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Summary

The 3×3×3×3 frequency–domain stiffness tensor is complex–valued in viscoelastic
media. The 3×3 Christoffel matrix is then also complex–valued. We study the properties
of the real and imaginary parts of its complex–valued eigenvectors with emphasis on
their behaviour at S–wave singularities. We also approximate the complex–valued
eigenvectors of the Christoffel matrix by the reference real–valued polarization vectors,
which may be required by some computer codes.
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1. Introduction

Attenuation is a very important phenomenon in wave propagation, and is essential
whenever the intensity of waves matters. The 3×3×3×3 frequency–domain stiffness tensor
(elastic tensor, tensor of elastic moduli) is complex–valued in viscoelastic media. The 3×3
Christoffel matrix is then also complex–valued, and has complex–valued eigenvectors.
The eigenvectors gi1, gi2 and gi3 can be chosen pseudoorthonormal with respect to
complex–valued pseudoscalar product giagib. In this paper, we study the properties of
the real and imaginary parts of the complex–valued eigenvectors.

We assume that the P–wave characteristic value differs from the two S–wave
characteristic values in this paper. This assumption is applicable to all reasonable
strengths of anisotropy and attenuation.

The pseudoorthonormal complex–valued eigenvectors can be parametrized by six
real–valued parameters. We indicate the vector of three real–valued parameters which
specify the mutual angles and lengths of the real parts and imaginary parts of the
complex–valued eigenvectors. We also indicate the real–valued unitary matrix which
specifies the orientation of the real parts and imaginary parts of the complex–valued
eigenvectors in space.

Unfortunately, a complex–valued Christoffel matrix need not have all three
eigenvectors at an S–wave singularity (Klimeš, 2021). We thus pay attention also to
this special case.

We also approximate the complex–valued eigenvectors of the Christoffel matrix by
the reference real–valued polarization vectors, which may be required by some computer
codes (Bucha & Bulant, 2021).

We use the component notation for vectors and matrices. For example, pi stands
for the covariant vector with components pi. The Einstein summation over repetitive
lower–case Roman indices is used throughout the paper.
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2. Eigenvectors of the Christoffel matrix

The 3×3 Christoffel matrix is defined as

Γik = aijklpjpl , (1)

where aijkl are the components of the complex–valued frequency–domain density–
normalized stiffness tensor and pj are the components of the slowness vector. The
Christoffel matrix is complex–valued for both complex–valued and real–valued slowness
vectors. For the real–valued reference slowness vector, we obtain the complex–valued
reference Christoffel matrix.

In this paper, we consider a symmetric complex–valued 3×3 Christoffel matrix,
which corresponds to the stiffness tensor symmetric with respect to the exchange of the
first pair of indices and the second pair of indices. The Christoffel matrix has three
characteristic values. For reasonable strengths of anisotropy and attenuation, the P–
wave characteristic value differs from the two S–wave characteristic values. We thus
assume that the P–wave characteristic value differs from the two S–wave characteristic
values in this paper. We normalize P–wave eigenvector gi3 to unit pseudonorm,

gi3gi3 = 1 . (2)

2.1. Christoffel matrix with three different characteristic values

If the three characteristic values are different, the Christoffel matrix has three complex–
valued eigenvectors gi1, gi2 and gi3. The eigenvectors are pseudoorthogonal with respect
to pseudoscalar product giagib,

giagib = 0 for a 6= b . (3)

The Christoffel matrix with three different characteristic values may be parametrized
by six complex–valued parameters.

2.2. S–wave singularity

If the two S–wave characteristic values are equal, the Christoffel matrix has at least one
S–wave eigenvector gi2 in addition to P–wave eigenvector gi3. S–wave eigenvector gi2

may have zero or non–zero pseudonorm.
In the case of non–zero pseudonorm, S–wave eigenvector gi2 is pseudoorthogonal

to P–wave eigenvector gi3, and we choose it pseudoorthonormal. Vector

gi1 = εijkgj2gk3 (4)

is then pseudoorthonormal to eigenvectors gi2 and gi3, has non–zero pseudonorm, and
represents the second S–wave eigenvector. The Christoffel matrix with two S–wave
eigenvectors may be expressed as

Γij = G2δij + (G3 − G2) gi3gj3 (5)

and is parametrized by four complex–valued parameters, e.g., G2 and
√

G3−G2 gi3.
In the case of zero pseudonorm, the Christoffel matrix has just one common S–

wave eigenvector gi2 with zero pseudonorm, which follows from Appendix A. The
corresponding Christoffel matrix may be expressed as

Γij = G2δij + (G3 − G2) gi3gj3 + gi0gj0 , (6)
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where common S–wave eigenvector gi0 = c0gi2 is a multiple of common S–wave eigen-
vector gi2. Christoffel matrix (6) is parametrized by five complex–valued parameters,
e.g., G2,

√
G3−G2 gi3 and non–zero complex–valued multiplication factor c0 of given

vector gi2 with zero pseudonorm pseudoorthogonal to eigenvector gi3.
Since Christoffel matrix (6) is parametrized by five complex–valued parameters,

we can expect it considerably more frequent than Christoffel matrix (5) which is
parametrized by four complex–valued parameters only.

