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E-mail: ip@ig.cas.cz
2Institute of Rock Structure and Mechanics, Acad.Sci. of the CR, V Holešovičkách 41,
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Summary

We evaluate accuracy of approximate ray computations in anelastic media by compar-
ing ray synthetic seismograms of an SH wave reflected at a horizontal interface separating
two homogeneous, isotropic, elastic or anelastic half-spaces with full-wave synthetic seis-
mograms. The comparison shows good accuracy of ray results outside the critical region
of a reference elastic model. In the critical region, the ray method does not work properly
anyway. The comparison confirms conclusions of previous studies showing that the effects
of attenuation on reflection and transmission coefficients are insignificant in comparison
with effects of attenuation on wave propagation. Use of a non-causal attenuation instead
of a causal one leads to more significant distortions.

Introduction

We test the accuracy of the weak attenuation concept (WAC). WAC is a perturbation
technique, in which attenuation is considered as a perturbation of the reference elastic
state. In this way, it allows an approximate evaluation of the effects of attenuation on
seismic-wave propagation. The concept was proposed by Kravtsov and Orlov (1990), in
original version already in the eighties. Its use in the study of effects of attenuation inside
layers by Moczo et al. (1987) or Gajewski and Pšenč́ık (1992), and its extension to the
study of effects of attenuation on reflection/transmission process by Pšenč́ık et al., (2022)
showed that WAC, although designed for weak attenuation, is applicable to attenuation
encountered in most seismological studies. In this study, we test the accuracy of WAC
implemented to the programme package SEIS (Červený and Pšenč́ık, 1984) designed for
2D computations of seismic wavefields in isotropic layered structures with laterally varying
velocities. The reflection and transmission coefficients in the modified SEIS package are

Seismic Waves in Complex 3–D Structures, 31 (2022), 55–68 (ISSN 2336–3827, online at http://sw3d.cz)

55



computed so that the propagation vector of the transmitted wave in the overcritical re-
gion is forced to behave physically, i.e., to point to the bottom half-space, see detailed
discussion of this phenomenon by Pšenč́ık et al., (2022). Let us mention that the above
enforcement leads to the violation of some constraint relations, under which the reflection
and transmission coefficients were derived.

For the tests, we use the seismograms of an SH wave reflected at an interface sep-
arating two homogeneous, isotropic elastic and anelastic half-spaces. We compare the
SH-wave ray seismograms generated by the modified SEIS package with the full-wave
(PS) synthetic seismograms computed by the procedure based on the Fourier and Cheby-
shev pseudospectral methods to compute the spatial derivatives. The procedure is called
domain decomposition in computational acoustics. It has been used extensively to model
elastic and electromagnetic waves (Carcione and Helle, 2004; Carcione et al., 2006). The
upper and bottom half-spaces are covered by grids. The solution on each grid is ob-
tained by using the Runge-Kutta method as a time-stepping algorithm and the Fourier
and Chebyshev differential operators to compute the spatial derivatives (Carcione, 2014).
The method, which implements the boundary conditions explicitly, has been verified ex-
tensively (Sidler and Carcione, 2007; Sidler et al. 2008; Ursin et al. 2017). PS modelling
can be considered exact within the limits of computer precision, and when the temporal
and spatial discretization is chosen properly to avoid aliasing and numerical dispersion.

Model, configuration, source and the attenuation type

The model used for testing consists of two half-spaces separated by a horizontal inter-
face, see Figure 1. Each half-space is specified by the S-wave velocity βi, the density

 

Figure 1: Model and configuration used in tests. The depth of the reflector below the
source-receiver profile is 0.248 km. Parameters of the half-spaces are given in Table 1.
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Model β1(km/s) β2(km/s) ρ1(g/cm
3) ρ2(g/cm

3) Q1 Q2

M1 (EL/EL) 2.0 2.8 2.4 1.5 ∞ ∞

M2 (EL/AN) 2.0 2.8 2.4 1.5 ∞ 60
M3 (AN/AN) 2.0 2.8 2.4 1.5 40 60

Table 1: Parameters of models used in tests. β - S-wave velocity, ρ - density, Q - quality
factor.

