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Summary 

Study of the SH-wave reflection and transmission coefficients in attenuative media using 

perturbation approach (Weak Attenuation Concept - WAC) is conducted. It shows that 

differences in respect to the elastic reference have greatest magnitude for angles close to the 

critical incidence in the reference elastic medium. In this region, value of the modulus of the 

coefficient is reduced. For majority of models, these regions cannot be studied with the use of 

WAC only inside narrow interval close the critical angle (±2 degrees), where the results are 

influenced by singularity of the WAC formulas. Smaller deviations are encountered in the 

vicinity of the Brewster angle, where in anelastic case reflection coefficient is not equal to 

zero. Effects of changes of attenuation, density and velocity of the medium on calculated 

coefficients are studied. Tests indicate that contrast in quality factors between layers 

contributes most to the differences in respect to elastic reference. Furthermore, changes in 

velocity have particularly interesting results. With higher contrast in velocities between 

layers, the difference at the Brewster angle is increasing, but in the vicinity of critical angle is 

decreasing. Investigation of effects of inhomogeneity of the slowness vector of the incident 

wave and tests of accuracy of the approximation are included in the study. 

1.  Introduction 

Pšenčík & Wcisło (2018) provide simple expressions for reflection and transmission 

(R/T) coefficients that are based on the perturbation approach and as demonstrated, work even 

for relatively high attenuation. In this study we concentrate on testing the anelastic reflection 

and transmission coefficients using various models with different values of Q factor, density 

and velocity. Previous studies (eg.  Daley & Krebes,  2015, Ursin et al., 2017) have shown 

that the anelasticity results in the biggest differences in respect to elastic reference in the 

vicinity of the critical angle. Formulas of Pšenčík & Wcisło fail in the vicinity of the critical 

angle; nevertheless we will show that the error caused by the existing singularity is not 

significant outside of the interval ±2 deg from the critical angle for  majority  of  models. This 
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realization allows us to focus on broader region close to the critical angle where the effect of 

the attenuation is still significant and the approximation works reasonably well. Another 

object of interest is Brewster angle where the effect of anelasticity is noticeable as well.  

 

 

2.  SH- Reflection and transmission coefficients in Weak Attenuation Concept 

To test the influence of different values of density, velocity, attenuation and their 

contrasts between layers we will use perturbation approach presented by Pšenčík and Wcisło 

(2018). For reflection coefficient the formulae has a form: 
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and analogously for transmission coefficient: 
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where P is propagation vector, A is attenuation vector both of which are sub-vectors of the 

slowness vector. N is unit vector normal to the interface. For the subcritical incidence, the 

slowness vector of the incident wave assumes a form: 

               
 

 
  

              [3] 

where D is the inhomogeneity factor and mi is an unit vector perpendicular to the propagation 

vector situated in the plane formed by N and P. Inhomogeneity of the slowness vector can be 

described as well using so called inhomogeneity angle γ. Example of inhomogeneous 

slowness vector is shown in Figure 1.  In case the inhomogeneity factor (angle) is equal 0 

(both propagation and attenuation vectors point in the same direction) the wave is called 

homogeneous.  

 

 

Fig. 1. Illustration of inhomogeneous slowness vector  
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Given that the slowness vector at the interface needs to satisfy relations resulting from the 

approximate complex valued eikonal equation and Snell’s law for the complex valued 

slowness vector, propagation and attenuation vectors for transmitted wave are of more 

complicated form. For the subcritical incidence: 

 

Propagation vector: 
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Attenuation vector: 
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where, p is ray parameter. Propagation vector is of the first order while attenuation vector is 

of the second order. Quantity Ƶ determines the orientation of the attenuation vector for the 

subcritical incidence. If Ƶ is positive, the attenuation vector points to the medium the wave is 

propagating into, otherwise attenuation vector points back to the medium the wave is 

propagating from. It means that attenuation vector is not necessarily pointing towards the 

same medium as the propagation vector. For overcritical incidence, the propagation and 

attenuation vectors have following form: 

 

Propagation vector: 

  
   

        
         

    
   

 

        
                [6] 

 
    

 

 
    

   

    
       

       
   



138 
 

Attenuation vector: 
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In case of over critical incidence both propagation and attenuation vectors are of first order. It 

means that in the overcritical region the attenuation vector may be of similar magnitude as the 

propagation vector (unlike for the subcritical incidence). Quantity Ƶ affects propagation 

vector and this vector for different angles of incidence may point to the first or second 

medium. 

 

Majority of tests are performed using realistic values of Q factor which are within the 

lower range of Q’s that are found within Earth’s crust (<100), but also within the range of 

applicability of weak attenuation concept (WAC) as determined by Gajewski & Pšenčík 

(1991) for applications within layers (Q>50). QSH<50 are mainly found for rocks consisting 

medium near to the surface. Unless stated otherwise, we will be working with homogeneous 

incident waves. 

