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Summary

We present an inversion scheme allowing estimates of the thickness of a layer and its
parameters from traveltimes of the wave reflected from the bottom of the layer. We con-
centrate on unconverted P wave reflected in a homogeneous layer of arbitrary anisotropy
symmetry and orientation. The inversion scheme is based on the approximate travel-
time formula derived under the assumption of weak anisotropy. For the description of
anisotropy, the so-called A-parameters, which represent an alternative to standard elas-
tic moduli specifying anisotropic media, are used. Nine of fifteen P-wave A-parameters,
which describe P-wave propagation in weak-anisotropy approximation, can be determined.
The thickness of the layer may be either a sought or known quantity. If an additional
information about the orientation of symmetry elements is available for higher-symmetry
anisotropy, the corresponding phase-velocity surface can be reconstructed. Synthetic tests
indicate that the inversion scheme works very well for weak anisotropy (less than 10%),
yields reasonable results even for anisotropy stronger than 20%. The scheme has tendency
to overestimate the thickness of the layer if it is a sought parameter.

Introduction

There are various approaches to the parameter estimation from reflection moveout data
in media of varying anisotropy. For their overall description, see Tsvankin and Grechka
(2011). Our approach differs from these approaches in several respects. First of all, we
concentrate on only traveltimes of reflected unconverted P waves. In this respect, our
parameter estimation differs from, for example, parameter estimation of Grechka et al.
(2005) who also use traveltimes of reflected S waves. Second, we concentrate on weakly-
to-moderately anisotropic media. In this respect, our approach is similar to that used by
Xiao et al. (2004), who tested various P-wave moveout approximations, but only in VTI
layers, and used them for the estimate of Thomsen (1986) parameters. Our approach is
applicable to anisotropy of any symmetry and orientation. The use of weak-anisotropy
approximation allows us to use simple linear relations between traveltimes and anisotropy
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parameters (Pšenč́ık and Farra, 2017). We make no a priori assumptions about anisotropy
symmetry, we always seek all parameters, which can be obtained from the inversion of
traveltimes of reflected waves. Third, in addition to anisotropy parameters we may also
seek the thickness of the layer, in which reflection occurs.

For the parameterization of an anisotropic medium, we use the so-called A-parameters,
see Pšenč́ık et al., (2018, 2020). Because we concentrate on P waves only, we are unable
to estimate all 21 anisotropy parameters characterizing the medium. Without additional
information, we are often even unable to estimate all fifteen P-wave anisotropy parameters,
which describe P-wave propagation in the weak-anisotropy approximation.

In the study, we consider the Cartesian coordinate system zi, whose z3 axis is vertical,
positive downwards. The axes z1 and z2 are situated in the horizontal plane so that the
coordinate system is right-handed. We call the system global in order to distinguish it
from other used coordinate systems as, for example, profile or crystal coordinate systems.
The profile coordinate system shares its vertical axis with the global coordinate system, its
horizontal axes may be rotated with respect to the axes of the global coordinate system.
The coordinate planes or axes of the crystal coordinate system coincide with the symmetry
elements of the studied anisotropy medium.

The structure of the paper is following. We present an approximate formula for the
calculation of traveltimes of a P wave reflected at the bottom of a homogeneous layer
of arbitrary anisotropy. Traveltimes are recorded on a horizontal surface representing
the top of the layer. The formula is modified into two alternative forms, which can be
used in the inversion scheme. After a brief description of the inversion scheme, results of
several synthetic inversion tests on models of varying anisotropy symmetry and strength
are presented. The paper ends by a short conclusion section. In Appendices, a reader
may find definitions of involved A-parameters and their transformation rules (Appendix
A), brief description of the inversion scheme (Appendix B) and specification of anisotropy
parameters used in synthetic tests (Appendix C).

Theoretical background

Traveltime formula

We start from equation (16) of Pšenč́ık and Farra (2017), which provides an approxi-
mate expression for the traveltime T of the P wave reflected from the bottom of a single
homogeneous layer of arbitrary anisotropy and orientation, recorded along a horizontal
profile. The mentioned equation was derived under the weak-anisotropy approximation.
Within it, the following assumptions were made. The actual ray of the reflected wave was
replaced by a nearby reference ray in a reference isotropic medium. The deviation of the
reference ray from the actual ray was considered to be of the first order. The traveltime
along it then represents the first-order approximation of the actual traveltime (Fermat
principle). Instead of exact ray and phase velocities, their first-order weak-anisotropy
approximations (Farra and Pšenč́ık, 2016) were used. In this approximation, ray and
phase velocities are assumed to be equal. Another approximation is the omission of six
anisotropy parameters whose effect on traveltimes of reflected P wave are negligible, see
more details below. In equation (16) of Pšenč́ık and Farra (2017), the so-called weak-
anisotropy (WA) parameters were used. Here we replace them by A-parameters, see
Pšenč́ık et al. (2018, 2020).
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Equation (16) of Pšenč́ık and Farra (2017) for the traveltime T along a horizontal
profile reads:

T 2(x) = T 2
0

(1 + x̄2)3

P (x̄)
. (1)

The symbol x̄ denotes the normalized offset and T0 the two-way zero-offset traveltime.
They are given by equations:

x̄ =
x

2H
, T0 =

2H

α
. (2)

Here H is the thickness of the layer and α is the reference P-wave velocity of the reference
isotropic medium. It should be chosen so that it makes the A-parameters small. The
symbol P (x) in equation (1) is the polynomial:

P (x) = (1 + x2)2 + 2ϵPx x
4 + 2(ϵPx + ηPy + ϵPz )x

2 + 2ϵPz . (3)

The parameters ϵPx , η
P
y and ϵPz represent profile A-parameters defined in Appendix A.

They describe anisotropy in the vertical plane containing the profile. We use indices P to
distinguish the profile A-parameters from global A-parameters (without indices) defined
also in Appendix A. Let us assume that the considered profile makes an angle φ with z1
axis of the global coordinate system. Then the profile A-parameters ϵPx , η

P
y and ϵPz can

be expressed in terms of nine global A-parameters in the way shown in equation (A-4).
The values of all A-parameters depend on the choice of the P-wave reference velocity α;
equation (1) is, however, independent of α.

After inserting equation (A-3) expressing the profile A-parameters in terms of global
A-parameters to equation (3), the polynomial P (x) attains the following form:

P (x) = (1 + x2)2 + 2(ϵx cos
2 φ+ ϵy sin

2 φ+ ηz cos
2 φ sin2 φ

+2χz cosφ sinφ− 2ϵ16 cos
3 φ sinφ− 2ϵ26 cosφ sin3 φ)x4

+2(ηx sin
2 φ+ ηy cos

2 φ+ ϵx cos
2 φ+ ϵy sin

2 φ+ ϵz + 2χz cosφ sinφ)x2 + 2ϵz . (4)

Equation (4) thus depends on nine of fifteen P-wave global A-parameters, which describe
P-wave propagation in weakly anisotropic approximation. The dependence of equation
(4) on remaining six P-wave A-parameters is negligible, see Pšenč́ık and Farra (2017).

For the purpose of the inversion, i.e., for the determination of global A-parameters
from the observed traveltimes Tobs of P-wave reflected from the bottom of the layer, it is
useful to rewrite equation (1) to the following form:

ϵxx̄
2(1 + x̄2) cos2 φ+ ϵyx̄

2(1 + x̄2) sin2 φ+ ϵz(1 + x̄2) + 2χzx̄
2(1 + x̄2) cosφ sinφ

+ηxx̄
2 sin2 φ+ ηyx̄

2 cos2 φ+ ηzx̄
4 cos2 φ sin2 φ

−2ξ16x̄
4 cos3 φ sinφ− 2ξ26x̄

4 cosφ sin3 φ = 1
2
(1 + x̄2)2[

T 2
0 (1+x̄2)

T 2
obs

(x)
− 1] . (5)
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As equation (1), equation (5) is also independent of the reference velocity α. We can,
therefore, choose any reasonable value of α and consider it known. In this way, equation
(5) contains ten unknowns: nine A-parameters and the thickness H of the layer. The
number of unknown A-parameters can be reduced by one if we realize that for the offset
x = 0, equation (5) yields:

ϵz =
1

2

T 2
0 − T 2

obs(0)

T 2
obs(0)

. (6)

Thus ϵz can be determined independently of the remaining eight A-parameters. In such
a case, equation (5) reduces to:

ϵxx̄
2(1 + x̄2) cos2 φ+ ϵyx̄

2(1 + x̄2) sin2 φ+ 2χzx̄
2(1 + x̄2) cosφ sinφ

+ηxx̄
2 sin2 φ+ ηyx̄

2 cos2 φ+ ηzx̄
4 cos2 φ sin2 φ

−2ξ16x̄
4 cos3 φ sinφ− 2ξ26x̄

4 cosφ sin3 φ

= 1
2
(1 + x̄2)

[(
T 2
0 (1+x̄2)

T 2
obs

(x)
− 1

)
(1 + x̄2)−

(
T 2
0−T 2

obs(0)

T 2
obs

(0)

)]
. (7)

In the inversion, we can thus use equation (5) for nine unknown A-parameters or equation
(7) for eight unknown A-parameters, and ϵz can be determined form equation (6). In the
following, we use the latter option.