ρi and the quality factor Qi, i = 1, 2. The source and a set of receivers are all distributed
along a horizontal profile in the upper half-space. No free-surface effects are considered
at receivers. The offset of the first receiver from the source is 0.005 km, the separation of
receivers is 0.02 km. The reflector is situated at a depth of 0.248 km below the receiver
profile. Three models are considered. In model M1, the upper and bottom half-spaces
are elastic (EL). In model M2, upper half-space is elastic (EL) and the bottom half-space
is anelastic (AN). In third model, M3, both half-spaces are anelastic (AN). As shown
in Table 1, S-wave velocities βi and the densities ρi are the same in all three models.
S-wave velocities are chosen so that they guarantee the existence of a critical reflection
in the reference elastic model, which is in our case model M1. For the above-chosen
configuration and S-wave velocities, the offset of the critical point is 0.506 km. In order
to make models as simple as possible, the densities are chosen so that the incidence of a
wave at the reflector under the Brewster angle is avoided.

A point source with unit radiation pattern and Ricker signal as the source-time func-
tion are used. In 2D models, Ricker signal loses its symmetry and has a slowly decaying
tail (this is the consequence of the fact that the signal is the time convolution of the
wavelet and two-dimensional Green function). In model M1, the resulting signal has the
form shown in Figure 2. It shows the signal generated in the PS code (red) overlaid by
its ray counterpart (black) generated in the modified SEIS programme package. Instead

 

Figure 2: The signal resulting from the convolution of the Ricker signal with 2D Green
function used in the PS code (red) overlaid by its ray counterpart (black) used in the
modified SEIS programme package.

of introducing 2D Green function to the SEIS package, we decided for the following
procedure (note that Klimeš, 2021 had to solve a similar problem). We digitized the
PS direct-wave arrival and used the table of resulting values as an input for the SEIS
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package (SEIS package allows such an option). Figure 2 shows that the fit of direct
waves generated by the modified SEIS package (black) and by the PS code (red) and
SEIS package is perfect. This waveform is used in all following computations as an input
signal.

For the description of the attenuation effects, Maxwell dissipation model is used. Note
that this model represents a special case of Müller dissipation model (Müller, 1983; see
also Červený, 2001). In Maxwell dissipation model, for Q ≫ 1 we have:

β−1(ω) ∼ β−1(ω0)
(
1 +

i

2Q(ω)

)
, Q(ω) = Q(ω0)ω/ω0 . (1)

The plus sign in equation (1) corresponds to the used form of the exponential factor of
the time-harmonic plane waves: exp[−iω(t− pkxk)]. Here ω is the circular frequency and
ω0 is the reference frequency. Unless specified otherwise, causal attenuation is considered.

Tests

In the following plots, we present comparisons of PS (exact) SH-wave seismograms
(red) overlaid by SH-wave ray seismograms (black). Real amplitudes with the same
scaling factor are used in Figures 3-5.

 

Figure 3: PS seismograms (red) overlaid by ray seismograms (black) in model M1 (EL/EL).
Full triangle indicates the position of the critical point. Red arrival preceding the reflec-
tion behind the critical point is the head wave. Later red arrivals are numerical errors of
the PS method.
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Seismograms in Figure 3 correspond to model M1 composed of two elastic half-spaces
(EL/EL). The section can be divided to the subcritical (below the offset of 0.506 km) and
overcritical (above the offset of 0.506 km) parts. We can observe a perfect fit of ray and
PS seismograms indicated by nearly missing red colour of PS seismograms. Some (red)
disturbances can observed as later arrivals behind the reflected wave. These are “ghost”
waves caused by numerical errors in the PS computations. Differences between ray and PS
synthetic seismograms are negligible in the subcritical region. In the overcritical region,
we can observe some other differences. They are caused by the head wave, which is
correctly calculated in the PS seismograms, but missing in ray results. The missing head
wave causes differences in waveforms immediately behind the critical point. For offsets
larger than 0.9 km, the head wave starts to separate from the reflected wave and appears
in the first arrival. As expected, greatest deviations between PS and ray seismograms are
in the critical region. It is because the ray method does not work in this region properly.
It yields greater amplitudes than correct. Seismograms computed for larger offsets are
not shown here. The reason is the fact that waveforms of reflected waves generated by
both codes at larger offsets are practically identical. The only difference is the head wave
appearing in the PS results, which is missing in ray results. Comparison of ray and PS
seismograms in Figure 3 serves as a reference for comparisons of seismograms affected by
attenuation.