2.3. Determination of eigenvectors

If characteristic value Ga of Christoffel matrix Γij is sufficiently different from other
two characteristic values, we calculate the matrix

Dij = 1

2
εikl εjmn (Γkm − Gaδkm) (Γln − Gaδln) (7)

(no summation over subscript a) of the cofactors of complex–valued 3 × 3 matrix
Γij − G3δij (Červený, 1972). Then

gia gja = Dij [tr(Dmn

)

]−1 , (8)

where gia is the pseudonormal complex–valued eigenvector of the symmetric complex–
valued Christoffel matrix, corresponding to complex–valued characteristic value Ga.
Relation (8) is obvious for the Christoffel matrix with three eigenvectors. At an S–wave
singularity with a single S–wave eigenvector, we demonstrate its applicability to the
P–wave eigenvector in Appendix B.

We approximate eigenvector gia by the row or column g̃i of matrix (7) corresponding
to the largest diagonal element. We then improve the approximation by taking

gi = Dij g̃j , (9)

and normalizing it to unit pseudonorm,

gia = gi (gkgk)−
1

2 . (10)

If the S–wave characteristic values of the Christoffel matrix are sufficiently different, we
may calculate all three eigenvectors of the Christoffel matrix in this way.

If the S–wave characteristic values of the Christoffel matrix are close with respect
to rounding errors (Klimeš, 2020, eq. 22) or even equal, we can calculate just the P–wave
eigenvector of the Christoffel matrix in this way. We then calculate matrix

∆Γij = Γij − 1

2
(G1 + G2)δij − [G3 − 1

2
(G1 + G2)] gi3gj3 , (11)

which has zero trace within rounding errors.
If matrix (11) is zero within rounding errors, we may supplement vector gi3

with two pseudoorthonormal vectors hi1 and hi2, and choose the S–wave eigenvectors
pseudoorthonormal with respect to eigenvector gi3 arbitrarily as linear combinations
(24) and (25). A particular choice of vectors hi1 and hi2 pseudoorthonormal to vector
gi3 is proposed in next Section 2.4, and their linear combinations are discussed in
Section 2.5.

If matrix (11) is non–zero, we can compose common S–wave eigenvector gi0 of the
square roots of the diagonal elements of matrix (11),

gi0 =
(

√

∆Γ11,
√

∆Γ22,
√

∆Γ33

)

, (12)

where the branches of the square roots are determined according to the non–diagonal
elements ∆Γ12, ∆Γ13 and ∆Γ23 of matrix (11), see Christoffel matrix (6). This vector
has zero pseudonorm within rounding errors.
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2.4. Particular vectors pseudoorthonormal with respect to the P–wave

eigenvector

We now propose one possible option of supplementing given vector gi3 with two
pseudoorthonormal vectors hi1 and hi2 mentioned in previous Section 2.3. We assume
that given vector gi3 has non–zero both real and imaginary parts.

If the S–wave characteristic values of the Christoffel matrix are equal, three
complex–valued eigenvectors gi1, gi2 and gi3 used in Sections 3.2 and 5.1 either do
not exist or exist but are not determined uniquely, see Section 2.3. We only know
uniquely complex–valued projection matrix Gij = gi3gj3 (Klimeš, 2020, eq. 34), and may
calculate the P–wave eigenvector gi3 of the Christoffel matrix according to Section 2.3.

Real part ri3 and imaginary part yi3 of eigenvector

gi3 = ri3 + iyi3 (13)

are orthogonal.
If the Christoffel matrix is complex–valued, real–valued vector yi3 should be non–

zero. The norms of real–valued orthogonal vectors ri3 and yi3 are

r3 =
√

rk3rk3 (14)

and
y3 =

√
yk3yk3 . (15)

Since eigenvector gi3 has unit pseudonorm,

r2

3 = 1 + y2

3 . (16)

Note that r3 and y3 represent the semimajor and semiminor axes of the P–wave
polarization ellipse. Since the semidistance between foci is always 1, the focal parameter
of the P–wave polarization ellipse is y2

3 and the eccentricity is 1/r3.
We define the orthonormal basis attached to orthogonal vectors ri3 and yi3, which

is composed of vectors
di3 = ri3/r3 , (17)

di2 = yi3/y3 (18)

and
di1 = εijkdj2dk3 . (19)

Decomposition (13) then reads

gi3 = di3r3 + idi2y3 . (20)

Complex–valued vector pseudoorthonormal to eigenvector gi3 with its real and imagi-
nary parts situated in plane given by orthogonal real–valued vectors rj3 and yk3 reads

hi2 = di2r3 − idi3y3 . (21)

We also define the third pseudoorthonormal complex–valued vector

hi1 = εijkhj2gk3 . (22)

Inserting (20) and (21) into (22), we obtain

hi1 = di1 . (23)

Vectors (21) and (23) are mutually orthogonal in contrast with other choices of vectors
hi1 and hi2 pseudoorthonormal with respect to given vector gi3.
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2.5. General vectors pseudoorthonormal with respect to the P–wave

eigenvector

At an S–wave singularity, we cannot determine the S–wave eigenvectors of the Christoffel
matrix. We only know that they are pseudoorthonormal with respect to the P–
wave eigenvector of the Christoffel matrix. We thus study the general properties of
complex–valued vectors pseudoorthonormal with respect to the P–wave eigenvector of
the Christoffel matrix.

