Properties of S w aves near a kiss singularity:

comparison of exact and ray s olutions

9iFODY�9DYU\þXN

Geophysical Institute, Academy of Sciences of the Czech Republic

�%RþQt�,,�3UDKD�

Czech Republi c ; e - mail: vv@ig.cas.cz

SUMMARY

We studyproperties of S waves generated bya point source in a homogeneous transver sely

isotropic medium and propagating in directions close to a kiss singularitywhich coincides with the

symmetryaxis of the medium. Comparing an exact and raysolutions in the far field we show that

the zeroth - order rayapproximation fails for these dire ctions. The wavefield of the S waves is not

composed onlyof two split S waves, as is usuallyassumed, but contains also their interaction. The

interaction wave appears in times between arrivals of the split S waves, it can be of high frequency

and it can be detected in the near field but also in the far field. The split S waves are described by

the zeroth - order rayapproximation, the interaction wave can be successfullyreproduced bythe

first - order rayapproximation. In analogyto the near - field wave, whi ch appears in the vicinityof a

source, we call the interaction wave as the ^near - singularitywave~, because it is prominent onlyin

the vicinityof the S - wave singularity. The near - singularitywave is a non - geometrical wave, being

described byhigher - order rayapproximations and neglected bythe geometrical raytheory.

Key words: anisotropy, Green tensor, near - field wave, near - singularitywave, raytheory, S - wave

splitting, S - wave singularity, S - wave coupling.

1 INTRODUCTION

The S - wave singularities are veryimportant for modelling of S waves in anisotropic media. They

are defined as the directions where S waves have coincident phase velocities, and theyare very

common in all types of anisotropy. For directions near the singularities, polarization o f plane S

waves can change veryrapidly, and amplitude and polarization of S waves with curved wavefronts

can behave quite anomalously(Crampin & Yedlin 1981). We distinguish kiss, point and line

singularities (Crampin 1991), among them the point singulari tyaffects geometryof rays and the

wavefield in the most complicated and drastic way. It is known that standard raytheoryis

inapplicable for modelling the wavefield near the point singularity, thus other techniques like

using the Radon transform (Wang & Achenbach 1994), reflectivity(Crampin 1991) or Maslov

method (R ü mpker & Thomson 1994) must be used. It is not clear, however, how much is the

wavefield affected bythe kiss singularity , which is defined as a direction where two S - wave phase -

velocityshee ts touch tangentially at isolated point. Since the group velocities near the kiss

singularitybehave quite regularly, it is believed that "the waveforms of initial shear - wave pulse

will propagate with little distortion" and "the shear waves will split in a regular manner without

308 anyparticular anomaly" (Crampin 1991). It would implythat the raytheorycan be applied for

modelling the wavefield near the kiss singularity.

In this paper we shall focus on the problem of applicabilityof the raytheoryfor mod elling of

S waves close to a kiss singularity. We shall study S waves generated bya point source situated in

a homogeneous transverselyisotropic medium (hereafter TImedium), where the kiss singularity

coincides with the symmetryaxis of the medium. Sinc e the symmetryaxis will be vertical, the

split S waves become SV and SH waves with polarization vectors near the singularityas shown in

Fig. 1. For this medium, we shall compare exact and raysolutions in the far field, and we shall

show that the standar d raytheory(meaning the zeroth - order rayapproximation) fails in this case.

However, if we include into the solution a new wave described bythe first - ord er ray

approximation and calculated byVavry

þXN� (1997) , then we ob tain a correct result. This non - geometrical wave is called the "near - singularity" wave, it has a simple analytical form and its properties are in detail dis cussed.

2 THEORY

2.1 Exact integral solution of the Green tensor

The exact elastodynamic Green tensor

( )

*

W

LM

� for homogeneous anisotropic media can be expressed as follows (Burridge 1967, Eq. 4.6; Wang & Achenbach 1994, Eq. 13)

( )

( )

( )

* W

+ W

J J

F

W

F

G

NO

N

P

O

P

P P

P

[

Q [

Q

�

_ _

= - -

× æ

è ç ö

ø

÷

= = å ò

�

�

�

�

�

�

Y

.