Inversion scheme

Equation 7 for N source-receiver pairs can be arranged in the form of a system of
N linear equations to determine eight unknown P-wave A-parameters from N observed
reflected P-wave traveltimes Tobs corresponding to N offsets x. In the matrix form we can
write:

Gm = d . (8)

Here, G represents an N ×M matrix, where N is the number of receivers and M is the
number of sought A-parameters, in our case M = 8. The rows of matrix G have the
form shown in equation (B-2). Each row in matrix G corresponds to one particular offset.
Symbol m in equation (8) denotes the vector of model parameters to be determined. In
our case, it consists of eight P-wave A-parameters, see equation (B-3) (ϵz is determined
independently from equation (6)). Vector d in equation (8) contains known quantities,
as observed traveltimes Tobs, normalized offsets x̄ and the zero-offset traveltime T0. The
explicit form of the vector d is given in equation (B-4).

Equation (8) is solved by means of pseudoinverse described in Appendix B, see equa-
tions (B-5) to (B-8).

In order to estimate the thickness H of the studied layer, we successively invert equa-
tion (8) for varying values of H in the interval of their expected values. For each value of
H, we estimate eight A-parameters ϵx, ϵy, ηx, ηy, ηz, ξ16, ξ26 and χz by solving equation
(8) and ϵz from equation (6). We insert estimated values into equation (1), and seek the
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value of H, which minimizes the average relative traveltime error

TAV = N−1
N∑
i=1

|T (xi)− Tobs(xi)|/Tobs(xi)× 100% . (9)

Here N is again the number of used receivers.

Synthetic tests

The above-described procedure is applied to P-wave traveltimes calculated by program
package ANRAY (Gajewski and Pšenč́ık, 1990) and considered as observed traveltimes
Tobs. They are generated by the source situated at the center of an 8×8 km region, and
recorded by 51 receivers irregularly distributed in the region, see Figure 1. One of the
receivers is situated in the center of the 8×8 km region and allows measurement of the
zero-offset traveltime. The reference velocity α of the reference isotropic medium is chosen
as α = 3.6 km/s in all tests. Anisotropy of varying type of symmetry, strength and orien-
tation is considered. The anisotropy strength is defined as 2(cmax − cmin)/(cmax + cmin)×
100%, where cmax and cmin denote maximum and minimum phase velocities. Traveltimes
generated by the package ANRAY with no added noise, and with added random Gaussian
noise of 2 ms and 4 ms are inverted.

-4 -2 0 2 4
-4

-2

0

2

4

Figure 1: Distribution of 50 irregularly distributed surface sources around the wellhead
(red full circle; x = y = 0 km), at which reflection traveltimes used for the inversion are
recorded.

First we test the described procedure on reflection traveltimes obtained in a homoge-
neous isotropic layer. The use of noiseless and 2 ms data leads to a perfect estimate of
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the thickness of the layer and of A-parameters. A-parameters ϵx, ϵy and ϵz are equal, A-
parameters ηx, ηy and ηz are zero, which clearly indicates isotropy of the layer. Inversion
of data with 4 ms noise leads to a slight overestimate of the thickness H of the layer, and
small errors in estimated A-parameters. But it is still clear that the considered layer is
isotropic.

In the next test, Model A, we invert traveltimes of the wave reflected from the bottom
of a weakly transversely isotropic layer with the vertical axis of symmetry (VTI layer).
The thickness of the layer is H = 0.6 km. The material considered is limestone (Pšenč́ık
and Farra, 2017), its anisotropy is about 8%. The 6× 6 matrix of the density normalized
elastic moduli in the crystal coordinate system in Voigt notation is shown in equation (C-
1). Corresponding nine involved A-parameters are shown in Table 1 as true parameters.

Model A ǫx ǫy ǫz ηx ηy
ηz χz ξ16 ξ26

True -0.100 -0.100 -0.153 0.040 0.040

H = 0.6 km 0. 0. 0. 0.

Estimated -0.101 -0.098 -0.260 -0.049 -0.029

H = 0.5 km -0.002 -0.005 -0.004 -0.005

Estimated -0.101 -0.098 -0.154 0.032 0.039

H = 0.6 km -0.002 -0.003 -0.003 -0.004

Estimated -0.102 -0.099 -0.029 0.030 0.042

H = 0.7 km -0.002 -0.001 0. -0.002

Estimated -0.102 -0.099 0.115 -0.045 -0.034

H = 0.8 km -0.002 0. 0. -0.001

Table 1: True parameters and parameters estimated by inversion of traveltimes with 2 ms
random Gaussian noise added to the data generated by ANRAY package in the model A.
A-parameters ϵx, ϵy, ϵz, ηx, ηy, ηz, χz, ϵ16 and ϵ26 estimated for varying thickness of the
layer H. P-wave reference velocity α = 3.6 km/s.