 

 

3.  General tests 

 

First tests that we perform include 3 models with general differences between properties 

of layers. The first layer is the same in each model and has β1=2.0 km/s, ρ1=2.0 g/cm
3
 and 

Q1=50, Second layer in each case is characterized by higher seismic impedance and Q - as 

usually harder rocks are less attenuative (Helle et al. 2004; Barton 2007). The contrast 

between properties of layers is increasing for consecutive models. Second layers have 

following parameters: β2=2.5 km/s, ρ2=2.25 g/cm
3
, Q2=75 in the first case; β 2=3.0 km/s, 

ρ2=2.5 g/cm
3
, Q2=100 in the second case and β2= 3.5km/s, ρ2=2.75 g/cm

3
, Q2=125. Obtained 

values of R/T coefficients are compared with results for reference elastic medium. Figures 2, 

3 and 4 show real and imaginary parts of the reflection coefficient along with representation 

of coefficient as modulus and phase. Figures 5, 6 and 7 show results for transmission 

coefficients.    
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Fig. 2. a) Real parts of reflection coefficient calculated for model with β1=2.0, ρ1=2.0, Q1=50 and β2=2.5, 

ρ2=2.25, Q2=75 along with curve representing reference elastic model, b) imaginary parts of reflection 

coefficient, c) moduli of reflection coefficient, d) phases of reflection coefficient, e) difference between modulus 

of elastic reference model and modulus calculated using WAC. 
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Fig. 3. a) Real parts of reflection coefficient calculated for model with β1=2.0, ρ1=2.0, Q1=50, and β2=3.0 ρ2=2.5, 

Q2=100 along with curve representing reference elastic model, b) imaginary parts of reflection coefficient, c) 

moduli of reflection coefficient, d) phases of reflection coefficient, e) difference between modulus of elastic 

reference model and modulus calculated using WAC. 
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Fig. 4. a) Real parts of reflection coefficient calculated for model with β1=2.0, ρ1=2.0, Q1=50, and β2=3.5 

ρ2=2.75, Q2=125 along with curve representing reference elastic model, b) imaginary parts of reflection 

coefficient, c) moduli of reflection coefficient, d) phase of reflection coefficient, e) difference between modulus 

of elastic reference model and modulus calculated using WAC. 
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Fig. 5. a) Real parts of transmission coefficient calculated for model with β1=2.0, ρ1=2.0, Q1=50, and β2=2.5, 

ρ2=2.25, Q2=75 along with curve representing reference elastic model, b) imaginary parts of transmission 

coefficient, c) moduli of transmission coefficient, d) phases of transmission coefficient, e) difference between 

modulus of elastic reference model and modulus calculated using WAC. 
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Fig. 6. a) Real part of transmission coefficients calculated for model with β1=2.0, ρ1=2.0, Q1=50 and β2=3.0, 

ρ2=2.5, Q2=100 along with curve representing reference elastic model, b) imaginary parts of transmission 

coefficient, c) moduli of transmission coefficient, d) phases of transmission coefficient, e) difference between 

modulus of elastic reference model and modulus calculated using WAC. 
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Fig. 7. a) Real parts of transmission coefficient calculated for model with β1=2.0, ρ1=2.0, Q1=50 and β2=3.5, 

ρ2=2.75, Q2=125 along with curve representing reference elastic model, b) imaginary parts of transmission 

coefficient, c) moduli of transmission coefficient, d) phases of transmission coefficient, e) difference between 

modulus of elastic reference model and modulus calculated using WAC. 
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We can note that the reflection coefficients calculated using WAC, are not particularly 

different in case of the subcritical incidence if we compare them to the elastic reference. The 

main difference is present in the vicinity of Brewster angle, where for the WAC coefficients 

the modulus is not equal to zero because of non-zero imaginary part. In the case of phase, at 

the Brewster angle, elastic coefficient implies discontinuity, with phase jumping from +-180 

degrees to 0. In case of WAC the change is continuous, although still quick. The phase itself 

does not reach zero value. In the close vicinity of the critical angle, perturbation approach 

fails, although it should not be of high concern as the ray method does not work properly in 

this region as well. The difference between the WAC and elastic modulus is significantly 

higher for the overcritical incidence. Discarding values in close vicinity of the critical angle (± 

2 degrees), which are affected by the singularity, the difference in respect to the elastic moduli 

may be above 0.1 further in this region The difference for higher incident angles decreases 

and reflection coefficient calculated using WAC is close to elastic. For overcritical incidence 

the difference in calculated phases is small as both imaginary and real values are of the first 

order. The ratio of their magnitudes is not strongly affected by perturbation in this situation. 

  

In case of transmission coefficients, the difference is visible only in the vicinity of the 

critical angle of the elastic reference as in case of transmission there is no region with 

behavior similar to vicinity of reflection’s Brewster angle. The modulus of anelastic 

coefficient does not reach maximum value of two at the critical incidence as it does for elastic 

reference. The magnitude of difference is similar to one observed for reflection coefficient 

and analogously decreases as we move further away the critical incidence. 