Vectors hi1 and hi2 pseudoorthonormal with respect to eigenvector gi3 generate the
complex subspace of complex–valued vectors pseudoorthogonal to eigenvector gi3. Any
complex–valued vectors gi1 and gi2 pseudoorthonormal with respect to eigenvector gi3

can be thus expressed as linear combinations

gi1 = hi1C − hi2S (24)

and
gi2 = hi1S + hi2C (25)

of vectors hi1 and hi2, where complex–valued parameters C and S satisfy condition

C2 + S2 = 1 . (26)

We may express complex–valued parameters C and S in terms of real–valued parameters
r, y, c and s as

C = rc − iys (27)

and
S = rs + iyc , (28)

where the real–valued parameters r, y, c and s satisfy conditions

r2 − y2 = 1 (29)

and
c2 + s2 = 1 . (30)

Since complex–valued parameters (27) and (28) do not change if we change signs of

real–valued parameters r, y, c and s simultaneously, we assume that r =
√

1 + y2 is
positive.

Transformation in relations (24) and (25) may be expressed in the form of

giB = hiAΩAB . (31)

The complex–valued transformation matrix ΩAB can be decomposed using relations
(24) and (25) as

ΩAB =

(

C S
−S C

)

=

(

r iy
−iy r

) (

c s
−s c

)

. (32)

Transformation (24) and (25) with complex–valued parameters C and S can thus be
decomposed into transformation

fi1 = r hi1 − iy hi2 , (33)

fi2 = iy hi1 + r hi2 (34)

with real–valued parameters r and y, followed by transformation

gi1 = c fi1 − s fi2 , (35)

gi2 = s fi1 + c fi2 (36)

with real–valued parameters c and s.
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2.6. Eigenvectors of the Christoffel matrix in a vicinity of an S–wave

singularity with a single S–wave eigenvector

The Christoffel matrix at an S–wave singularity with a single S–wave eigenvector has
form (6). If we know the Christoffel matrix in the singularity but not in its vicinity, we
cannot fully reveal the limits of its S–wave eigenvectors at the singularity, but we can
use vector gi0 to determine some properties of the limits of S–wave eigenvectors gi1 and
gi2 at the singularity.

For this purpose, we shall now study the behaviour of the S–wave eigenvectors of
the Christoffel matrix when approaching the S–wave singularity.

In a vicinity of the S–wave singularity, Christoffel matrix (1) can be expressed in
terms of its characteristic values and eigenvectors as

Γij = G1gi1gj1 + G2gi2gj2 + G3gi3gj3 . (37)

At the S–wave singularity where G1 = G2, the Christoffel matrix has form (5) or (6).
That is why we rewrite Christoffel matrix (37) as

Γij = 1

2
(G2+G1)δij +

[

G3 − 1

2
(G2+G1)

]

gi3gj3 + 1

2
(G2−G1)(gi2gj2−gi1gj1) . (38)

The first two terms on the right–hand side of relation (38) obviously approach the
first two terms on the right–hand side of relation (6) when approaching the S–wave
singularity. The third term on the right–hand side of relation (38) should thus approach
the third term on the right–hand side of relation (6) when approaching the S–wave
singularity,

1

2
(G2−G1)(gi2gj2−gi1gj1) −→ gi0gj0 . (39)

We shall thus study this term.
Difference G2−G1 approaches zero when approaching the S–wave singularity. If

term gi2gj2−gi1gj1 is finite at the S–wave singularity, we obtain Christoffel matrix (5)
there.

For Christoffel matrix (6), term gi2gj2 − gi1gj1 has to diverge at the S–wave
singularity. The S–wave eigenvectors gi1 and gi2 of the Christoffel matrix correspond to
elliptical polarizations in a vicinity of the S–wave singularity, and approach the circular
polarization at S–wave singularity (6). Since the S–wave eigenvectors gi1 and gi2 have
unit pseudonorms, their real and imaginary parts are large and approach infinity at the
S–wave singularity.

It is obvious from transformations (33)–(36) that S–wave eigenvectors gi1 and gi2

can diverge only if parameter y diverges,

y −→ ±∞ . (40)

We thus define finite vectors

f̃iK = lim
y→±∞

[

(r2+ y2)−
1

2 fiK

]

(41)

and
g̃iK = lim

y→±∞

[

(r2+ y2)−
1

2 giK

]

. (42)

Then

gi0gj0 = lim
y→±∞

[

1

2
(G2−G1)(gi2gj2−gi1gj1)

]

= ∆G (g̃i2g̃j2−g̃i1g̃j1) , (43)
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where

∆G = lim
y→±∞

[

(r2 + y2)(G2−G1)
]

. (44)

Limit ∆G has non–negative real part Re(∆G) ≥ 0 if we choose Re(G2) ≥ Re(G1). If
limit ∆G = 0, the Christoffel matrix at the S–wave singularity has form (5). Otherwise,
the Christoffel matrix at the S–wave singularity has form (6).

Transformation (33)–(34) yields for vectors (41) relations

f̃i1 = 2−
1

2 (hi1 ∓ ihi2) (45)

and

f̃i2 = 2−
1

2 (±ihi1 + hi2) . (46)

Transformation (35)–(36) reads

g̃i1 = cf̃i1 − sf̃i2 (47)

and

g̃i2 = sf̃i1 + cf̃i2 . (48)

We insert vectors (45) and (46) into vectors (47) and (48), and obtain

g̃i1 = 2−
1

2

[

c(hi1 ∓ ihi2) + s(∓ihi1 − hi2)
]

(49)

and

g̃i2 = 2−
1

2

[

s(hi1 ∓ ihi2) + c(±ihi1 + hi2)
]

. (50)

We define polarization vector

hi0 = (c∓is)(hi2±ihi1) (51)

corresponding to the circular polarization, and express vectors (49) and (50) as

g̃i1 = ∓i2−
1

2 hi0 (52)

and

g̃i2 = 2−
1

2 hi0 . (53)