J J

U

W

NO

IDU

P

S

P

P

N

P

O

P

P [ [ � = -

=

å

�

�

�

�

� pr

d t , (2)

309

where v is the group velocity, g is the unit polarization vector, .

S

is the Gaussian curvature of the slowness surface, r is the distance of an observation point from the source, d

�

� �

� [ , from which the whole rayseries is then constructed (see Vavry þXN� & Yomogida 1996) .

The most common wayis to defi ne the zeroth - order term of the rayseries byEq. (2) for directions

far from the singular points, and byanother formula for directio ns close to the singularity. Thus

the wavefield will be described bytwo different raysolutions with different and limited regions of

applicability. Moreover, for directions in between (not close but also not far from the singular

direction) we obtain a g ap with no satisfactoryraysolution. It is highlydesirable, however, to have

onlyone raysolution describing the wavefield in all directions including singular points.

Therefore, we use another approach in this paper. We define the zeroth - order ray - theo retical Green

tensor

( )

* W

NO

� � � � [ byformula (2) not onlyfor regular directions but also for directions close to the

singularityor even in the singular direction. As a consequence, the zeroth - order ray

approximation will differ from the far - fi eld approximation for directions close to the singularity .

This inconsistencywill be, however, corrected byincluding higher - order rayapproximations. We

shall show that it is really possible to write only one ray solution which describes the far - field

wa ves correctly for all directions including the singularity .

2.3 The zeroth - order ray theoretical Green tensor in TI medium

In the case of a homogeneous transverselyisotropic medium with a vertical axis of symmetry, the

S 1 and S 2 waves become the SV and SH waves and all quantities in Eq. (2) can be expressed

analytically. For the SH waves, we obtain (Vavry þXN & Yomogida 1996, Eq. 25) :

( )

* W

D D

J J

W

NO

6+ N

6+

O

6+

6+

6+ � � � � � �

�

�

�

�

�

[ = -

pr t d t , (3)

where

( )

J 6+

7 = -

� and t

J J

6+ U

D D

= +

VLQ FRV �

�

�

�

.

Quantities D

NO

denote the two - index notation of the density - normalized elastic parameters (see

ýHUYHQê�0RORWNRY &

�3ãHQþtN 1977, pp. 165 - 166) , J and j are the standard spherical angles of the position vector x of a n observation point, and the point source is situated in the origin of coordinates.

For the P and SV wa ves, the formulae are rather cumbersome, because analytical formulae for group velocity v and Gaussian curvature .

S

are rather long and complicated. The formulae are considerablysimplified if we assume that the observation point lies in the symmetryaxis direction,

J =

� . For the complete zeroth - order ray - theoretical Green tensor in the singular direction we obtain:

( ) ( )

*

] W * ] W

69

�

�

�

� � � � � � � = ,

( ) ( )

* ] W * ] W 6+

�

�

�

� � � � � � � = ,

( ) ( )

* ] W * ] W

3

�

�

�

� � � � � � � = , (4)

where

310

( )

( )

* ] W D

D D

D D

W

]

D

]

69

�

�

�

� �

�

� �

�

�

�

�

� � �

5

+ W + W

NO

6 N

6+

O

6+

N

6+

O

6+

6+ 69 � � � �

�

�

�

�

[ =

-

- - -

^ ^ pr

t t , (6) where

( )

J 6+

7 ^ = FRV � VLQ � j j � is the unit ve ctor perpendicular to

( )

J 6+ 7 = - VLQ � FRV � j j � ,

5

U =

VLQ J is the distance of an obser vation point from the singular direction, r is the distance of an observation point from the source, J and j are a gain the standard spherical angles of the x vector. It follows from Eq. (6) that the rayamplitude of this higher - order wave depends on the distance R of an observation point from the singular direction as 1/ R 2 . Thus for observation points close to the sin gular direction this wave is most prominent. Moreover, even in the far field

( U ® ¥ ) for which 5 ® � , this wave can be non - negligible comparing to the zeroth - order waves.

Therefore we shall call this non - geometrical wave as a ^ near - singularity wave ~.