 

Figure 4: PS seismograms (red) overlaid by ray seismograms (black) in model M2 (EL/AN).
Full triangle indicates the position of the critical point in model M1. Red arrival preceding
the reflection behind the critical point is the head wave. Later red arrivals are numerical
errors of the PS method.
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Seismograms compared in Figure 4 are generated in model M2 (EL/AN), in which
the upper half-space remains elastic and the bottom half-space is anelastic. For values
of parameters see Table 1. The only way how attenuation can affect seismograms in
model M2 is at the reflection point. Since Pšenč́ık et al., (2022) showed that the effect
of attenuation on the reflection/transmission process is considerably smaller than on the
wave propagation, it is no surprise to observe that seismograms in Figure 4 do not differ
much from seismograms in Figure 3. Very small differences can be observed in the critical
region, in which the ray results are unacceptable anyway. Comparison of Figures 3 and 4
indicates that Gajewski and Pšenč́ık (1992) did not make a significant mistake when they
ignored effects of attenuation on the reflection/transmission in their study.

Figure 5 shows the comparison of PS and ray seismograms in model M3 (AN/AN)
with both half-spaces attenuating. Due to significant effects of attenuation on the prop-
agation of the wave in the upper half-space, amplitudes of seismograms in Figure 5 are
significantly smaller than in Figures 3 and 4. As in previous figures, we can observe per-
fect (even better) fit of PS and ray seismograms outside the critical region. We can see
that attenuation suppressed the “ghost” waves generated in the PS code and also reduced
amplitudes of head waves, which are hardly observable.

 

Figure 5: PS seismograms (red) overlaid by ray seismograms (black) in model M3 (AN/AN).
Full triangle indicates the position of the critical point in model M1. Red arrival preceding
the reflection behind the critical point is the head wave. Later red arrivals are numerical
errors of the PS method.

In order to increase visibility of details in the following tests, Figure 6 shows the same
seismograms as in Figure 5, but with doubled amplitudes. Head wave hardly visible in
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Figure 5 is better visible, “ghost waves” are nearly invisible. In the following we use ray
seismograms from Figure 6 as a reference (red) in comparisons, in which various effects
of attenuation are investigated.

 

Figure 6: PS seismograms (red) overlaid by ray seismograms (black) in model M3 (AN/AN)
(as in Figure 5) with doubled amplitudes.

In Figure 7, one can see ray seismograms from Figure 6 overlaid by ray seismograms, in
which effects of attenuation on the reflection/transmission are ignored (black). In the sub-
critical region the differences are invisible, in the overcritical region, neglection of attenu-
ation effects on reflection coefficient leads to a minor decrease of amplitudes close to the
critical point. With increasing offset the differences between red and black seismograms
diminish. We can see once again, that effects of attenuation on reflection/transmission
play a negligible role.

In Figure 8, we check consequences of the removal of the enforced orientation of the
propagation vector of the transmitted wave in the overcritical region so that it points to
the bottom half-space. Pšenč́ık et al. (2022) have shown that this leads to the distorted
forms of reflection and transmission coefficients (see their Figures 6 and 8) mostly in
the critical region. Comparison of seismograms with enforced orientation (red) and with
removed enforcement (black) in Figure 8 shows that the effect on seismograms is less
pronounced than on coefficients themselves. In fact, the effects are comparable with
complete removal of effects of attenuation on the reflection coefficient as can be seen in
Figure 7. Ignoring effects of attenuation on the reflection and transmission coefficients
does not seem to lead to significant loss of accuracy.
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Figure 7: Ray seismograms from Figure 6 (red) overlaid by ray seismograms (black) in
model M3 (AN/AN) with effects of attenuation on the reflection coefficient ignored. Full
triangle indicates the position of the critical point in model M1.

Another important phenomenon, which can affect quality of synthetic seismograms
computed in attenuative media is the application of either causal or non-causal attenu-
ation, see, for example, Klimeš, (2022). In Figure 9, ray synthetic seismograms in M3
(AN/AN) model shown Figure 6 (red) computed with causal attenuation are overlaid by
ray synthetic seismograms (black) calculated for the same model with non-causal attenu-
ation. In contrast to Klimeš, (2022), we concentrate on a single SH reflected wave. Still,
we can observe the phase shift of non-causal seismograms to sooner incorrect arrivals.
The phase shift increases with increasing offset. The phenomenon is discussed in detail
by Klimeš, (2022).