Then

g̃i2g̃j2−g̃i1g̃j1 = hi0hj0 , (54)

and limit (43) yields

gi0 =
√

∆G hi0 . (55)
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3. Properties of the eigenvectors of the Christoffel matrix outside an S–wave

singularity

Outside S–wave singularity, the Christoffel matrix has three different characteristic
values, and three eigenvectors which can be determined according to Section 2.3.
Since the Christoffel matrix has three eigenvectors, the eigenvectors have non–zero
pseudonorms, see Appendix A. Since the eigenvectors have non–zero pseudonorms, they
can be chosen pseudoorthonormal,

giagib = δab . (56)

We decompose each eigenvector into its real part and imaginary part,

gia = ria + iyia . (57)

We insert this decomposition into the pseudoorthonormal relations,

(ria + iyia)(rib + iyib) = δab , (58)

and obtain relations

riarib − yiayib = δab (59)

and

riayib + yiarib = 0 (60)

for real–valued vectors ria and yib. Relation (60) is fulfilled if we choose

riayib = εabcac , (61)

where εabc is the Levi–Civita symbol. Components of real–valued vector ac correspond
to the S1, S2 and P waves rather than to the coordinates. Vector ac characterizes the
ellipticity of polarizations.

We see that ellipticity vector ac represents both left–hand and right–hand
eigenvector of skew matrix riayib,

aayiarib = 0 (62)

and

yiaribab = 0 . (63)

We now demonstrate that ellipticity vector ac also completely determines matrices

Rab = riarib (64)

and

Yab = yiayib . (65)

Note that r3 =
√

R33 and y3 =
√

Y33 represent the semimajor and semiminor axes of the
P–wave polarization ellipse, and r1 =

√
R11 or r2 =

√
R22 and y1 =

√
Y11 or y2 =

√
Y22

represent the semimajor and semiminor axes of the S–wave polarization ellipses. Since
the semidistances between foci are always 1, the focal parameters of the S–wave and
P–wave polarization ellipses are y2

1 , y2
2 and y2

3 , and the eccentricities are 1/r1, 1/r2 and
1/r3.

76



3.1. Scalar products of the real and imaginary parts of the eigenvectors of

the Christoffel matrix in terms of the ellipticity vector

Since symmetric matrix (64) is regular, we may decompose vectors yia into vectors ria,

yib = ricR
−1

cd rkdykb , (66)

where
R−1

cd = 1

2
εcguεdhvRghRuv

[

det(Rxy)
]−1

(67)

are the elements of matrix inverse to matrix Rab. We wish to express symmetric matrix
(65) appearing in relation (59) in terms of matrix Rab and vector ab. Multiplying
relation (66) by vector yia, we obtain

Yab = yiaricR
−1

cd rkdykb . (68)

We insert relation (61),
Yab = εcaeaeR

−1

cd εdbf af , (69)

and relation (67),

Yab = 1

2
εcaeεcguεdbfεdhvaeafRghRuv

[

det(Rxy)
]−1

. (70)

Multiplication of the Levi–Civita symbols yields

Yab = 1

2
(δagδeu − δauδeg)(δbhδfv − δbvδfh)aeafRghRuv

[

det(Rxy)
]−1

. (71)

We perform multiplications of vectors ab with the Kronecker deltas, and obtain

Yab = 1

2
(δagau − δauag)(δbhav − δbvah)RghRuv

[

det(Rxy)
]−1

. (72)

We perform multiplications of matrices Rab with the Kronecker deltas, and arrive at

Yab =
(

RabacRcdad − RacacRbdad

) [

det(Rxy)
]−1

. (73)

We multiply this relation by vector ab and obtain

Yab ab = 0 . (74)

We multiply relation (59) by vector ab, insert identity (74) and obtain

Rab ab = aa . (75)

Relation (73) with identity (75) reads

Yab =
(

Rabacac − aaab

) [

det(Rxy)
]−1

. (76)

We insert identity (76) into relation (59) and arrive at

Rab = δab +
(

Rabacac − aaab

) [

det(Rxy)
]−1

, (77)

which can be rearranged as

Rab

{

1 − acac

[

det(Rxy)
]−1}

= δab − aaab

[

det(Rxy)
]−1

. (78)

We see that matrix Rab has eigenvalue 1 with eigenvector ab, and double eigenvalue

R =
{

1 − |a|2
[

det(Rxy)
]−1}−1

, (79)

where |a|2 = acac. Then
det(Rxy) = R2 . (80)
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Inserting identity (80) into relation (79), we obtain quadratic equation

R2 − |a|2 = R (81)

for R, which has one positive root and one negative root. Since R is the eigenvalue of
positive–definite matrix Rab, we exclude the negative root. The positive root reads

R = 1

2
+

√

1

4
+ |a|2 . (82)

Note that R = 1 for |a| = 0, and R increases with increasing |a|, but always R > |a|.
We express matrix Rab using its double eigenvalue R and eigenvalue 1 with

eigenvector ab,

Rab = δab +
(

R − 1
)

(

δab −
aaab

acac

)

. (83)

We insert eigenvalue (82) and obtain

Rab = δab +
(

√

1

4
+ |a|2 − 1

2

)(

δab −
aaab

acac

)

. (84)

Matrix

Yab =
(

√

1

4
+ |a|2 − 1

2

)(

δab −
aaab

acac

)

(85)

then results from relation (59). Matrix Yab has double eigenvalue
√

1

4
+ |a|2 − 1

2
. and

eigenvalue 0 with eigenvector ab.
We separate the projection onto the subspace generated by vector ab and the

projection onto the subspace perpendicular to vector ab in relation (83),

Rab =
(

δab −
aaab

acac

)