 

Figures 8 and 9 show differences between modulus of elastic and anelastic R/T 

coefficients for all three models.  Figure 8 includes subcritical incidence and Figure 9 

overcritical incidence. It allows us to better compare effect of attenuation for all three models. 

For model with highest contrast between layers, in case of subcritical incidence the difference 

between elastic and WAC modulus is the most pronounced. Model with smallest contrast 

results in lowest difference. In case of overcritical incidence this relationship is not 

straightforward. Initially for interval of 3-4 degrees the difference is higher for model with 

greatest contrast. Further above the critical angle it is the model which has the smallest 

contrast that has the most pronounced difference. Nevertheless, we need to remember that the 

close vicinity of the critical incidence is influenced by the presence of the singularity of the 

WAC formulas. In order to check if the described behavior is just the artifact of the method, 

in  the  study  there  will  be  included  a  benchmark  with  independent  method. Namely 

there will be shown a comparison with results of Brokešová and Červený (1998). 

 

Calculation of R/T coefficients implies multiplication and division of quantities 

describing density, seismic velocity and seismic attenuation. Variations of each of those 

components have effect on calculated coefficient. Therefore, in further parts of the text we 

should investigate effect of isolated variations of each of those single parameters on the R/T 

coefficients calculated using perturbation approach. It shall help us in understanding when 

reflection and transmission coefficients differ most from the elastic reference. 
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Fig. 8. a) the differences in the reflection coefficient for angles below the critical one, between the results for the 

elastic references and those obtained using WAC for models with β1=2.0, ρ1=2.0, Q1=50 and different properties 

of the second layer, b) differences for transmission coefficient. 

 

 

Fig. 9. a) the differences in the reflection coefficient for angles below the critical one, between the results for the 

elastic references and those obtained using WAC for models with β1=2.0, ρ1=2.0, Q1=50 with different properties 

of the second layer, b) differences for transmission coefficient. 
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4.  Reflection and Transmission coefficients for varying Q factor 

As it is the attenuation that is causing the perturbation of the elastic reference case we 

may guess that it is the strength of the damping or its contrast between layers that shall have 

the crucial effect on difference between elastic reference and anelastic R/T coefficients. To 

investigate effects of changing Q we compute models with values of velocity and density 

being constant and the Q factor for the second layer changing. The first layer is characterized 

by β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50, second layer is defined with β2=2.5 km/s, ρ2=2.25 

g/cm
3
 which make the model corresponding to the one shown in Figures 2 and 5. The Q factor 

of the second layer changes and is equal 25, 50, 75, 100, 125 for 5 consecutive models. Real, 

imaginary parts of the coefficients as well as their modulus and phase for all 5 anelastic + 

reference elastic model are shown in Figure 10 (reflection) and 11 (transmission). 

Fig. 10. a) real parts of the reflection coefficient for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second 

layer characterized by β2=2.5 km/s, ρ2=2.25 g/cm
3
 and 5 different Q2 values, along with the curve illustrating 

reference elastic model, b) imaginary parts of reflection coefficient, c) moduli of reflection coefficient, d) phases 

of reflection coefficient. 
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Fig. 11. a) real parts of the transmission coefficient for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and 

second layer characterized by β2=2.5 km/s, ρ2=2.25 g/cm
3
 and 5 different Q2 values, along with the curve 

illustrating reference elastic model, b) imaginary parts of reflection coefficient, c) moduli of reflection 

coefficient, d) phases of reflection coefficient. 

We can see that for both: reflection as well as transmission coefficient, the influence of 

changing Q is for most incident angles small and therefore the curves nearly overlay each 

other. The significant deviation between curves is present at the vicinity of the critical angle. 

If we are dealing with Q values that are higher for the second layer, as a result of the influence 

of the attenuation, the maximum of the real part of the coefficient is below 1 (reflection) or 2 

(transmission) which are the maxima for the elastic reference (in case of presence of the 

critical angle). We can see that in the case of Q that is lower in the second layer the effect is 

opposite and implies increased maximum which leads to clearly incorrect results in the 

vicinity of the critical angle as the real value should not exceed stated size. Similar effect can 

be observed in case of imaginary part of the coefficient where for Q2=25 the minimum is 

below -1 which is the extreme for the elastic reference. It is worth to note that it happens only 

when the velocity of the second layer is faster, yet the layer is more attenuative which is not 

likely to occur. Differences between elastic and anelastic case in big part depend on the 

contrast between strength of attenuation between layers. It is important to note that the 

contrast should be considered in relation to the values of 1/Q as it is the inverse Q value that 
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that we use in WAC formulas for the R/T coefficients and analogously we integrate along the 

ray to calculate the effect of the attenuation on the wave propagation (Aki & Richards, 2002).  

This is the reason why Q2=25 (Q1
-1

-Q2
-1

=0.02) gives bigger discrepancy in respect to the 

elastic case than Q2=125 (Q1
-1

-Q2
-1

=0.012).  