Note that in Vavry þXN (1997) this wave is called the " SV - SH coupli ng wave ", in analogyto the

" S - wave coupling " introduced byChapman & Shearer (1989) and Coates & Chapman (1990) for description of an interaction between the S waves in anisotropic inhomogeneous media. Not to mix the both effects together, we decided to use for the description of the S - wave interaction near the singularityin homogeneous anisotropic media consistentlya term, the "near - singularitywave".

For t he strictlysingular direction Eq. (6) yields

311

( ) ( )

( ) ( )

* ] W * W

D U

+ W + W

6 6

6+ �

�

�

�

�

�

� � �

�

�

� �

� � � �

OLP � OLP

VLQ

OLP = =

- é ë

ê

ù û

ú

- - -

-

é ë

ê ê

ù û

ú ú

=

® ® ®

J J J pr

t t

J

t t t t

[

( )

= - -

+

-

é ë

ê ê

ù û

ú ú

ì í

ï î

ï

ü ý

ï þ

ï

-

æ è

ç ç

ö ø

÷

÷ -

�

�

�

�

�

� �

�

� �

�

� pr

d

D

D

D D

D D

W

]

D

]

_ _

_ _

, (7)

( ) ( )

* ] W * ] W 6 6

�

�

�

� � � � � � � = - .

Interestingly, the amplitude and the waveform of the near - singularity wav e for the singular direction behave in the same way as a standard zeroth - order wave . It is the reason, whythis wave can be detected even in the far field. For the complete ray - theoretical Green tensor for the singular direction in the far field we then ob tain

( ) ( ) ( )

( )

* ] W * ] W * ] W

D

D

D D

D D

W

]

D

]

IDU 69 6

� �

�

�

�

�

�

� �

�

� �

�

�

�

�

�

� � �

_ _

_ _

� � � � = + = + -

+

-

é ë

ê ê

ù û

ú ú

ì í

ï î

ï

ü ý

ï þ

ï

-

æ è

ç ç

ö ø

÷

÷ - pr

d

,

( ) ( ) ( )

( )

* ] W * ] W * ] W

D

D

D D

D D

W

]

D

]

IDU 6+ 6

� �

�

�

�

�

�

� �

�

� �

�

�

�

�

�

� � �

_ _

_ _

� � � � = + = + -

+

-

é ë

ê ê

ù û

ú ú

ì í

ï î

ï

ü ý

ï þ

ï

-

æ è

ç ç

ö ø

÷

÷ - pr

d

, (8)

( ) ( )

( )

* ] W * ] W D

D D

D D

W

]

D

]

IDU 3

� �

�

�

� �

�

� �

�

�

�

�

� �

_ _

_ _

� � = = +

+

-

é ë

ê ê

ù û

ú ú

-

æ è

ç ç

ö ø

÷

÷ - pr

d

.

The correctness of the obtained far - field solution (8) for the singular direction was verified by comparing it with the exact Payton analytical solution (Pay ton 1977, 1983). If we specify the

Payton solution for the far field, then we obtain the identical result .

2.5 The near - singularity wave versus the near - field wave

The near - singularitywave is similar in manyaspects to the near - field wave. Therefore we shall summarize similarities and differences between the near - singularityand near - field waves (see

9DYU\þ uk & Y

I W = × , where ) is the force vector, and

( )

I W is the source - time function, which is defined as follows:

( )

I W

W

7

= æ

è ç ö

ø

÷ VLQ � p

for W 7 Î � � ,

for the other times

( )

I W being zero. The source - time function has been chosen so that the wave

has the form of a one - sided pulse in the far - field approximation. For parame ter T specifying the

pulse width, the value T = 1s was used. The force vector was chosen as

( )

) = � � � � � 7 .