R +
aaab

acac

, (86)

where R is given by definition (82).
However, we do not need to calculate ellipticity vector aa and parameter R for the

decomposition (86) of matrix Rab. It is sufficient to calculate the matrix

Aij = 1

2
εikl εjmn Ykm Yln (87)

of the cofactors of matrix
Yab = Rab − δab . (88)

Then
aaab

acac

=
Aab

Acc

(89)

and
R = 1 + 1

2
tr(Ymn) . (90)

When we have the decomposition (86) of matrix Rab, we can calculate any matrix
function Fab of symmetric matrix Rab as

Fab(Rcd) =
(

δab −
aaab

acac

)

F (R) +
aaab

acac

. (91)

In particular, matrix Rab powered to α reads

Rα
ab =

(

δab −
aaab

acac

)

Rα +
aaab

acac

. (92)
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Analogously for symmetric matrix Yab,

Yab =
(

δab −
aaab

acac

)

(R − 1) , (93)

Fab(Ycd) =
(

δab −
aaab

acac

)

F (R − 1) (94)

and
Y α

ab =
(

δab −
aaab

acac

)

(R − 1)α . (95)

It is obvious from relations (62), (63) and (86)–(95) that symmetric matrices Rab and
Yab and their matrix functions mutually commute, and also commute with skew matrix
riayib.

Identity (93) with (81) implies that the squares of semiminor axes of the polarization
ellipses (which are equal to the focal parameters) are

y2

1 = (a2

2 + a2

3)R
−1 , y2

2 = (a2

1 + a2

3)R
−1 , y2

3 = (a2

1 + a2

2)R
−1 , (96)

where R is given by relation (82). For usual strengths of anisotropy and attenuation, we
may expect a narrow P–wave polarization ellipse, which implies small a1 and a2. If one
S–wave polarization ellipse is bold due to considerably increased a3, the other S–wave
polarization ellipse should be bold similarly.

3.2. Real and imaginary parts of the eigenvectors of the Christoffel matrix

in terms of the ellipticity vector

We now express real parts ria and imaginary parts yia of the eigenvectors of the
Christoffel matrix in terms of a real–valued unitary matrix and matrix functions of
symmetric matrices Rab and Yab, which can in turn be expressed in terms of the real–
valued ellipticity vector.

Relation (64) implies that matrix ria can be expressed as

ria = eibR
1

2

ba , (97)

where eib is a real–valued unitary matrix composed of three orthonormal vectors ei1, ei2

and ei3, and R
1

2

ab denotes the square root of symmetric matrix Rab. Matrix eib specifies
the orientation of the real parts and imaginary parts of the complex–valued eigenvectors
in space.

Relation (66) with (61) then implies that matrix yia can be expressed as

yia = eibR
−

1

2

bc εcadad . (98)

We now check that matrix (98) obtained from relation (61) goes along with definition
(65) and relation (93). We insert expression (98) into relation (65) and obtain

Yab = εcaeaeR
−1

cd εdbf af . (99)

Since matrices R−1

cd and εdbfaf commute,

Yab = εcaeaeεcdfafR−1

db . (100)

We multiply the Levi–Civita symbols and arrive at

Yab = (δadδef−δafδed)aeafR−1

db . (101)
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Multiplication of the Kronecker deltas with vector ae and matrix R−1

db yields

Yab = R−1

ab |a|2 − aaadR
−1

db . (102)

We insert relation (92) and arrive at relation

Yab =
(

δab −
aaab

acac

)

R−1|a|2 , (103)

which goes along with relation (93) because quadratic equation (81) yields |a|2R−1 =
R − 1.

We now insert relation (92) into matrix (98) and obtain expression

yia = eibεbadadR
−

1

2 (104)

for the imaginary parts of the complex–valued eigenvectors of the Christoffel matrix.
In order to express vectors yia in terms of vectors ria instead of orthonormal vectors

eia, we insert relation (97) into expression (104) and obtain

yia = ribR
−

1

2

bc εcadadR
−

1

2 . (105)

We now insert relation (92) into expression (105) and arrive at expression

yia = ribεbadadR
−1 , (106)

which for individual waves reads

yi1 = (ri3a2 − ri2a3) R−1 , (107)

yi2 = (ri1a3 − ri3a1) R−1 (108)

and
yi3 = (ri2a1 − ri1a2) R−1 . (109)

The eigenvectors of the Christoffel matrix can be expressed in terms of the real–valued
ellipticity vector ab which specifies the mutual angles and lengths of the real parts and
imaginary parts of the eigenvectors, and in terms of the real–valued unitary matrix
which specifies the orientation of the real parts and imaginary parts of the eigenvectors
in space. The real parts of the eigenvectors are given by relation (97) with matrix (92).
The imaginary parts of the eigenvectors are given by relation (104).

4. Christoffel matrix with a single S–wave eigenvector

Let us supplement vector gi3 with two pseudoorthonormal vectors hi1 and hi2. Double
eigenvector may then be expressed in form

gi0 = c0

(

hi2 ± ihi1

)

, (110)

where c0 is a non–zero complex–valued multiplication factor, see (55) with (51). This
eigenvector corresponds to a circular polarization. Sign ±, which is determined by the
Christoffel matrix, specifies whether the S–waves are left–hand or right–hand circularly
polarized.