To facilitate evaluation of the effect of attenuation and highlight differences between 

models, in Figures 12 and 13 we show the difference in values of modulus between the 

anelastic and elastic R/T coefficients. Figure 12 is showing values for subcritical incidence 

only, and Figure 13 is showing values for the overcritical incidence as the magnitude of 

differences varies for those two regions. In case of subcritical incidence the difference is 

present at the Brewster angle and increases with contrast between values of Q
-1

. Further 

discrepancy is present close to the critical angle - in case of transmission coefficient it is the 

only range of the incidence where the discrepancy is somehow significant. Nevertheless we 

need to remember about presence of the singularity at the critical incidence for coefficients 

calculated using WAC. To illustrate how big interval does not provide accurate coefficients, 

in Figures 14 and 15 we show difference between the exact approach of Brokešová and 

Červený (1998) and results obtained using WAC. We can see that for the subcritical incidence 

in the vicinity of the critical angle, the differences between the elastic reference and WAC and 

differences between the exact approach of Brokešová and Červený and WAC are of similar 

magnitude. Therefore results for 2-3.5 degrees (bigger interval if contrast in Q
-1

 is high) 

below the critical angle should be discarded as caused by the error of the method. For 

overcritical incidence the difference is the strongest in the vicinity of the critical angle and 

further decreases. For overcritical incidence the interval with inaccuracy is relatively small 

(again ~2 degrees for models Q2<Q1) comparing to the interval where differences between 

anelastic and elastic case are the most pronounced (~10deg). Therefore, general trends shown 

in Figures 12 and 13 are correct although in the direct vicinity of the critical angle they are 

exaggerated if WAC is applied.  

In case of overcritical incidence (for both,  transmission and reflection)  and example 

where the Q values are higher in the first layer while impedance in the first layer is smaller,  

results of the WAC are much worse and the curve converges to the proper values after ~25 

degrees. The interval that is providing improper results is therefore very broad. Nevertheless, 

we should remember that in the presented case the difference in Q2 values is very large. In 

further section of the paper we shall estimate range of angles where WAC cannot be applied 

in similar configuration for more realistic models. 

The special case where both layers have the same Q values gives the same results as in 

the reference elastic case for subcritical incidence. This agrees with predictions of Buchen 

(1971). Still, for overcritical incidence the discrepancy is present (although not big) and it is 

caused by inaccuracy of the perturbation approach. 

If we consider the R/T coefficient in respect to phases, the most interesting effects of 

anelasticity are visible between the vicinity of the Brewster angle and critical incidence. As 

previously noted for anelastic media Brewster Angle does not imply discontinuity for phase 

of reflection coefficient. The change becomes less sharp as we deal with stronger attenuation 

and with bigger contrast between layers. Further, the phase can approach zero from two sides. 

Either it approaches from the “negative” side and further stay negative until the 

criticalreflection (Q<50) or from the “positive” side and stay positive until critical 

angle(Q>50).    
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Fig. 12. a) differences between reference elastic reflection coefficient and coefficient calculated using WAC for 

models shown in Figure 10 – subcritical incidence, b) difference for transmission coefficient. 

 

Fig. 13. a) differences between reference elastic reflection coefficient and coefficient calculated using 

WAC for models shown in Figure 10 – overcritical incidence, b) difference for transmission coefficient. 
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Fig. 14. a) differences between anelastic reflection coefficient calculated with exact approach of  Brokešová and 

Červený (1998) and coefficient calculated using WAC for models shown in Figure 10  – subcritical incidence, 

reverberations of the curve are caused by different accuracy of computations for both methods,  b) difference for 

transmission coefficient. 

 

Fig. 15. a) differences between anelastic reflection coefficient calculated with exact approach of  Brokešová and 

Červený (1998) and coefficient calculated using WAC for models shown in Figure 10 – overcritical incidence, b) 

difference for transmission coefficient. 
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5.  Reflection and Transmission coefficients for varying densities 

In this part of the study we shall investigate effects of varying density on the R/T 

coefficients calculated using WAC. We work with properties of the first layer being the same 

as in the previous part (β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50). The second layer is characterized 

by β2=2.5 km/s, Q2=75 and varying values of ρ2 assuming 1.75, 2.00, 2.25, 2.50 and 2.75 

g/cm
3
 respectively. Real, imaginary parts of the coefficients as well as its modulus and phase 

for all 5 anelastic models are shown in Figure 16 (reflection) and 17 (transmission). We do 

not include in Figures curves showing reference elastic coefficients as they are different in 

each case and it would affect clarity of the graphs. Studied models have different values of 

imaginary and real part of elastic reference, therefore the interpretation of curves is not 

straightforward for this type of representation of coefficient’s values. Although, we can note 

that e.g. for both, reflection and transmission coefficients, maxima of real values depend on 

the difference in the density between first and the second layer. For elastic reference models  

Fig. 16. a) real parts of the reflection coefficient for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second 

layer characterized by β2=2.5 km/s, Q2=75 and 5 different ρ2 values, b) imaginary parts of reflection coefficient, 

c) moduli of reflection coefficient, d) phases of reflection coefficient. 
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they are the same (1-reflection, 2-transmission). For both reflection and transmission, 

maximum of the real parts of the coefficient grow if the density of the second layer decreases 

and get smaller if the density of the second layer gets higher. To be able to properly see the 

effect of anelasticity we need to compare calculated coefficients with elastic reference. Figure 

18 shows differences in modulus between elastic and anelastic coefficients for subcritical 

incidence. Figure 19 analogously illustrates differences for the overcritical incidence. We 

need to remember that the approximation fails in the vicinity of the critical angle, but it is 

worth to note that note, that the errors do not depend on the density of the second layer as 

illustrated in Figure 20 and 21.  