Figures 3 and 4 show waveforms and particle motions of the S waves propagating in the

cracked medium and in the sandstone and recorded at four observation points that lie in the x - z

plane at the distance from the source: r = 225.8 km for the cracked medium, and r = 257.1 km for

the sandstone. This distance corresponds to 100 wavelengths of the S wave propagating in the

direction of the sym metryaxis of the medium. We used this enormouslylarge distance to be sure that the far - field condition is well satisfied. Rays to the four observation points deviate from the

symmetryaxis byangles: J = 2 ° , 8 ° , 14 ° and 20 ° . We c an see from figures 3 and 4 that the S

waves separate differentlyat different observation points. As expected, almost no separation

between the SV and SH waves is observed for the closest observation point to the singular

direction with angle J = 2 ° . The separation time (difference in the arrival times of the SV and SH

waves) for this point is only dt = 0.02 T for the cracked medium, and dt = 0.05 T for the

sandstone, where T is the width of the S pulse . On the contrary, for the point with J = 20 ° the

SV and SH waves are fullyseparated in time: dt = 1.61 T for the cracked medium, and dt = 3.62 T

for the sandstone.

Comparing the exact and raysolutions we found that the exact solution and the far - field ra y

solution coincide within the width of the line. This fact verifies that the ray solution which

considers the near - singularity wave describes correctly the S waves in the far field . Comparing the

far - field and the zeroth - order raysolutions we can see tha t the zeroth - order raysolution produces

significant errors in amplitudes as well as in polarizations of the S waves, in particular, in the

vicinityof the singular direction. Emphasize that the both media under studycan be considered as

weaklyanisotropi c. For materials displaying stronger anisotropy, these errors can be even larger.

Close to the singular direction, when the S waves do not separate, the near - singularitywave affects

mainlythe predominant polarization of the S wave. The fact that the actu al predominant

polarization of S waves can remarkablydiffer from the polarization predicted byth e zeroth - order

rayapproximation has been alreadyreported (but not explained) byVavry þXN� (1992, Fig.13b). For

directions, for which the S waves separate, th e zeroth - order rayapproximation predicts a linear

polarization of the split S waves, but the near - singularitywave causes their ellipticity. For an

increasing separation time between the split S waves, the ellipticitydecreases.

4 CONCLUSION

We studie d the exact solution and the approximate raysolutions of the wavefield generated bya

point source in a homogeneous transverselyisotropic medium and propagating in directions close

to a kiss singularity. We found that the zeroth - order raytheoryfails fo r these directions. A cause of

this failure is an existence of a non - geometrical wave propagating from the source and having

significant amplitudes in the directions close to a kiss singularity. This wave is described bythe

first - order rayapproximation, being thus neglected bythe zeroth - order raytheory. Surprisingly,

this wave can be of high frequency and it can be detected in the far field . Physically, this wave is

caused byan interaction of the split S waves and appears in times between arrivals of t he split S

waves. In analogyto the near - field wave, which appears in the vicinityof the point source, we call

this wave as the near - singularity wave , because it is pronounced mainlyfor the directions close to

the singularity. The near - singularitywave c an affect amplitudes and polarization of the S waves in

the near field as well as in the far field. If the SV and SH waves are not well separated, thus

forming onlyone S wave, the near - singularitywave can change the predominant direction of the S -

wave po larization. If the SV and SH wave are separated in time, then the near - singularitywave can

cause that both split S waves are ellipticallypolarized. The ellipticityof the split S waves decreases

with increasing separation time. The amplitude of the near - singularitywave depends on the

strength of anisotropy: for isotropythe wave vanishes. On numerical examples we show that for

weaklyanisotropic TImedia commonlyused in modelling in crustal seismologythe near -

singularitywave can affect remarkablythe S waves propagating in the directions up to 15 ° from

the kiss singularityat distances up to hundreds of wavelengths from the source.

It is verylike that the existence of the near - singularitywave is not confined onlyto

homogeneous anisotropic media, but it will appear also in inhomogeneous anisotropic media.

Therefore, anymodelling of the wavefield in the homogeneous as well as inhomogeneous

anisotropic media based on the raytheoryor on its modifications like the quasi - isotropic

approximation (P ãHQþtN 1998; Zillmer, Kashtan & Gajewski 1998), should in future take into

account the near - singularitywave, in order to reproduce the wavefield near the kiss singularity

properly.

Acknowledgements

The work was supported bythe Grant Agencyof the Czech Rep ublic, Grant No. 205/96/0968 ,

bythe EC INCO - Copernicus Project IC 15 CT9 6 200 , and bythe consortium project ^ Seismic

waves in complex 3 - D structures ~ .