In Figure 2, we illustrate the procedure of the search for the thickness H of the
studied layer. Figure 2 shows the plots of relative traveltime differences (TH − Tobs)/Tobs

as a function of the offset with a) noiseless data, b) data with 2 ms random noise, and c)
data with 4 ms random noise. Traveltime TH is calculated from equation (1), in which
inverted A-parameters and the assumed thickness H of the layer are used. Four thickness
values are tested in Figure 2, H=0.5, 0.6, 0.7 and 0.8 km. Each value of H is related to
a different symbol. Red symbols are used for such H, for which T = TH in equation (9)
yields minimum TAV . In Figures 2a and 2b, minimum TAV is obtained for H=0.6 km,
which is the true thickness. As in isotropic layers, increasing noise increases chances for
overestimate of H. This is possible to see in Figure 2c, in which the noise level of 4 ms
leads to the overestimation of the thickness of the layer H to H = 0.7 or H = 0.8 km
(both values of H yield the same value of TAV ).
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Figure 2: Relative traveltime erros (T − Tobs)/Tobs versus offset for the Model A for
thickness H varying from 0.5 to 0.8 km. a) No noise, b) 2 ms and c) 4 ms random
Gaussian noise added to traveltimes generated by ANRAY package. Red symbols indicate
thicknesses with minimum sum of relative traveltime errors, see equation (9).
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Variation of estimated A-parameters in the dependence on the assumed layer thickness
H for the data with 2 ms random noise is shown in Table 1. The first line shows true
values of the thickness H and of nine involved A-parameters. On the following lines, one
can see the estimated values of A-parameters for thicknesses H varying from H = 0.5
to 0.8 km. The varying thickness has negligible effect on the estimates of ϵx, ϵy and ηz.
Slightly stronger effect can be observed on A-parameters χz, ξ16 and ξ26. Variation of
H has significant effect on ηx and ηz, and also on ϵz. The effect of varying value of H
on ϵz results from equation (6), in which ϵz depends on H through T0. Comparison of
estimated values of A-parameters for H=0.6 km with true parameters shows very good
fit of all estimated A-parameters with true ones.

In Figure 3, comparison of true (red squares) and estimated (blue circles) A-parameters
is shown. The blue vertical lines are the error bars introduced in Appendix B. The error
bars are three times increased to make them clearly visible. Figure 3a shows results of
the inversion of the noiseless traveltimes, Figures 3b and 3c show results with random
Gaussian noise of 2 ms and 4 ms, respectively. Due to the weak anisotropy of the layer, we
can see perfect fit of A-parameters estimated from noise-free data with true parameters
in Figure 3a. Similar values of ϵx and ϵz and of ηx and ηz, and negligible value of ηz
indicate that the studied medium is VTI. Introduction of noise affects mostly parameters
ηx and ηy (see Table 1). It leads not only to a higher uncertainty of their determination,
but also to their misfit with true values. Uncertainty also increases for parameters χz, ξ16
and ξ26, but their misfit is small. The significant misfit of ϵz in Figure 3c is caused by
incorrect estimate of H. Nevertheless, it is still obvious that we deal with a VTI layer. By
comparing lines for H = 0.6 and 0.7 km in Table 1, one can see that the correct estimate
of H would not improve estimates of A-parameters much, of course, except ϵz.

An interesting conclusion from the above test is that the detection of the model as
VTI allows an approximate reconstruction of its phase velocity. For its reconstruction, it
is sufficient to know three A-parameters, ϵx, δy and ϵz. The result of such reconstruction
is shown in Figure 4b. In Figure 4a, the approximate phase-velocity surface calculated
from true A-parameters (see the first line of Table 1) is shown as a reference. The phase-
velocity surface shown in Figure 4b is reconstructed from A-parameters estimated from
traveltimes with 2 ms random Gaussian noise (see the third line of Table 1). Very good
fit of both surfaces is obvious.

As a next model, Model B, we took again the TI model whose matrix of density-
normalized elastic moduli in the crystal coordinate system is shown in equation (C-1). In
Model B, the axis of symmetry is inclined by 20◦ from vertical in the plane (z1, z3). We
thus consider the TTI layer. Its thickness is 0.4 km. The true values of corresponding
involved A-parameters can be found in Table 2. The rest of Table 2 shows, as in the
case of Model A, values of A-parameters estimated from traveltimes with 2 ms random
Gaussian noise for varying thickness H of the layer. Comparison of true parameters in
Tables 1 and 2 shows that the only more distinct difference between models A and B are
different values of A-parameters ηx and ηy.
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Figure 3: Results of the inversion of traveltime data generated in model A (VTI) with
a) no noise, b) 2 ms and c) 4 ms random Gaussian noise added to traveltimes generated
by ANRAY package. True (red squares) and estimated (blue circles) A-parameters. Blue
vertical lines, error bars (3× exaggerated); reference velocity: α = 3.6 kms. The thickness
H of the layer estimated correctly in a) and b), H = 0.6 km; overestimated in c), H = 0.7
km.
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Figure 4: First-order P-wave phase velocity surfaces for model A calculated from a) true
A-parameters; see the first line of Table 1 and b) parameters estimated from the inversion
of traveltimes with 2 ms random Gaussian noise; see the third line of Table 1.