 

 

Fig. 17. a) real parts of the transmission coefficient for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and 

second layer characterized by β2=2.5 km/s, Q2=75 and 5 different ρ2 values, b) imaginary parts of transmission 

coefficient, c) moduli of transmission coefficient, d) phases of transmission coefficient. 
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Fig. 18. a) differences between reference elastic reflection coefficients and coefficients calculated using WAC 

for models shown in Figure 16 – subcritical incidence, b) difference between transmission coefficients. 

 

Fig. 19. a) differences between reference elastic reflection coefficient and coefficient calculated using WAC for 

models shown in Figure 16 – overcritical incidence, b) differences for transmission coefficient. 
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Fig. 20. a) differences between anelastic reflection coefficient calculated with exact approach of  Brokešová and 

Červený (1998) and  coefficient  calculated  using WAC for models shown in Figure 16 – subcritical incidence, 

reverberations of the curve are caused by different accuracy of computations for both methods,  b) differences 

for transmission coefficient. 

 

 

Fig. 21. a) differences between anelastic reflection coefficient calculated with exact approach of  Brokešová and 

Červený (1998) and coefficient calculated using WAC for models shown in Figure 16 – overcritical incidence,  

b) differences for transmission coefficient. 
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The differences for the overcritical incidence are of course much higher, although they do 

not behave in a simple way. Just above the critical incidence, higher densities result in 

stronger difference in comparison to the elastic case. It is important to emphasize that it is not 

caused by the error of the method close to the critical angle which is stable for all investigated 

models.  Further, for higher incident angles (in investigated case ~7.5 deg above the critical 

angle) the situation changes and it is small difference in density that results in the highest 

contrast to the reference elastic coefficient. Nevertheless, for those high angles, the difference 

in comparison to the reference is relatively small.  

Besides the vicinity of the critical angle, only minor differences are present for the 

subcritical incidence. The strength of the modulus at the Brewster angle (Fig. 19) depends on 

the contrast in density between the first and the second layer, but in fact the minimum of the 

difference in respect to elastic reference is not at the point where ρ1= ρ2, but below it.  Figure 

22 illustrate the value of the modulus of the reflection coefficient at the Brewster Angle for 

model with the same properties of the first and second layer as in Figure 16, but with densities 

of the second layer varying from 1.65 g/cm
3
 (lower densities would not result in the presence 

of the Brewster Angle) to 3.0 g/cm
3
. We can see that the modulus of the reflection coefficient 

at the Brewster angle is the lowest for ρ2~1.85 g/cm
3
 which is noticeably lower than the 

ρ1=2.0 g/cm
3
. Note, that usually higher density implies higher value of Q. Therefore, it is not 

likely to encounter the model with layer that would have very low density but would be very 

weakly attenuative. 

If we focus on the phase of calculated coefficients, differences in densities have similar 

effect as variations of Q – namely at the Brewster angle the change from ~180 (-180 degrees) 

to ~0 degree phase may be done from “positive” and “negative” side. Change of the direction 

is present for the density that implies minimum difference in modulus in respect to the elastic 

reference at the Brewster angle (ρ2~1.85). Smaller the value at the Brewster angle, sharper the 

transition in phase. 

 

Fig. 22. Minimum value of the modulus of the reflection coefficient at the Brewster angle for models with 

β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second layer characterized by β2=2.5 km/s, Q2=75 and different values of 

the ρ2. 
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6.  Reflection and Transmission coefficients for varying velocities 

Variations of velocities have important influence on the shape of the R/T coefficients. It 

is the ratio of velocities between layers that controls presence of the critical incidence. We 

shall investigate the effect of changing velocity on the R/T coefficients calculated using WAC 

using analogous models as in the case of varying Q and ρ. Namely, the first layer is 

characterized by β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second layer is characterized by 

ρ2=2.25, Q2=75 and varying β1= 1.5, 2.0, 2.5, 3.0 and 3.5 km/s. Figure 23 and 24 shows real, 

imaginary part of reflection coefficient and its modulus and phase for reflection and 

transmission respectively.  