References

Burridge, R., 1967. The singularityon the plane lids of the wave surface of elastic media with

cubic symmetry, Q. J. Mech. appl. Math. , 20 , 41 - 56.

Crampin, S., 1991. Effects of point singularities on shear - wave propagation in sedimentarybasins,

Geophys. J. Int. , 107 , 531 - 543.

Crampin, S. & M. Yedlin, 1981. Shear - wave singularities of wave propagation in anisotropic

media, J. Geophys ., 49 , 43 - 46.

ýHUYHQê�9� 1997. Seismic Waves in Complex 3 - D Structures - Report 5 . Department of

Geophysics, Charles University, Prague.

ýHUYHQê , V., Molotkov, I. & I. �3ãHQþtN , 1977. Ray Method in Seismogy , Charles UniversityPress,

Prague.

Chapman, C. H. & P. M. S hearer, 1989. Raytracing in azimuthallyanisotropic media ˘ II. Quasi - shear wave coupling, Geophys. J. , 96 , 65 - 83.

Coates, R. T. & C. H. Chapman, 1990. Quasi - shear wave coupling in weaklyanisotropic 3 - D media, Geophys. J. Int. , 103 , 301 - 320.

Hudson , J. A., 1981. Wave speeds and attenuation of elastic waves in material containing cracks,

Geophys. J. Roy. Astr. Soc. , 64 , 133 - 150.

Kendall, J - M., Guest, W. S. & Thomson, C. J., 1992. Ray - theoryGreen’s function reciprocityand ray - centred coordinates in anisotropic media, Geophys. J. Int., 108 , 364 - 371.

Mura, T., 1991. Micromechanics of Defects in Solids . Kluwer Academic Publishers, London.

Payton R. G., 1977. Symmetry - axis elastic waves for transverselyisotropic media, Q. Appl. Math. ,

35, 63 - 73.

P ayton, R. G., 1983. Elastic Wave Propagation in Transversely Isotropic Media , Martinus Nijhoff

Publishers, The Hague.

P

ãHQþtN�,� 1998. Green functions for inhomogeneous weaklyanisotropic media, Geophys. J. Int .,

accepted for publication.

Rümpker, G. & C . J. Thomson, 1994. Seismic - waveform effects of conical points in gradually

varying anisotropic media, Geophys. J. Int . , 118 , 759 - 780.

Shearer, P. M. & C. H. Chapman, 1989. Raytracing in azimuthallyanisotropic media ˘ I. Results

for models of aligned cra cks in the upper crust, Geophys. J. , 96 , 51 - 64.

Thomsen, L., 1986. Weak elastic anisotropy, Geophysics , 51 , 1954 - 1966.

Vavry þXN , V., 1992. Polarization properties of near - field waves in homogeneous isotropic and

anisotropic media: numerical modelling, Geop hys. J. Int. , 110 , 180 - 190.

Vavry þXN�9� 1997. Elastodynamic and elastostatic Green tensors for homogeneous weak

transverse lyisotropic media, Geophys. J. Int. , 130 , 786 - 800.

9DYU\þXN�9� �<RPRJLGD�.�0XOWLSRODU�HODVWLF�ILHOGV�LQ�KRPRJHQHRXV�LVRW ropic media by higher - order rayapproximations, Geophys. J. Int ., 121 , 925 - 932.

9DYU\þXN�9� �<RPRJLGD�.� SH - wave G reen tensor for homogeneous transversely isotropic media byhigher - order approximations in asymptotic raytheory, Wave Motion , 23 , 8 3 -

93.

Wang, C. - Y. & Achenbach, J. D., 1994. Elastodynamic fundamental solutions for anisotropic solids, Geophys. J. Int ., 118 , 384 - 392.

Zillmer, M., Kashtan, B. M. & D. Gajewski, 1998. Quasi - isotropic approximation of anisotropic raytheory, Geophys. J. In t. , 132 , 643 - 653.