Model B ǫx ǫy ǫz ηx ηy
ηz χz ξ16 ξ26

True -0.102 -0.100 -0.143 0.031 0.007

H = 0.4 km 0.001 0. 0. 0.

Estimated -0.101 -0.101 -0.299 -0.108 -0.204

H = 0.3 km -0.001 -0.011 -0.012 -0.013

Estimated -0.100 -0.101 -0.138 0.040 0.022

H = 0.4 km -0.002 -0.007 -0.007 -0.008

Estimated -0.100 -0.101 0.066 -0.017 -0.066

H = 0.5 km -0.002 -0.004 -0.004 -0.005

Estimated -0.098 -0.099 0.315 -0.216 -0.255

H = 0.6 km -0.002 -0.007 -0.008 -0.009

Table 2: True parameters and parameters estimated by inversion of traveltimes with 2 ms
random Gaussian noise added to the data generated by ANRAY package in the model B.
A-parameters ϵx, ϵy, ϵz, ηx, ηy, ηz, χz, ϵ16 and ϵ26 estimated for varying thickness of the
layer H. P-wave reference velocity α = 3.6 km/s.

The difference of ηx and ηy is also clearly observable in Figure 5a, showing the results
of the inversion of noiseless traveltimes. As Figures 5b and 5c show, the estimates of ηx
and ηy are strongly affected by noise. Nevertheless, the estimated values of ηx and ηy
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Figure 5: Results of the inversion of traveltime data generated in model B (TTI) with
a) no noise, b) 2 ms and c) 4 ms random Gaussian noise added to traveltimes generated
by ANRAY package. True (red squares) and estimated (blue circles) A-parameters. Blue
vertical lines, error bars (3× exaggerated); reference velocity: α = 3.6 kms. The thickness
H of the layer estimated correctly in a) H = 0.4 km; overestimated in b) and c) H = 0.5
km.
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differ, indicating that we do not deal with the VTI symmetry. The estimated values of
ηx and ηy differ from their actual values. In comparison with Figure 3, A-parameters in
Figure 5 are estimated with a greater uncertainty (greater error bars) for noisy traveltimes.
In Figures 5b and 5c, we can also observe a great difference between estimated and true
values of ϵz. The reason of the difference is the same as in Figure 3c, dependence of ϵz on
the overestimated value of H, which affects ϵz through T0 in equation (6).

So far we studied models of weak high-symmetry anisotropy. The models were trans-
versely isotropic and their anisotropy did not exceed 10%. In the Model C, we consider an
orthorhombic medium whose anisotropy is about 25%, which cannot be considered weak.
As the model, we use the tilted orthorhombic medium proposed by Schoenberg and Hel-
big (1997). The thickness of the layer is H = 0.5 km. The 6 × 6 matrix of the density
normalized elastic moduli in Voigt notation in the crystal coordinate system is shown in
equation (C-2). In the Model C, the matrix is first rotated by 30◦ around the z3-axis, and
then by 20◦ around the new z2 axis. Corresponding A-parameters in the global coordinate
system are shown in Table 3 as true parameters. As in the previous cases, Table 3 shows
values of A-parameters estimated from traveltimes with 2 ms random Gaussian noise for

Model C ǫx ǫy ǫz ηx ηy
ηz χz ξ16 ξ26

True -0.185 -0.154 -0.273 -0.063 -0.027

H = 0.5 km 0.048 0.004 0.010 0.052

Estimated -0.196 -0.134 -0.354 -0.334 -0.124

H = 0.4 km -0.066 0.017 0.017 0.018

Estimated -0.195 -0.132 -0.274 -0.132 -0.013

H = 0.5 km -0.072 0.009 0.009 0.010

Estimated -0.194 -0.129 -0.171 -0.064 -0.002

H = 0.6 km -0.080 0.007 0.007 0.008

Estimated -0.192 -0.127 -0.052 -0.082 -0.059

H = 0.7 km -0.090 0.005 0.006 0.006

Table 3: True parameters and parameters estimated by inversion of traveltimes with 2 ms
random Gaussian noise added to the data generated by ANRAY package in the model C.
A-parameters ϵx, ϵy, ϵz, ηx, ηy, ηz, χz, ϵ16 and ϵ26 estimated for varying thickness of the
layer H. P-wave reference velocity α = 3.6 km/s.