 

 

Fig. 23. a) real parts of the reflection coefficient for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second 

layer characterized by ρ1=2.25 g/cm
3
, Q2=75 and 5 different β2 values, b) imaginary parts of reflection 

coefficient, c) moduli of reflection coefficient, d) phases of reflection coefficient. 
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We can see that the variation of velocities have significant implications. For model with 

second layer being slower (β2=1.5 km/s) the critical angle does not exist and therefore the 

effect of the attenuation on the R/T is very small for all angles. For β2> β1, in the vicinity of 

the critical angle we can see the reduction of the modulus of the calculated coefficients that is 

analogous to the one described earlier in the study. Figures 25 and 26 show differences 

between anelastic and elastic moduli for sub- and over-critical incidence for investigated 

models. Figure 27 shows results for model where β1=β2=2.0 km/s separately as it is a special 

case that we shall discuss in more detail.  

 

Fig. 24. a) real parts of the transmission coefficient for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and 

second layer characterized by ρ1=2.25 g/cm
3
, Q2=75 and 5 different β2 values, b) imaginary parts of transmission 

coefficient, c) moduli of transmission coefficient, d) phases of transmission coefficient. 
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Fig. 25. a) differences between reference elastic reflection coefficient and coefficient calculated using WAC for 

models shown in Figure 22 – subcritical incidence, b) differences for transmission coefficient. 

 

 

Fig. 26. a) differences between reference elastic reflection coefficient and coefficient calculated using WAC for 

models shown in Figure 22 – overcritical incidence, b) differences for transmission coefficient. 

In the vicinity of the Brewster angle, the differences between the elastic and anelastic 

coefficient are greater for velocities higher in the second layer. The increased contrast in 

velocity for models with second fast layer results in modulus of the coefficient at the Brewster 
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angle being higher. If velocity of the second layer is smaller the situation is different as for 

small contrast there may be no Brewster angle at all. Generally for smaller velocities in the 

second layer the values of modulus at the Brewster angle are smaller. Interestingly for the 

overcritical incidence the difference between anelastic and reference elastic R/T coefficients 

is higher if the contrast between velocities is small. It is not caused by the errors of the 

perturbation approach in the vicinity of the critical angle as the intervals affected by the 

singularity are similar with similar values of the error.  

 

Fig. 27. a) Modulus of reflection coefficient for models with the same velocity but different values of density 

and attenuation - elastic case with small difference in velocity presented as a benchmark, b) phase of reflection 

coefficient. 

In the special case where the velocities between both layers are the same, the behavior of 

the modulus is interesting – for broad interval of incident angles the modulus of the R/T 
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coefficient is constant (with a value that depends on the contrast in density between layers). 

Further, for incident angles close to 90 degrees the modulus of the reflection coefficient 

grows rapidly and approaches 1 (in case of transmission coefficient that is not shown here it 

decreases from ~1 to 0). Similar effect on modulus of the elastic reflection coefficient has 

presence of small difference in velocities between layers where the second one is faster. It is 

shown in Figure 27, where we present moduli and phases of reflection coefficient for models 

with the same velocity and different values of density, but we also include results for the 

model where both layers are elastic and second layer is characterized by β2=2.01 km/s, 

ρ1=2.25 g/cm
3
. We can see that in case of moduli presented curves for the reflection 

coefficient are similar. If we calculate phases of coefficient, the behavior of the curves is 

much more complicated and depends on relations between densities and strength of the 

attenuation of layers. 

 

 

7.  Reflection and Transmission coefficients for inhomogeneous incident waves 

As we could see in the earlier part of the study the perturbation of the slowness vector of 

a wave is related to the strength of attenuation characterizing the medium. Nevertheless, there 

is a second factor that influences the attenuation vector in equations 1 and 2 – namely the 

inhomogeneity of the incident slowness vector (eq. 3). The quality factor of the medium is 

only describing the component of the attenuation vector that is parallel to the propagation 

vector.  In the presence of inhomogeneity the attenuation vector is in fact longer than it would 

be implied by the Q factor itself. We can note that in the Eq. 1 and 2 it is the normal 

component to the interface that defines the size of the perturbation. With the presence of 

inhomogeneity the component of the attenuation vector normal to the interface may be 

enlarged or shortened. As shown by the Pšenčík and Wcisło (2018) transmitted waves are 

generally inhomogeneous and it may influence the calculations in case of presence of high 

numver of layers. For models where the velocity and Q factor of the second layer is higher 

than in the first one, the inhomogeneity angle of the transmitted wave is higher than of the 

incident wave: γ1<γt - note that it does not imply that |γ1|<|γt|.  

Example of the effect of inhomogeneity on the reflection and transmission coefficient is 

presented in Figures 28 and 29 for model with β1=2.0 km/s, ρ1=2.0 g/cm
3
 Q1=50 and β1=2.5 

km/s, ρ1=2.25 g/cm
3
 Q1=75. The inhomogeneity of the incident wave is equal -30 and 30 

degrees. The curve where the incident wave is homogeneous is included as a reference.  
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Fig. 28.  a) moduli of the reflection coefficient for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second 

layer characterized by β1=2.5, ρ1=2.25 g/cm
3
, Q2=75, for inhomogeneous incident waves with γ=-30,  0 and 30 

deg, b) phases of the reflection coefficient. 