Common S–wave eigenvector (110) has zero pseudonorm. All vectors pseudoorthog-
onal to eigenvectors gi0 and gi3 are multiples of eigenvector gi0. We thus cannot
construct 3×3 matrices like ria, yia or eia in this case. However, we can recover the
ri1ri2 plane from eigenvector gi0.
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5. Reference real–valued polarization vectors

For usual strengths of anisotropy and attenuation, the P–wave eigenvector of the
symmetric complex–valued Christoffel matrix corresponds to a narrow polarization
ellipse. The S–wave eigenvectors may range from narrow polarization ellipses to circular
polarization.

Some computer codes require reference real–valued polarization vectors which
approximate the complex–valued eigenvectors of the Christoffel matrix (Bucha &
Bulant, 2021). The reference real–valued polarization vectors are best represented by the
real parts of the complex–valued eigenvectors of the Christoffel matrix which correspond
to semimajor axes of the polarization ellipses. However, some computer codes may even
require the reference real–valued polarization vectors to be orthonormal, which results
in an orthonormal approximation of the real parts of the complex–valued eigenvectors
of the Christoffel matrix.

If the S–wave polarization vectors cannot be determined, which is the case of S–wave
singularities, it may be sufficient to find the P–wave reference real–valued polarization
vector and the plane generated by the S–wave reference real–valued polarization vectors
(Bucha & Bulant, 2021).

5.1. Reference real–valued polarization vectors outside S–wave singularities

If the S–wave characteristic values of the Christoffel matrix are sufficiently different, we
can calculate the three complex–valued eigenvectors of the Christoffel matrix according
to Section 2.3. In this case, we can determine non–orthogonal reference real–valued
polarization vectors ri1, ri2 and ri3 as real parts of the complex–valued eigenvectors gi1,
gi2 and gi3 of the Christoffel matrix.

On the other hand, the determination of orthonormal reference real–valued
polarization vectors ei1, ei2 and ei3 is not a unique problem. The option which presents
itself consists in orthonormal reference real–valued polarization vectors

eia = ribR
−

1

2

ba , (111)

see (97), where matrix R
−

1

2

ba can be determined according to Section 3.2. We demonstrate
in Appendix C that orthonormal reference polarization vectors (111) defined in
Section 3.2 simultaneously represent the best least–square orthonormal approximation
of non–orthogonal reference polarization vectors ri1, ri2 and ri3 with a variety of least–
square weighting matrices.

Unfortunately, orthonormal reference polarization vectors (111) have some disad-
vantages. Vectors ri1, ri2 and ri3 often have different norms because they represent
real parts of pseudonormal complex–valued vectors. If we are not far from the S–wave
singularity, the S–wave polarization ellipses may be bold and vectors ri1 and ri1 may be
considerably longer than vector ri3. In this case, vectors ei1 and ei2 would approximate
the directions of vectors ri1 and ri2 much better than vector ei3 would approximate
the direction of vector ri3, whereas the P–wave polarization ellipse is narrow and can
be approximated by real–valued linear polarization much better than the bold S–wave
polarization ellipses. This problem could be solved by normalizing vectors ri1, ri2 and
ri3,

r̄ia = ria(rkarka)−
1

2 (112)
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(no summation over subscript a), calculating the corresponding 3×3 matrix

R̄ab = r̄iar̄ib (113)

of scalar products, and taking

ēia = r̄ibR̄
−

1

2

ba . (114)

However, we need the best approximation of the P–wave polarization when calculating a
P–wave, and the best approximation of the S–wave polarization plane when calculating
an S–wave, which is not the case of universal options (111) or (114).

For a P–wave, we thus recommend to take

eP

i3 = r̄i3 , (115)

project vectors ri1 and ri2 onto the plane perpendicular to vector ri3,

rP

iA = riA − eP

i3e
P

j3rjA , (116)

normalize these vectors,

r̄P

iA = rP

iA(rP

kArP

kA)−
1

2 (117)

(no summation over subscript A), calculate the corresponding 2×2 matrix

R̄P

AB = r̄P

iAr̄P

iB (118)

of scalar products, and take

eP

ia = r̄P

iB(R̄P)
−

1

2

BA . (119)

For an S–wave, we recommend to calculate 2×2 matrix

R̄S

AB = r̄iAr̄iB (120)

of scalar products, and take

eS

iA = r̄iB(R̄S)
−

1

2

BA (121)

together with the third orthonormal vector

eS

i3 = εijkeS

j1e
S

k2 . (122)

Note that for matrix

R̄AB =

(

1 R̄12

R̄12 1

)

, (123)

we obtain

R̄
−

1

2

AB =
1

σ
√

2 (1 + σ)

(

1 + σ −R̄12

−R̄12 1 + σ

)

, (124)

where

σ =
√

1 − (R̄12)2 . (125)
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5.2. Reference real–valued polarization vectors at an S–wave singularity

with a single S–wave eigenvector

The pseudonormal S–wave eigenvectors of the Christoffel matrix diverge when approach-
ing an S–wave singularity. We have thus replaced pseudonormal eigenvectors gi1 and
gi2 by limits g̃i1 and g̃i2 given by definition (42). We cannot define real parts ri1 and
ri2 of eigenvectors gi1 and gi2, but we can define normal vectors (112) at an S–wave
singularity in this case. Vectors g̃i1 and g̃i2 can be expressed by means of relations (52)
and (53), and normal vectors (112) read

r̄i1 = ±Im(hi0)|Im(hn0)|−1 (126)

and

r̄i2 = Re(hi0)|Re(hn0)|−1 . (127)

Unfortunately, we do not know circular S–wave polarization eigenvector hi0. We can
only determine eigenvector gi0 according to Section 2.3. We thus only know unit vectors

r′i1 = ±Im(gi0)|Im(gi0)|−1 (128)

and

r′i2 = Re(gi0)|Re(gi0)|−1 (129)

instead of unit vectors (126) and (127) at the S–wave singularity with a single
S–wave eigenvector of the Christoffel matrix. Since the sign of normal vector (128)
is inconsequential, we may select it so as to make triplet r′i2, r′i2 and r̄i3 right–handed
if we wish, regardless of the handedness of the circular S–wave polarization.

