the direction

of the propagation vector P (�Cervený and Pšenčı́k, 2006). Sec-

ond, the energy-attenuation angle cen, as a function of the inho-

mogeneity parameter D, vanishes for D ¼ Datt, where Datt 6¼ 0

generally. This inhomogeneity parameter Datt corresponds to the

intrinsic inhomogeneous wave. Third, for D ¼ 0, the energy-

attenuation angles cen in Figure 11 are the same for all three

models R1I1, R1I2, and R1I3 (with an accuracy of the curve

thickness). Thus, the energy-attenuation angle for D ¼ 0,

cenðD ¼ 0Þ, can be used to estimate the boundary attenuation

angles c�1;2: c�1;2 ¼ 90�6cenðD ¼ 0Þ. In fact, cenðD ¼ 0Þ repre-

sents an angle between energy-flux vector S and the propagation

vector P because P k A for D ¼ 0. This can be shown in Fig-

ures 5 and 11. Figure 11 shows that cenðD ¼ 0Þ 	 29� so that

c�1 	 61� and c�2 	 119� (see Figure 5).

Figure 10. Variations with propagation angle i of the squares of
the phase velocity C (top) of inhomogeneous SH plane waves in
symmetry planes of viscoelastic monoclinic media, calculated by
directional specification. The attenuation angles c in the bottom
plot, independent of i ( c ¼ 25� — black, c ¼ 58� — red, c ¼ 62�

— green, and c ¼ 66� — blue) are the attenuation angles, for
which C2 in the upper plot are calculated. The oscillating blue
curve in the bottom plot is the boundary attenuation angle c� cal-
culated by mixed specification. Note that green and blue C2 curves
intersect zero, defining thus forbidden directions. The forbidden
directions in the top plot correspond to the regions where c > c�
in the bottom plot.

Figure 11. Variations with D �0:03 � D � 0:03ð Þ of energy-
attenuation angle cen (degrees) of the SH inhomogeneous=homoge-
neous plane waves. The colored curves correspond to models with
strongest anisotropy and varying dissipation, black — R1I1, red —
R1I2, green — R1I3, and blue — R1I4 (perfectly elastic); see
Table 1. Propagation angle i ¼ 135�.
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The most straightforward estimate of the difference between

the boundary attenuation angle c� and 90�, can be obtained

from the energy angle ien (�Cervený and Pšenčı́k, 2006):

cos ien ¼ P � S=jPjjSj: (45)

The angle ien between P and S is the angle by which c� differs

from 90�. Obviously ien ¼ cenðD ¼ 0Þ and we can estimate the

boundary attenuation angles using the relation:

c�1;2 ¼ 90�6ien: (46)

Because ien ¼ cenðD ¼ 0Þ, we have ien 	 29� in Figure 11.

CONCLUSIONS

Most of the expressions derived in this paper are exact and

valid for inhomogeneous and homogeneous plane waves, propa-

gating in homogeneous isotropic or anisotropic, viscoelastic or

perfectly elastic media. Thus, they are valid, without any

change, even for evanescent waves, propagating in perfectly

elastic media. They allow us to compute the propagation and

attenuation vectors P and A, the phase velocity C, the attenua-

tion angle c, and the boundary attenuation angle c�. The formu-

lae make possible a smooth and continuous transition from

inhomogeneous plane waves propagating in weakly dissipative

anisotropic media to evanescent waves propagating in perfectly

elastic anisotropic media.

It is shown that the choice of the attenuation angle c as a free

parameter of inhomogeneous plane waves is not suitable. In ani-

sotropic viscoelastic media, it may yield the phenomenon of for-

bidden directions, for which the square of the phase velocity is

negative. Inaccurate results for the phase velocity are, however,

obtained not only in the forbidden direction region (for c > c�),
but also for c < c� with c 	 c�. In isotropic media, the cases of

perfectly elastic and viscoelastic media must be treated sepa-

rately. The separate treatment leads to the conclusion that the

plane waves with the attenuation angle 90� cannot propagate in

viscoelastic media, but can propagate in perfectly elastic media.

The choice of the mixed specification of the slowness vector, in

which the inhomogeneity parameter D is used to control the

inhomogeneity of the plane wave under consideration (and not

the attenuation angle c), avoids all these problems. We show

that the plane waves propagating in viscoelastic or perfectly

elastic media can be treated by the same universal algorithm,

and that the plane wave always represents a nonpropagating

mode ðC ¼ 0Þ for the boundary attenuation angle c� ¼ 90�.
The boundary attenuation angle c� in isotropic media is

always 90�, independent of viscoelastic moduli and of the choice

of vectors n and m. In anisotropic viscoelastic media, however,

the situation is different. The boundary attenuation angle c� may

be greater than, equal to, or less than 90�. It depends on the

viscoelastic moduli (mostly on their real parts) and on the choice

of vectors n and m. For fixed orientation of the vector m and

fixed D, it is different for inhomogeneous plane waves propagat-

ing in the positive and negative n direction.

The phase velocity C of an inhomogeneous plane wave propa-

gating in an isotropic viscoelastic medium depends on the inho-

mogeneity parameter D. It is always less than the phase velocity

of the homogeneous plane wave ðD ¼ 0Þ propagating in the

same medium. It is the same for the wave propagating in the

positive and negative n directions. In anisotropic viscoelastic

media, however, the phase velocity of an inhomogeneous plane

wave may be greater than the phase velocity of the relevant ho-

mogeneous plane wave. The phase velocity C is different for the

plane waves propagating in the positive and negative n direc-

tion. In isotropic and anisotropic viscoelastic media, the phase

velocity decreases from its maximum value and approaches zero

for D! 61. Thus, the plane wave loses the character of a

propagating wave for D! 61.

It was shown that the deviations of boundary attenuation

angles from 90� are caused by the deviations of energy-flux vec-

tors from propagation vectors in anisotropic media. Maximum

deviation of attenuation vector A from the energy-flux vector S

is 90�. But the deviation of the attenuation vector A from the

propagation vector P may be less or greater than 90�.
This paper addresses only plane waves propagating in homo-

geneous media. The waves generated by point sources in homo-

geneous viscoelastic media are not considered here. The waves

generated by point sources are always homogeneous in homoge-

neous isotropic viscoelastic media, but may be inhomogeneous

in homogeneous anisotropic viscoelastic media.

For inhomogeneous anisotropic viscoelastic media, the equa-

tions for plane waves propagating in homogeneous media may be

applied only locally, for high-frequency seismic waves. Moreover,

these equations are only approximate. Gajewski and Pšenčı́k

(1992) used an approach based on a modification of the ray-series

method to compute high-frequency seismic body waves propagat-

ing in inhomogeneous anisotropic weakly dissipative media, in

which the dissipation is considered as a perturbation. It follows

from their treatment that the attenuation coefficient along the ray

is independent of the attenuation angle c, at least in the first-order

approximation. Ray perturbation theory gives an analogous result

(�Cervený, 2001, section 5.5.3). For more detailed discussions see

also �Cervený and Pšenčı́k (2008), and Behura and Tsvankin

(2009). A powerful method to investigate the properties of high-

frequency seismic body waves propagating in an inhomogeneous

anisotropic dissipative media is based on the so-called perturba-
tion Hamiltonians (�Cervený and Pšenčı́k, 2009). The latter paper

also presents many other relevant references.
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�Cervený, V., and I. Pšenčı́k, 2008, Quality factor Q in dissipative
anisotropic media: Geophysics, 73, no. 4, T63–T75, doi:10.1190/
1.2937173.
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