 

Fig. 29.  a) moduli of the transmission coefficient for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second 

layer characterized by β1=2.5, ρ1=2.25 g/cm
3
, Q2=75 and for inhomogeneous incident waves with γ=-30,  0 and 

30 deg, b) phases of the transmission coefficient.  

Let’s focus first on the interval with incidence below the vicinity of the critical angle 

where it is the Brewster angle that gives us biggest differences in respect to the elastic 

reference. The value of the modulus at the Brewster angle depends on inhomogeneity of the 

incident wave. For the presented model minimum of the modulus at the Brewster angle is 

found for the inhomogeneity of the incident wave equal ~18 deg. Inhomogeneity angle that 

corresponds to the minimum grows if the difference between velocities is small, but the 

difference in densities is significant. High contrast in Q between layers increases the angle 

where the minimum is placed as well. We illustrate it in Figure 30 where we show values of 

the modulus of the reflection coefficient at the Brewster angle for models with β1=2.0 km/s, 
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ρ1=2.0 g/cm
3
, Q1=50 and second layer characterized by β2=2.5 km/s, ρ2=2.1 g/cm

3
, Q2=60, 

β2=2.5 km/s, ρ2=2.25 g/cm
3
, Q2=75 and β2=2.1 km/s, ρ2=2.5 g/cm

3
, Q2=100 respectively. 

Inhomogeneity angle that corresponds to the minimum value of the modulus at Brewster 

angle for given model delineates different direction of the approach of the phase of reflection 

coefficient from ~±180 degrees to ~0 degrees. 

 

Fig.  30.  Minimum value of the modulus of the reflection coefficient at the Brewster angle for models with 

β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second layer characterized by β2=2.5 km/s, ρ2=2.1 g/cm

3
, Q2=60 (top 

panel), β2=2.5 km/s, ρ2=2.25 g/cm
3
, Q2=75 (middle panel) and β2=2.1 km/s, ρ2=2.5 g/cm

3
, Q2=100 (bottom 

panel) and different inhomogeneity angle of the incident wave. 
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When discussing effects of inhomogeneity of the wave for the interval starting from the 

the vicinity of the critical angle up to 90 degree incidence we shall be more cautious. For 

certain angles of incidence values of modulus of reflection coefficient are incorrect (>1). In 

case of models used in Figure 28, for the one with inhomogeneity γ1=-30 degrees we have a 

clear spike above the critical angle (similar spike is present for the transmission coefficient) - 

this is similar to the case of medium where β1< β2 but Q1>Q2 that was shown in Figure 10. As 

shown in Figures 28 and 29 for inhomogeneity angle γ1=30 degrees the discrepancy is present 

as well but it is for the interval where angles are close to horizontal incidence that the 

reflection coefficients slightly exceeds 1. To assess the size of errors for inhomogeneous 

incident waves we calculate differences between elastic coefficients and coefficients 

calculated using WAC (Figure 31)  and differences between WAC and results obtained using 

exact approach of Brokešová and Červený (Figure 32). We show results with media 

properties the same as in  Figure 28 but with γ1 equal -15, -5,  5,  15,  25, and 35. In those 

figures we show values for incident angles above 45 deg which include critical incidence. 

 

Figures 31 and 32 show that for certain models, significant part of differences in respect 

to elastic reference is caused by inaccuracy of WAC. The Failure of the method that is present 

for 2-3 deg before critical incidence is caused by singularity and has consistent character for 

both positive and negative inhomogeneity. For overcritical incidence the character of the 

discrepancy is more complicated.  In case of reflection coefficient we can distinguish 3 types 

of the behavior of the discrepancy that depends on the inhomogeneity of the incident wave. 

For negative inhomogeneity of the incident wave, the error steadily changes downwards. For 

small negative  inhomogeneity  the error  may be at the  beginning  positive (underestimation  

of the  modulus), then further it decreases its value (we do not consider here the absolute 

value of the error). If  the negative inhomogeneity is stronger the error of the WAC is 

negative (overestimation of the modulus) almost instantly after the critical angle, and then 

further decreases.  Secondly,  for small positive inhomogeneity, the error of the WAC is 

always positive and it also decreases with increasing angle of incidence but do not cross 0 to 

negative values. Third type - for higher  positive inhomogeneity (in case of presented model it 

is for γ1~18 deg) values of the modulus for the angles just after the critical are strongly 

overestimated, but with increasing incidence the error switches side, and further its absolute 

value decreases. The positive inhomogeneity angle of the incident wave that delineates the 

last type of behavior depends on the model and behaves similarly to the inhomogeneity angle 

that determines minimum of the modulus at the Brewster angle.  At last,  for incidence angles 

~88-90 degrees the error of the WAC may change rapidly – as visible in the Figure 32.  