varying thickness H of the layer. Comparison of the third line of Table 3 with its first
line shows that the estimates of some of A-parameters in the Model C are of lower ac-
curacy than in previous models. Greater differences are caused by significant strength of
anisotropy of the Model C. It is also worth noting that the difference |ϵ − δ| discussed
by Xiao et al. (2004) exceeds the value of 0.2 in this case. Greater differences between
estimated and true A-parameters can also be seen in Figure 6, which shows comparison of
true A-parameters and their estimates with corresponding uncertainties from traveltimes
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Figure 6: Results of the inversion of traveltime data generated in model C (ORT) with
a) no noise, b) 2 ms and c) 4 ms random Gaussian noise added to traveltimes generated
by ANRAY package. True (red squares) and estimated (blue circles) A-parameters. Blue
vertical lines, error bars (3× exaggerated); reference velocity: α = 3.6 kms. The thickness
H of the layer estimated correctly in a) and b), H = 0.5 km; overestimated in c) H = 0.6
km.
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with a) no, b) 2 ms and c) 4 ms random Gaussian noise. Greatest misfit can be observed
in η parameters. Parameters ϵx, ϵy and ϵz, on the other hand, display relatively good fit.
The misfit of the parameter ϵz in Figure 6c is again caused by the overestimate of H.
Let us note again that similarly as in the TI case, it would be possible to reconstruct the
phase-velocity if the orientation of the symmetry elements of the medium were known.

The last model, Model D, is a model of anisotropy of lowest symmetry, triclinic. The
6 × 6 matrix of the density normalized elastic moduli in Voigt notation specifying the
model D is shown in equation (C-3). The model was proposed by Grechka (2020). The
thickness of the layer is H = 0.7 km. The involved true A-parameters of this model
are shown in the first line of Table 4. The rest of Table 4 shows values of A-parameters
estimated from traveltimes with 2 ms random Gaussian noise for varying thickness H of
the layer. Comparison of the first and third lines of Table 4, which correspond to the same
thickness H, shows that the fit of estimated values of A-parameters with the values of true
A-parameters is much better in the Model D than in the Model C. Except A-parameters
ϵ16 and ϵ26, the fit is very good. This clearly indicates that the main cause of significant
misfit of estimated and true parameters in the Model C was the anisotropy strength of
the Model C. Anisotropy symmetry does not play significant role.

Model D ǫx ǫy ǫz ηx ηy
ηz χz ξ16 ξ26

True 0.264 0.495 0.298 0.015 0.389

H = 0.7 km -0.091 0.015 -0.059 0.083

Estimated 0.262 0.487 0.088 -0.149 0.322

H = 0.6 km -0.104 -0.053 0. -0.112

Estimated 0.257 0.491 0.301 0.017 0.343

H = 0.7 km -0.117 -0.041 0.018 -0.105

Estimated 0.256 0.494 0.546 0.039 0.256

H = 0.8 km -0.133 -0.031 0.036 -0.101

Estimated 0.246 0.499 0.823 -0.068 0.061

H = 0.9 km -0.155 -0.025 0.050 -0.103

Table 4: True parameters and parameters estimated by inversion of traveltimes with 2 ms
random Gaussian noise added to the data generated by ANRAY package in the model D.
A-parameters ϵx, ϵy, ϵz, ηx, ηy, ηz, χz, ϵ16 and ϵ26 estimated for varying thickness of the
layer H. P-wave reference velocity α = 3.6 km/s.

Figure 7 confirms the above observations. The fit of ϵx, ϵy and even of ηx is perfect
for all levels of noise. The misfit of the parameter ϵz in Figure 7c is caused again by the
overestimate of the thickness H. In this case, the reconstruction of the phase-velocity
surface would be impossible because inversion of equations (5) or (7) with (6) provides
an incomplete set of P-wave A-parameters. For the reconstruction of the P-wave phase-
velocity surface, fifteen P-wave A-parameters would be necessary, see Pšenč́ık et al., (2018,
2020).
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Figure 7: Results of the inversion of traveltime data generated in model C (ORT) with
a) no noise, b) 2 ms and c) 4 ms random Gaussian noise added to traveltimes generated
by ANRAY package. True (red squares) and estimated (blue circles) A-parameters. Blue
vertical lines, error bars (3× exaggerated); reference velocity: α = 3.6 kms. The thickness
H of the layer estimated correctly in a) and b), H = 0.7 km; overestimated in c) H = 0.8
km.
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Conclusion

Two inversion schemes for the approximate estimate of the thickness of a layer and
some of its anisotropy parameters from the spatial distribution of traveltimes of P wave
reflected from the bottom of the layer are proposed. In one of the schemes, nine A-
parameters ϵx, ϵy, ϵz, ηx, ηy, ηz, ξ16, ξ26 and χz are sought, possibly together with the
thickness of the layer H. In the other scheme, the A-parameter ϵz is estimated separately
from the observed zero-offset traveltime. The latter scheme is tested by inverting trav-
eltimes of P waves reflected at the bottom of homogeneous layers of varying anisotropy
symmetry and strength. The tests indicate that the inversion scheme is applicable to any
anisotropy symmetry. The accuracy of the values of estimated A-parameters decreases
with the anisotropy strength. Nevertheless, the test with the model with anisotropy
strength exceeding 20% can still yield reasonable estimates of A-parameters.