It follows from relation (55) that vectors Re(gi0) and Im(gi0) are linear combinations
of vectors Re(hi0) and Im(hi0), and are thus situated in the same plane. Unit vectors
(128) and (129) are thus situated in the same plane as unit vectors (126) and (127).
Unit vectors (128) and (129) would coincide with unit vectors (126) and (127) only
if ∆G were real–valued. They differ otherwise. Note that, for reasonable strengths
of anisotropy and attenuation, the S–wave characteristic values G1 and G2 have small
imaginary parts compared to real parts, but this property need not apply to limit ∆G.

For a P–wave, we replace vectors ri1 and ri2 in relations (115)–(119) by vectors r′i1
and r′i2 in order to calculate orthonormal reference real–valued polarization vectors eP

i1,
eP
i2 and eP

i3.

Since complex–valued vector gi0 has zero pseudonorm, its real and imaginary parts
are orthogonal. For an S–wave, we thus take

eS

iA = r′iA (130)

and

eS

i3 = εijkeS

j1e
S

k2 . (131)
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5.3. Reference real–valued polarization vectors at an S–wave singularity

with two S–wave eigenvectors

The Christoffel matrix at an S–wave singularity with two S–wave eigenvectors has form
(5). If the S–wave characteristic values of the Christoffel matrix are close or equal
and the Christoffel matrix has form (5), we can choose the S–wave complex–valued
eigenvectors of the Christoffel matrix arbitrarily according to option (24)–(25).

If we know Christoffel matrix (5) in the singularity but not in its vicinity, we have
no information on the S–wave eigenvectors except that they are pseudoorthogonal to
P–wave eigenvector gi3, i.e. that they can be expressed in form (35)–(36). The real
parts of the S–wave eigenvectors are thus situated in the same plane as the real parts

Re(fi1) = r Re(hi1) + y Im(hi2) (132)

and
Re(fi2) = −y Im(hi1) + r Re(hi2) (133)

of vectors (33) and (34).
For the choice (23) and (21) of pseudoorthonormal vectors hi1 and hi2, we obtain

Re(fi1) = r di1 − y di3y3 (134)

and
Re(fi2) = r di2r3 , (135)

where y ∈ 〈−∞, +∞〉 and r =
√

1 + y2.
The direction of real–valued vector Re(fi1) is situated somewhere around unit

vector di1, between unit vectors (di1 −di3y3)r
−1

3
and (di1 +di3y3)r

−1

3
. Since we have no

information on parameter y, we choose the reference real–valued polarization vectors in
the middle y = 0 of the interval as

e′i1 = di1 , e′i2 = di2 , e′i3 = di3 = r̄i3 (136)

for both P and S waves.
Option (136) is ideal for a P wave. For an S wave, the angular deviation of reference

real–valued polarization plane e′i1e
′
i2 from the correct plane eS

i1e
S
i2 specified by vectors

(121) equals the angular deviation of reference real–valued polarization vector e′i3 from
the correct vector eS

i3 defined relation (122). This angular deviation is smaller than
1

2
y3. Parameter y3 corresponds to the anisotropy of loss factor 1/QP in the order of

magnitude, where QP is the P–wave quality factor. For usual strengths of attenuation,
the P–wave loss factor 1/QP is small. For usual strengths of anisotropy, the anisotropy
of loss factor 1/QP is considerably smaller than the loss factor 1/QP itself.

Appendix A: Three eigenvectors

Lemma.
Assume the 3–D complex vector space. Then three linearly independent vectors with
zero mutual pseudoscalar products must all have non–zero pseudonorms.
Proof.
Any vector ai can be expressed as a linear combination of the given three linearly
independent vectors gi1, gi2 and gi3 which have zero mutual pseudoscalar products,

ai = c1 gi1 + c2 gi2 + c3 gi3 . (A1)

If one of the given vectors, e.g., gi1 had zero pseudonorm, pseudoscalar product aigi1

would vanish, aigi1 = 0. Since ai may stand for any vector, e.g., (1, 0, 0), (0, 1, 0) or
(1, 0, 0), vector gi1 would vanish, gi1 = (0, 0, 0). Analogously for vectors gi2 and gi3.
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Appendix B: Determination of the P–wave eigenvector at an S–wave

singularity

Relation (8) obviously applies to the P–wave eigenvectors of the Christoffel matrices
with three pseudoorthonormal eigenvectors, including Christoffel matrices (5). We
demonstrate here that relation (8) also applies to Christoffel matrices (6).