P olarization vectors near a kiss singularity

Figure 1. Horizontal projections of pol arization vectors of the SV and SH waves near a kiss singularity in the p x

- p y

plane, where p x

and p y

are the hori zontal components of the slowness vector .

p

p

S H w a v e s x

y p

p

S V w a v e s y x

Figure 2 . Phase velocities of the P , SV and SH waves as a function of the angle between the phase normal and the symmetryaxis for the cracked medium and Mesaverde immat ure sandstone.

0 3 0 6 0 9 0 a n g l e [ d e g r e e s ]

4 . 3

4 . 4

4 . 5

phasevelocity[km/s]

P

P w a v e

P h a s e v e l o c i t i e s : c r a c k e d m e d i u m

0 3 0 6 0 9 0 a n g l e [ d e g r e e s ]

2 . 2

2 . 4

2 . 6

S H

S V

S w a v e s

0 3 0 6 0 9 0 a n g l e [ d e g r e e s ]

4 . 2

4 . 4

4 . 6

4 . 8

P

P w a v e

P h a s e v e l o c i t i e s : s a n d s t o n e

0 3 0 6 0 9 0 a n g l e [ d e g r e e s ]

2 . 4

2 . 6

2 . 8

3 . 0

S H

S V

S w a v e s

Figure 3. Waveforms and particle motions of S waves propagating in the cracked medium. Diagrams are shown for four receivers lying in the x - z plane at distance r =

225.8 km from the source and at rays deviatin g from the kiss singularityby J = 2 ° , 8 ° ,

14 ° and 20 ° . Parameter dt is the delaytime between SV - and SH - wave arrivals, T is the width of the signal, T = 1s.. Component Q lies in the x - z plane and is perpendicular to the ray. Dashed line ˘ zeroth - order raysolution, full line ˘ exact solution and/or far - field ray solution.

9 9 1 0 0 1 0 1 1 0 2 t i m e [ s ]

= 2 , d t = 0 . 0 2 T

W a v e f o r m s

Q y

S w a v e s n e a r a k i s s s i n g u l a r i t y

( c r a c k e d m e d i u m )

J o

S H

S V

9 8 9 9 1 0 0 1 0 1 1 0 2 t i m e [ s ]

= 8 , d t = 0 . 2 7 T

Q y

J o

S H

S V

9 8 9 9 1 0 0 1 0 1 t i m e [ s ]

= 1 4 , d t = 0 . 8 1 T

Q y

J o

S H

S V

9 7 9 8 9 9 1 0 0 t i m e [ s ]

= 2 0 , d t = 1 . 6 1 T

Q y

J o

S H

S V

J = 2 , d t = 0 . 0 2 T o y

Q

P a r t i c l e m o t i o n s

J = 8 , d t = 0 . 2 7 T o y

Q

J = 1 4 , d t = 0 . 8 1 T o y

Q

S V

S H

J = 2 0 , d t = 1 . 6 1 T o y

Q

S V

S H

Figure 4. Waveforms and particle motions of S waves propagating in Mesaverde immature sandstone. Receivers lie at distance r = 257.1 km from the source. Dashed line

˘ zeroth - order raysolution, full line ˘ exact solution and/or far - field raysolution.

9 9 1 0 1 1 0 3 t i m e [ s ]

= 2 , d t = 0 . 0 5 T

W a v e f o r m s

Q y

S w a v e s n e a r a k i s s s i n g u l a r i t y

( s a n d s t o n e )

J o

S H

S V

9 9 1 0 1 1 0 3 t i m e [ s ]

= 8 , d t = 0 . 7 9 T

Q y

J o

S H

S V

9 8 1 0 0 1 0 2 1 0 4 t i m e [ s ]

= 1 4 , d t = 1 . 6 7 T

Q y

J o

S H

S V

9 8 1 0 0 1 0 2 1 0 4 t i m e [ s ]

= 2 0 , d t = 3 . 6 2 T

Q y

J o

S H

S V

J = 2 , d t = 0 . 0 5 T o y

Q

P a r t i c l e m o t i o n s

J = 8 , d t = 0 . 7 9 T o y

Q

S H

S V

J = 1 4 , d t = 1 . 6 7 T o y

Q

S H

S V

J = 2 0 , d t = 3 . 6 2 T o y

Q

S H

S V