So far, we presented comparisons of synthetic seismograms. Equally valuable are
comparisons of maximum spectral amplitudes. Figures 10, 11 and 12 show comparisons
of ray results (black) and PS results (red) for models M1, M2 and M3, respectively.
They show the well-known incorrect behaviour of the ray results in the vicinity of the
critical incidence, which is sampled more densely. Specifically, one can observe increase of
amplitudes to infinity from the subcritical region and slow smooth decay in the overcritical
region.

In Figure 10, ray and PS amplitude curves for M1(EL/EL) model are shown. In the
subcritical region, we can observe a perfect fit of both PS (red) and ray (black) amplitude
curves. As expected, they start to diverge in a close vicinity of the critical point. In
contrast to smooth ray amplitude curve in the overcritical region, PS curve displays
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oscillations. Significant oscillations close to the critical point represent an interference of
the reflected and head waves. The ray amplitudes vary smoothly in this region because
the head wave is ignored in ray computations. Additional oscillations of PS amplitude
curve in greater offsets are artificial. They are caused by the interference of the reflected
wave with ghost waves (numerical artifacts).

 

Figure 8: Ray seismograms from Figure 6 (red) overlaid by ray seismograms (black) in
model M3 (AN/AN), in which the propagation vector of the transmitted wave at the
reflection point in the overcritical region is not forced to point to the bottom half-space.
For details, see Pšenč́ık et al. (2022). Full triangle indicates the position of the critical
point in model M1.

The amplitude curves shown in Figure 11 correspond to model M2 (EL/AN). They
reflect effects of attenuation on just the reflection coefficient. We can observe a slight
decay of amplitudes and also of oscillations, especially those caused by ghost waves. But
except the close vicinity of the critical point, we can observe a perfect fit of both curves.

Use of model M3 (AN/AN) leads to significantly different results presented in Figure
12. Note the dramatic change of the scale on the vertical axis with respect to Figures
10 and 11. The fit of both ray and PS amplitude curves is, however, except the critical
region, even better than in models without attenuation.

Finally, in Figure 13, we show that the effects of attenuation on the reflection coeffi-
cient are negligible. The considered model is again M2. Comparing Figure 11 (effect of
attenuation on the reflection coefficient included) and Figure 13 (without this effect), we
can see some differences, but they concentrate to the critical region. Outside the critical
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region, behaviour of both ray amplitude curves is nearly identical. Indeed, effects of at-
tenuation on reflection can be ignored. Gajewski and Pšenč́ık (1992) did not make great
mistake by ignoring them.

 

Figure 9: Ray seismograms from Figure 6 (red) overlaid by ray seismograms (black) in
model M3 (AN/AN) with non-causal attenuation. Full triangle indicates the position of
the critical point in model M1.

Conclusion

Comparison of ray seismograms with PS seismograms considered as an exact reference
provides several interesting results. First of all, it shows that outside the critical region,
the ray results fit very well the PS results. The comparison confirms previous observations
that the neglection of effects of attenuation on the reflection/transmission does not lead to
significant losses of accuracy of ray computations. The ray computations fail to describe
properly behaviour of the wavefield in the critical region because it does not include head
wave. On the other hand, ray computations do not suffer from “ghost” waves caused by
numerical errors in the PS computations.

Next natural steps of the present study include tests with lower values of Q than those
used in this study. Of great interest are studies of multiply reflected/transmitted waves
in multilayer models. Further natural extension is to P and SV waves and, generally, to
anisotropic media.
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Figure 10: Maximum spectral amplitudes for model M1 calculated with the PS method
(red) and by the ray method (black). Note the differences around the critical point (0.506
km) and in the overcritical region (1.5-2 km). In the former case, they are caused by
ignoring head wave in ray computations, in the latter case, they are caused by numerical
errors in the PS computations.

 

Figure 11: Maximum spectral amplitudes for model M2 calculated with the PS method
(red) and by the ray method with WAC (black). Note the differences around the critical
point (0.506 km) and in the overcritical region (1.5-2 km). In the former case, they are
caused by ignoring head wave in ray computations, in the latter case, they are caused by
numerical errors in the PS computations.
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Figure 12: Maximum spectral amplitudes for model M3 calculated with the PS method
(red) and by the ray method (black). Note reduced amplitude scale with respect to
Figures 10 and 11.

 

Figure 13: Maximum spectral amplitudes for model M2 calculated with the PS method
(red) and by the ray method (black), in which attenuation effects on the reflection coef-
ficient are ignored.
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