Matrix (7) with with Christoffel matrix (6) reads

Dij = 1

2
εikl εjmn[(G2−G3)(δkm−gk3gm3)+gk0gm0][(G2−G3)(δln−gl3gn3)+gl0gn0] . (B1)

We rearrange the terms and obtain

Dij = (G2−G3) εiklεjmnδln

[

(G2−G3)
(

1

2
δkm−gk3gm3

)

+ gk0gm0

]

− (G2−G3) εikl εjmn gk3gm3gl0gn0 . (B2)

We multiply the Levi–Civita symbols and arrive at

Dij = (G2−G3)(δijδkm−δimδkj)
[

(G2−G3)
(

1

2
δkm−gk3gm3

)

+ gk0gm0

]

− (G2−G3) εikl εjmn gk3gm3gl0gn0 . (B3)

Multiplication of the Kronecker deltas yields

Dij = (G2−G3) [(G2−G3)gi3gj3 − gi0gj0] − (G2−G3) εiklgk3gl0 εjmngm3gn0 . (B4)

We express double S–wave eigenvector gi0 in terms of the vectors hi1 and hi2

pseudoorthonormal with respect to eigenvector gi3 according to relation (110) and obtain
vector product

εiklgk3gl0 = c0 (−hi1 ± ihi2) . (B6)

We see that
εiklgk3gl0 = ±igi0 . (B7)

Inserting identity (B7) into relation (B4), we obtain

Dij = (G2−G3)
2gi3gj3 , (B8)

which implies relation (8).

Appendix C:

Orthonormal reference real–valued polarization vectors corresponding to

three complex–valued eigenvectors

If the S–wave characteristic values of the Christoffel matrix are sufficiently different, we
can calculate all three eigenvectors of the Christoffel matrix, and determine the reference
orthonormal real–valued polarization vectors which are closest to the real parts ri1, ri2

and ri3 of the complex–valued eigenvectors.
We need the reference real–valued polarization vectors ei1, ei2 and ei3 to be

orthonormal,
eiaeib = δab . (C1)

We choose the objective function

F (eng) = 1

2
(eka − rka)(ekb − rkb) Wcb (C2)

for determining the reference polarization vectors. We assume that symmetric weighting
matrix Wea is independent of reference vectors eia.
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We minimize objective function (C2) under six constraints (C1) expressed as

Cde(eng) = 0 , (C3)

where

Cde(eng) = 1

2

(

ekdeke − δde

)

(C4)

is the symmetric matrix quantifying the orthonormality of the reference polarization
vectors.

The minimum of objective function (C2) under constraints (C3) is the solution of
equation

∂F

∂eia

(eng) +
∂Cde

∂eia

(eng) Λde = 0 , (C5)

where Λde represents the symmetric matrix of Lagrange multipliers.
We insert derivatives

∂F

∂eia

(eng) =
(

eib − rib

)

Wba (C6)

and
∂Cde

∂eia

(eng) = 1

2

(

δdaeie + eidδea

)

(C7)

of functions (C2) and (C4) into minimization equation (C5) and arrive at relation
(

eib − rib

)

Wba + eib Λba = 0 , (C8)

which yields

eie

(

Wea + Λea

)

= rieWea . (C9)

We insert this relation into constraint (C1) and obtain matrix relation
(

Wae + Λae

)(

Web + Λeb

)

= WadRdeWeb . (C10)

Since both matrices Wab and Λab are symmetric, we can express their sum in form

Wab + Λab =
(

WR W
)

1

2

ab
, (C11)

where
(

WR W
)

1

2

ab
are the elements of the square root of symmetric matrix WadRdeWeb.

We insert matrix (C11) into relation (C9) and arrive at relation

eie

(

WR W
)

1

2

ea
= rieWea , (C12)

which reads

eia = ridWde

(

WR W
)−

1

2

ea
. (C13)

If we assume that symmetric weighting matrix Wba commutes with symmetric matrix
Rcd, the real–valued reference polarization vectors read

eia = ribR
−

1

2

ba , (C14)

and represent orthonormal vectors closest to vectors ri1, ri2 and ri3.
Matrices Wba and Rcd commute if the weighting matrix Wba can be expressed as

a function of matrix Rcd and identity matrix δcd. We now demonstrate that this is a
reasonably general limitation.
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We may minimize the deviations of the reference polarization vectors from the real
parts of the eigenvectors of the Christoffel matrix without weighting, i.e. with

Wab = δab . (C15)

The real–valued reference polarization vectors cannot fit the imaginary parts of the
eigenvectors of the Christoffel matrix. The squared sizes of the imaginary parts of the
eigenvectors are characterized by symmetric matrix (65), which can be expressed as

Yab = Rab − δab . (C16)

The greater is the imaginary part of the eigenvector, the smaller may be our emphasis
on fitting its real part. In this case, we may wish weighting matrix

Wba = Y −1

ab . (C17)

The deviations of the reference polarization vectors from the real parts of the
eigenvectors of the Christoffel matrix are described by symmetric real–valued matrix

Bab = (eka − rka)(ekb − rkb) . (C18)

For reference polarization vectors (C14), this matrix reads

Bab = δab − 2 R
1

2

ab + Rab . (C19)

The deviations of the reference polarization vectors from the complex–valued eigenvec-
tors of the Christoffel matrix are described by symmetric real–valued matrix

Bab + Yab = 2 Rab − 2 R
1

2

ab , (C20)

where matrix Yab is given by definition (65). We may thus wish weighting matrix

Wba = (B + Y )−1

ab . (C21)

We may also design another weighting matrix similar to options (C15), (C17) or (C21),
which is a function of matrix Rcd and identity matrix δcd.

The reference polarization vectors are given by relation (C14) and are independent
of the weighting matrix in all the above mentioned cases. The reference polarization
vectors (111) thus represent the orthonormal real–valued polarization vectors which are
closest to the complex–valued eigenvectors of the Christoffel matrix in all the above
mentioned cases.
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