Successful recovery of the involved A-parameters depends also on the offset of the used
receivers. Numerical tests indicate that sufficiently accurate estimates of the thickness H
of a layer and of its A-parameters can be obtained if normalized offsets x̄ attain values
of, at least, 3.5 to 4.

A-parameters ϵx and ϵy are usually estimated best and with least uncertainty. The
same hold for ϵz if a correct estimate of the thickness H is used. Parameters ϵx and ϵy are
also least sensitive to the variation of the thickness H. On the contrary most unreliable
parameters with greatest uncertainties are parameters η.

As mentioned above, the proposed procedure does allow estimation of not only A-
parameters, but also of the thickness H of the layers. Approximate character of the
inversion formula is responsible for the tendency of the procedure to overestimate the
true thickness. The chance for an overestimate increases with increasing level of noise in
traveltimes. The whole procedure can be simplified considerably if the thickness of the
layer is a priori known. This simplifies the inversion procedure considerably because it
avoids the iterative part, within which A-parameters are sought for varying values of H.

In case of higher-symmetry anisotropy, additional information about symmetry can
help to estimate additional A-parameters and to reconstruct the phase velocity surface
of the studied medium. As shown in the text, such a surface can be reconstructed even
without knowledge of additional parameters if we deal, for example, with a VTI symmetry.

The proposed inversion procedure clearly demonstrates the advantage of the parame-
terization of a medium by A-parameters. The same set of A-parameters can be used for
the description of any anisotropy symmetry.

The procedure could be extended to the inversion of traveltimes of converted PSV
waves reflected from the bottom of a VTI layer. Extension to lower-symmetry anisotropic
media would probably require the use of the common S-wave concept, which may turn
problematic.
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We are grateful to Luděk Klimeš and Sláva Růžek for useful comments. Han Xiao
is sponsored by Chinese Scholarship Council No. 201906170237. We thank the project
”Seismic waves in complex 3-D structures” (SW3D) and Research Project 20-06887S of
the Grant Agency of the Czech Republic for support.

24



Appendix A

P-wave profile A-parameters
and their expression in terms of global A-parameters

A-parameters are a generalization of Thomsen (1986) VTI parameters for arbitrary
anisotropy. The commplete set of 21 A-parameters (Pšenč́ık et al., 2018) represents an
alternative to 21 independent elements of the stiffness tensor. They can be used for
the description of anisotropy of arbitrary symmetry and strength. In the weak-anisotropy
approximation, used in this paper, P-wave propagation is described by only fifteen P-wave
A-parameters. For the solution of the problem of this paper, only nine A-parameters, used
in equatons (5) and (7) and defined below, are sufficient.

Along each profile, moveout formula (1) depends on three P-wave profile A-parameters
ϵPx , η

P
y and ϵPz defined as follows:

ϵPx =
AP

11 − α2

2α2
, ϵPz =

AP
33 − α2

2α2
, ηPy =

2(AP
13 + 2AP

55)− AP
11 − AP

33

2α2
. (A− 1)

We use upper indices P in order to distinguish the profile parameters from the global
A-parameters defined in the global coordinate system and presented below. The profile
A-parameters (A-1) are expressed in terms of four density-normalized elastic parameters
AP

αβ related to the given profile, and a constant reference P-wave velocity α.

Let us now assume that the profile makes an angle φ with the z1 axis of the global
coordinate system. P-wave profile A parameters ϵPx , η

P
y and ϵPz defined in equation (A-1)

could be then expressed generally in terms of fifteen P-wave global A-parameters. It is
possible to show, see, for example, Pšenč́ık and Farra (2017), that the depndence on six
of the fifteen P-wave global A-parameters is negligible. It is thus sufficient to consider the
dependence on only nine of fifteen global P-wave A-parameters:

ϵx =
A11 − α2

2α2
, ϵy =

A22 − α2

2α2
, ϵz =

A33 − α2

2α2
, ηx =

2(A23 + 2A44)− A22 − A33

2α2
,

ηy =
2(A13 + 2A55)− A33 − A11

2α2
, ηz =

2(A12 + 2A66)− A11 − A22

2α2
,

χz =
A36 + 2A45

α2
, ξ16 =

A36 + 2A45 − A16

α2
, ξ26 =

A36 + 2A45 − A26

α2
. (A− 2)

The profile A-parameters (A-1) can be expressed in terms of the above nine global
A-parameters using the following transformation formulae:

ϵPx = ϵx cos
2 φ+ ϵy sin

2 φ+ ηz cos
2 φ sin2 φ+ 2χz cosφ sinφ

−2ξ16 cos
3 φ sinφ− 2ξ26 cosφ sin3 φ ,

ϵPz = ϵz ,

ηPy = ηx sin
2 φ+ ηy cos

2 φ− ηz cos
2 φ sin2 φ+2ξ16 cos

3 φ sinφ+2ξ26 cosφ sin3 φ . (A− 3)

The above transformation equations represent the Bond transformation (Bond, 1943;
Chapman, 2004) expressed in terms of A-parameters.
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Appendix B

Inversion scheme

We start with equation (8):
Gm = d. (B − 1)

The symbol G represents the N ×M matrix, where N is the number of observations and
M is the number of sought A-parameters. In our case M = 8. The rows of matrix G
have the following form:

x̄2(1 + x̄2) cos2 φ x̄2(1 + x̄2) sin2 φ x̄2 sin2 φ x̄2 cos2 φ x̄4 cos2 φ sin2 φ

2x̄2(1 + x̄2) cosφ sinφ 2x̄4 cos3 φ sinφ 2x̄4 cosφ sin3 φ . (B − 2)

Each row in matrix G corresponds to one particular ray of the reflected wave.

Symbol m in equation (B-1) is the eight-dimensional vector of model parameters to
be determined. It consists of eight P-wave A parameters mi ordered as:

m ≡ (ϵx ϵy ηx ηy ηz ξx ξ16 ξ26)
T . (B − 3)

The symbol T indicates transposition.

Vector d in equation (B-1) has the following form:

d ≡ 1

2

(
(1 + x̄2

1)
[
(
T 2
0 (1 + x̄2

1)

T 2
obs(x1)

− 1)(1 + x̄2
1)−

T 2
0 − T 2

obs(0)

T 2
obs(0)

]

(1 + x̄2
2)
[
(
T 2
0 (1 + x̄2

2)

T 2
obs(x2)

− 1)(1 + x̄2
2)−

T 2
0 − T 2

obs(0)

T 2
obs(0)

]
....

(1 + x̄2
N)

[
(
T 2
0 (1 + x̄2

N)

T 2
obs(xN)

− 1)(1 + x̄2
N)−

T 2
0 − T 2

obs(0)

T 2
obs(0)

])T
. (B − 4)

Equation (B-1) can be solved by pseudoinverse (e.g., Press et al., 2007; Aster et al.,
2013):

m = G†d, (B − 5)

where G† denotes the pseudoinverse of matrix G.

An important part of the inversion is the assessment of errors of estimated A-parameters.
We follow here Pšenč́ık et al. (2020) and transform the data covariance matrix Cd to the
model covariance matrix Cm:

Cm = G†CdG
†T . (B − 6)

Instead of the unknown exact data covariance matrix Cd, we use its approximation:

Cd ≈ σ2I, (B − 7)

where I is the 8 × 8 identity matrix. The value of the parameter σ is determined using
χ2 statistics of residuals r = d−Gm with the number of degree of freedom ν = N −M .
We get

σ =
√
ν−1rT r , (B − 8)
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see equation (A-10) of Pšenč́ık et al. (2020).

Using equation (B-6), we can estimate the model covariance matrix Cm. Square roots
of diagonal elements of Cm then represent Gaussian errors of individual A-parameters
expressed as error bars in the estimates of A-parameters. Note that the Gaussian error
of the A-parameter ϵz is zero because ϵz is calculated exactly from equation (6).

Appendix C

Matrices of the used density-normalized elastic moduli

The matrix of the density-normalized elastic moduli in (km/s)2 of limestone with the
vertical axis of symmetry, used in Model A (Farra and Pšenč́ık, 2020):

10.368 4.540 4.369 0 0 0
10.368 4.369 0 0 0

9.000 0 0 0
2.914 0 0

2.914 0
2.914


. (C − 1)

Anisotropy strength of the model is about 8%.

The matrix of the density-normalized elastic moduli in (km/s)2 of the model of or-
thorhombic symmetry, used in Model C (Schoenberg and Helbig, 1997):

9.000 3.600 2.250 0 0 0
9.840 2.400 0 0 0

5.938 0 0 0
2.000 0 0

1.600 0
2.182


. (C − 2)

Anisotropy strength of the model is about 25%.

The matrix of the density-normalized elastic moduli in (km/s)2 of the model of triclinic
symmetry, used in Model D (Grechka, 2020):

19.810 8.620 9.000 −2.370 −1.440 0.950
25.790 9.090 0.570 −0.990 −0.890

20.680 −2.100 0.430 0.490
7.170 −0.150 −0.080

8.140 −0.330
6.490


. (C − 3)
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