In case of transmission coefficients the error of the WAC behaves in a similar way as in 

the case of the transmission coefficient.  Nevertheless its absolute value is generally smaller. 

The most problematic case is for strong positive inhomogeneity of the incident wave. 

Additionally, again for very high incidence angles (~88-90 deg) there is a presence of 

significant error in calculated phases (as result phase in Figure 29 shift to 0 degree for 

incidence close to the horizontal). 
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Fig. 31. a) differences between reference elastic reflection coefficients and coefficients calculated using WAC 

for models with β1=2.0 km/s, ρ1=2.0 g/cm
3
, Q1=50 and second layer characterized by β2=2.5 km/s, ρ2=2.25 

g/cm
3
, Q2=75 for various values of inhomogeneity of the incident wave,  b)  differences calculated for 

transmission coefficients. 
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Fig. 32. a) differences between anelastic reflection coefficient calculated with exact approach of  Brokešová and 

Červený (1998) and coefficient calculated using WAC for models shown in Figure 30, reverberations of the 

curves are caused by different accuracy of computations for both methods,  b) differences for transmission 

coefficients. 

 

8.  Inaccuracy for models with faster, but more attenuative second layer  

In Figure 10 we could see that for models with faster, but more attenuative second layer 

the method fails above the critical angle much more abruptly than for other models. The 

values obtained using WAC in case of reflection for certain interval are above 1 and the range 

of the angles where the method fails is much broader than in other cases where usually it is ±2 

degrees. To investigate the limits of the approach for this unusual case we have calculated the 

R/T coefficients for models with first layer with β1=2.0 km/s, ρ1=2.0 g/cm
3
 Q1=50 and second 

layer characterized by β2=2.5 km/s, ρ2=2.25 g/cm
3
, and Q2<Q1 with increasing difference 
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between layers. Obtained results were compared with direct approach of Brokešová and 

Červený. Figure 32 shows how fast the WAC approximation converges to the direct results - 

specifically in how extensive interval the difference between the calculated coefficients is 

above 0.01. We can see that in principle higher contrast in Q values results in the interval that 

has inaccurate results being broader. It is worth to note that the inaccuracy is smaller if we 

consider transmission coefficients. Naturally, as it was shown in earlier parts of the study, 

calculated coefficients depend not only on the Q factors describing the media but, on the 

density of the rock and SH- wave velocities as well.  As it was shown, increasing contrast in 

seismic velocities reduce the differences between coefficients calculated using WAC and its 

elastic reference for the overcritical incidence.  High contrast in velocities in fact reduces the 

extent of the interval that provides inaccurate results. To illustrate this particular effect, Figure 

33 includes results for the analogous model to the one described before, but with β2=3.0 km/s. 

We can clearly see that the interval with inaccurate values of the calculated coefficient is 

lower for models with higher contrast in velocities and it is especially visible if the Q2 is 

significantly lower than Q1.  

 

 

Fig. 33 a) length of the interval (in degrees) where the WAC provides results of the reflection coefficient with 

the difference to exact approach of Brokešová and Červený (1998) above 0.01 for models with β1=2.0 km/s, 

ρ1=2.0 g/cm
3
 Q1=50 and second layer characterized by  β2=2.5 (3.0) km/s, ρ2=2.25 g/cm

3
 and different values of 

Q2 smaller than Q1 b) length of the interval for transmission coefficient. 

 

9.  Conclusions 

We investigated effects of attenuation on reflection and transmission coefficients using 

Weak Attenuation Concept. Generally presence of attenuation implies very small differences 

in respect to the elastic reference for subcritical incidence.  The interval where the effect is the 

strongest is in the vicinity of the Brewster Angle where in contrast to the elastic case the 

modulus of the reflection coefficient is non zero (although in most cases we should not expect 

that it should be greater than 0.01-0.02).  Attenuation visibly influences the reflection and 

transmission coefficients in the vicinity of the critical angle of incidence. WAC fails in the 

vicinity of the critical angle but generally in case of incident wave that is homogeneous, the 

interval that is significantly influenced by the singularity is within ±2 degrees of the critical 

angle for most of the models. Therefore, we can use the perturbation approach to investigate 

the behavior of the reflection and transmission coefficient in the broader vicinity of the 
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critical angle. Generally the modulus of the coefficients in anelastic media from the vicinity 

of the critical angle onward is smaller than in the elastic case, which indicates dispersion of 

the energy at the boundary. Difference in respect to the elastic reference for overcritical 

incidence grows if the contrasts in quality factor and density between layers increase.  In 

opposite, for the overcritical incidence, if the contrast between the S wave velocity grows, the 

difference in respect to the elastic modulus is smaller. Inhomogeneity of the incident wave 

does not influence strongly reflection and transmission coefficients in the subcritical region, 

although for overcritical incidence it reduces the accuracy of the approximation. If the 

inhomogeneity of the incident wave is strong, the inaccuracy of the WAC may be of the same 

order as the difference with respect to elastic reference for the overcritical incidence. In such a 

case the use of the WAC is not advised. 
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